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ADVERTISEMENT 



THE SECOND HEW YORK EDITION. 



iTWOnldbesupeifluous to advance aay tiling in rommendation 
of " Bon py castle's Introduction to Algebra," as the number of 
European editions, and the increase of demand for it since its 
publication in this country, are sufficient proofs of its great util'ty. 
But to make it unirersally useful boih to the tutor and scholar, 
I have given, irv this edition, the answers that were omitted by 
the author in the original. 

In the course of the work, pavticulatly in Addition, Subtrac- 
tion, MultiplicatioB, Division, Fractions, Simple Equations, and 
Quadratics, I have added a great variety of practical esamples, 
as being essentially necessary to exercise young students in the 
elementary principles. 

Several new rules are introduced, those of principal note are 
the following : Case 18. Surds, containing tivo rules for finding 
any root of a Binomial Surd, the Solution of Cubics by Convei^- 
ing Series, the Solution of Biquadratics by Simpson's and 
Euler's methods : alt these rules are investigated in llie plainest 
manner possible^ with notes and remarks, interspersed throughout 
the work, containing some very useful matter. 

There is also given all. the Diophantine Analysis, contained 
in Bonnycaslle's Algebra, Vol. I, Svo, 1820, beiny a methodical 
abstract of this part of tbe science, whicli comprehends most of 
the melhods hitherto known for resolving problems of this, kind, 
and will be found a ready compendium lor EUchi«BederS"1R may 
acquire some knowledge of tlie Analytic Art. 

JAMES RYAN. 

Nets Yorlc, Jannan/ 1, 1822. 
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PREFACE. 



The powers of the mind/like those of the body, are increased by fre- 
quent eieiiii)!!; application and industry supply the place of cenius 
and invention; and even thecreativefeculty itself may be streoglncned 
and improved by use and perseverance. Uncultivated nature is uni- 
formly rude and imbecile, it being by imitation alone that we at first 
acquire knowledge, and the means of extendii^ its bounds. A just and 
perfect acqaaintamce with the simple elements of science, is a necessary 
step towards our future progress and advancement ; and this assisted 
by laborious investigation and habitual inquiry, will constantly lead to 
eminence and perfection. 

Books of rndiments, therefore, concisely written, well digested, and 
methodically arranged, are treasures of inestimable Talne; and too 
many atienipts cannot be made to render them perfect and complete. 
When the first principles of any art or science are firmly filed and 
rooted in the mind, their application sooa becomes ea^-, pleasant juid 
obvious ; the underslandii^ is delighted and enlai^d; we conceive 
clearly, reason distinctly, and form just and satisfactory conclusions. 
But, on the contrary, when the mind, instead of reposing on the stabili^ 
of truth and received principles, is wandering in doubt and uncertainty, 
otir idea-s will necessarily be confused and obscure ; and every step we 
lake must be attended with fresh difiiculties and endless perplexity. 

That the grounds, or fimdamenlal parts of every science, are dull 
and unenterlaining, is a complaint universally made, and a truth not 
to be denied ; but then, what is obtained with difficulty is usually re- 
membered wiib ease ; and vhat is purchased with pain is often p<e- 
sessed with pleasure. The seeds of knowledge are sown in every soil, 
but it is by proper culture alone that they are cherished and broaghi to 
maturity. A few years of early and assiduous application never foils 
to procure ns the reward of our industry i and who is there, who knows 
the pleasures and advantages which the sciences afford, tliat wotJd 
think his time, in this case, misspent, or his labours useless 1 Riches 
and honours are the gift of fortune, casuallj' bestowed, or hereditarily 
received, and are frequently abu-sed by their possessors; but the suj)e- 
riority of wisdom and knowledge is a pre-eminence of merit, which 
originates with the man, and is the noblest of all tlislinctions. 

Nature, bountiful and wise in all things, has yrovi ded us with an iit- 
finite variety of scenes, both for our instruction aiwl entertainment; 
and, like a kind and indulgent parent, admits all her tJiildren to an 
e^ual participation of her blessmgs. But as the modes, situations, anCt 
circumstances of life are various, so accident, habit, and education, have 
each their predominating influence, and give to every miad its partic- 
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8 PREFACE, 

idar bias. Where eiamples of excellence are wanting, the attempts to 
aliaiiiit arebut few; bat eminence eieilesaltention, and produces imi- 
iation. To raise the curiosity, and to awaken the listless and dormanP 
powers of younger minds, we have only to point out to them a valxiable 
acquisition, and the means of obtaining- it;^ the active principles are 
jmmedialely put into motion, and the certainty of the conquest is en- 
sured from a determination to conquer. 

Ent of aU (he sciences which serve 10 coll forth this Sjiilit of enter- 
prise and jnqniry, there are none more eminently useful than Mathe- 
matics. By an early attachment to these elegant and aulilime studies, 
we acquire a habit of reasoning, and no elevation of thought, which 
fixes lie mind, and prepares it for every other pursuit. Prom a few 
asioms, and evident ■ principles, w« proceed gradually to the most 
general propositions and remote analogies ; dedncing one truth from 
another, in a chain of argument well eonneeted and logically pursued ; 
■which brings us at k^t, in the most satisfeetory manner, to the conclu 
sion, and serves as a general direction In all our inquiries oiler truth. 

And it if, not only in this respect that mathematical learning is so 
highly valuable; it is, likewise, equally estimable ftir its preotieal util- 
ity. Almost aJl the works of art and devices of man, have a depend- 
ance npon its piinciples, sad are indebted (o it for their origin and per- 
fection. . The cultivation of these admirable seiences is, therefore, a 
thing of the utmost iamortance, and ought to be considered as a 

Principal part of every liberal and well-regulated plan of education, 
'hey are the guide of^our youth, the perfection of our reason, and the 
foundation of every great and noble undertaking. 

Prom these considerations, I have been induced to compose an intro- 
ductory course of mathematical science; and from the kind encourage- 
ment which I have hitherto received, am not without hopes of a con- 
tinuance of the same candour and approbation. Considerable practice as 
a teacher, and a long attention to the difficulties and obstructions which 
retard the prtraress of learners in general, have enabled me to aceom- 
modate myself the more easily to their capacities and understandings. 
And as an earnest desire of promoting and difiiising useful knowledge 
,ia the chief motive for this undertaking, so no pains or attention shall 
be wanting to make it as complete and perfect as possible. 

The subject of the present performance is Alqebra; which is one of 
the most important and useful branches of those sciences, and may be 
justly considered as the key to all the rest Geometry delights ijs by 
the simplicity of its principles, and tlie elegance of its demonstrations ; 
Arithmetic is confined in its object, and partial in its application ; but 
Algebra, or the Analytic Art, is general and comprehensive, and may 
b6 applied with success in all cases where truth is to be obtained and 



exceed the limits of a prefece.* It wiTj bo sufficient to 

invention is of the highest antiquity, and has challenged the praise and 
adoration of all ages. Diapka-atns, a Greek mathematician, of Alex- 
andria in Egypt, who flourished in or about the third centflry after 
Christ, appears to have been the first, among the ancients, who applied 
it to the solution of indeterminate or unlimited problems ; but it is to 
the modems that we are principally indebted for the most carious re- 
finements of the artj and its great and extensive usefulness in every ab- 
struse and difficult inquiry. N'-mttm, Maclceu/Hn, Strndermn, Simjistm, 



iwledge of this kind, nay ccnsull (ho Introdoctlon W 
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and Emerson, amoDg our own countrymen, and Clairimt, EuUr, La- 
gTamge, and X^croix, on the conlinent, are those who have particuiar- 
ly escelled in (his reaiecl ; and it is to their works that I would refer 
ihe young sradent, as the patterns of elegance aiid perfeclion. 

The following compendiuin is formed entirely upon the model of those 
writers, and is intended as a nsefUl and necessary introduction to them. 
Almost every subject, which belongs to nure Algebra, is concisely and 
distinctly treated of ; and no pains have been spared to make the whole 
as easy and intelligible as possible. A great number of elementary 
books nave already been written upon this subject ; but ftiere are noBe, 
which I bavdyet seen, but what appear tome to be extremely defective. 
Besides being totally unfit for the purpose of teaobipg, they ai:e gene- 
rally cfllcnlated to vitiate the taste, and mislead the judgment. A te- 
dious and inelegant method prevails thioi^h the whole, so thai the 
beauty of the science is generally destroyed by :he clumsy and awltward 
manner in which it is treated ; and the learner, when he is afterwards 
introduced to some of our best writers, is ab%ed, in a great measure, 
to imleam and forget every thing which he has been at so much pains 
in acquiring, 

every branch of polite literature, which is only to be ohtained from the 
best authors, and a judicious use of their instructions. To direct the 
student in his choice of books, and to prepare him pcmerly for the ad- 
vantages he may receive from them, is therefore, (he Business of every 
writer who engages in the hunJtle but useful task of a preliminaiy 
tutor. This inlormation I have been careful to give, in every part <rf 
the present performance, where it appeared to bS in the least necessary ; 
and, though the nature and confined !imil3 of my plan admitted not of 
diffused observations or a formal ennmeration of particulars, it is pre- 
sumed nothing of real use and importance has been omitted. My prin- 
cipal object was to consult the ease, satisfaction, and accommodation of 
the learner; and the favourable reception the work has met with from 
the public, has afforded n^^ *^^ ,rT"itie,^ati±^n nf iiai:Db:n.:r fi»T.f \t,M in^ 
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ALGEBRA. 



Algebra, is the science which treats of a general method 
of performing calculations, and resolving mathematical prob- 
lems, by means of ihe letters of the alphabet. 

Its leading rules are the same as those of arithmetic ; and 
the operations to be performed are denoted by the following 
cllaracters :— 

+ plus, or more, tke siga of addition; signifying that the 
quantities between wtich it is placed are to be added to- 

Thus; a-\- b shows that the number, or quantity, represented 
by b, is to be added to that represented by a ; and is read a 
plus i. 

— minus, or less, the sign of substraclion ; signifying that 
the latter of the two quantities between which it is placed is 
to bo taken from the former. 

Thiis a~ h shows that the quantity represented by 6 is to 
be taken from that represented by a : and is read a minus b. 

Also, 0^6 represents the difference of the two quantities 
a and S, when it is not known which of them is the greater. 

X into, the sign of multiplication ; signifying that the 
quantities between which it is plaefed are lo be multiplied 
together. 

Thus, a X 6 shows that the quantity represented by a is to 
be multipled by that represented by h ; and is read a into h. 

The multiphcation of simple quantities is also frequently 
denoted by a point, or by joining the letters together in the 
form of a word. 

Thus, a X &j " • &> and ah, all signify the product of a and 
h ; also, 3 X "i or 3o, is the product of 3 and a ; and is read 

-r by, the sign of division ; signifying that the former of the 
two quantities between which it is placed is to be divided by 
the latter. 

Thus, a-^b, shows that the quantity represented by a js 
to be divided by that represented by S ; and is read a by 6. 
or a divided bv b. 
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12 DEFINITIONS. 

Division is also frequently denoted by placing one of tlie 
two quantities over the otier, ia tlie form of a fraction 

Thus, & -r a and - both signify the quotient of 6 divided 



by a ; and —7— signifies that a — h is to be divided by 

« + '=■ 

= equal to, the sign of equality ; signifying tliat tie quan- 
tities between which it is placed are equal to each other. 

Thus, !c = a-\-b shows that the quantity denoted by x is 
equal to the sum of the quantities a and b ; and is read a: equal 
to a plus h. 

Any two algebraic expressions are said to be identical, 
when they are of the same value , for all the values of the 
letters of which they are composed. 

• Thus (x + a) X (a; — o) = ii^ — a°, whatever numeral 
values may be given to the quantities represented by cc 
andc. 

';;>. greater than, the sign of majority; signifying that the 
former of the two quantities between which it is placed is 
greater than the latter. 

Thus a > i sh6ws fhat the quantity represented by a is 
greater than that represented by b ; and is read a greater 
than 6. 

< less than, the sign of minority ; signifying that the former 
of the two quantities between which it is placed is less than 
the latter. 

Thus, a < J shows that the quantity represented by a is 
less than that represented by b ; and is re^ a less than 6. 

; as, or to, and ; : so is, the signs of an equality of ratios ; 
signifying that the quantities between which they are placed 
are propoitiona!. 

Thus, a : b : : c : d denotes that a has the same ratio to b 
that e has to d, or that a, b, c, d, are proportionals ; and is 
read, as a is to i so is c to d, or, « is to J as c is to rf. 

V ib-e radical sign, signifying that the quantity before 
which is placed is to have some root of it extracted. 



se of 3; = a IS to be excluded ; the proof essentially demanding 
tcumstance, towil, that .r — a be a qoautily,or that xhe grealer than 
Euler calls I — 1 =a: — I an identical eguatiim; and shows that 
is indeterminate, or that anv number whatever may be aubslilnted 
r iL See Enler'a Algebra, page 289, Vol. I. — Ed. 
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DEFINITIONS. 13 

Thus, -/a is tlie square root of a ; \/a is the cube root of 
a ; and \/ a is tke fourth loot of a ; &c. 

Th.e roots of quantities are also represented by figures 
placed at the righthand corner of them, in. the form of a 
fraction. 

Thus, a'' is the square root of a ; a' is the cube root of a ; 
and a" is the nth toot of a, or a root denoted by any num- 

lu like laaimer, a" is the square of n ; i? is the cube of a ; 
and a™ is the mth power of a, or any power denoted by the 
number m. 

CO is the sign'of infinity, signifying that the quantify stand- 
ing before it is of an imlimiied value, or greater than any 
quantity that can be assigned, 

The coefficient of a quantity is the number or leiter wHch 
is prefixed to it, 

Thf.s, in the quantities 3fi, — ■?&, 3 and — f are the coeffi- 
cients of h ; and a is the coefficient of x in the quantity wt. 

A quantity without any coefficient prefixed to it ia sup- 
posed lo have 1 or unity ; and when a quantity has no sign 
before it, -j- is always understood. 

Thus, a ia the same as + a, or ■\- la; and — a is the 

A term is any part or member of a compound quantity, 
which is separated from the rest by the signs + or ~ 

Thus a and h are tie terms of « + & ; and 3a, - 1l, and 
+ bed, are the terms of Za — %h-\- bed. 

In like manner, the terms of a product, fraction, or propor- 
tion, are the several parts or quantities of which they are 
composed. 

Thus, a and h are the terms of ah, or of - ; and o, h, c, d, 

are the terms of the proportion a:h : : c : d. 

A factor is one of the terms, or midtipliers which form tlio 
product of two or more quantities. 

Thus, a and 6 are the factors of ah ; also, 2, a, and &^ are 
the factors of 2ai^ ; and o — k and b — x are the factors of 
the product (a — a:) X (* — ^)- 

A composite number, or quantity, is that which is produced 
by the multiplication of two or more terms or factors. 

Thus, 6 is a composite number, formed ol'fhe factors 2 and 
3, or 2 X 3 ; and Zahc is a composite quantity, the factors of 
which are 3, o, h, c. 
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H DEFINITIONS. 

Like quantities, are tkose which consist of the same letters 
Or combinations of letters ; as a and 3a, or 5a6 and 7oJ, or 
2a»& and %a^b. 

Unlike quantities, are those which consist of different let- 
ters, or combinations of letters ; as a and i, or 3a, and it*, or 
5a&" and 7a?6. 

Given quantities, are such as Iiave knoivn values, an^ are 
generally represented by some of the first letters of the 
all^abet ; as a, h, c, d, &.C. 

Unknown quantities, are such as have no fixed values, and 
uro usually represented by some of the final letters of the 
alphabet; as x,y,z. 

Simple quantities are those which consist of ona term 
only ; as 3a, hob, — Sifb, &o. 

Compound quantities, are those which consist of several 
terms ; as 3a + b, or 3a —3c, or a + 36 ~ 3c, &.c. 

Positive, or afiirmative quantities, are those which are to be 
added ; as a, or + o, or + 3a6, &c. 

Negative quantities are those which are to be subtracted ; 
as — a, or — 3ab, or — 7ab', &c. 

Like signs, are such as are all positive, or all negative ; 
as 4- and +, ot — and — 

Unlike signs, are when some are positive and others nega- 
tive ; as + and — , or — and + . 

A monomial, is a quantity consisting of one terni only ; 
as a, 2b, — 3a=S, &c. 

A binomial, is a quantity consisting of two terms, as 3 + J, 
or o — 6 ; the latter of which is, also, sometimes called a re- 
sidnal quantity. 

A trinomial, is a quantity consisting of three terms, as 
a + 2b — 3c; a quadrinomial of four, as a—-2b + 'Sc —d, 
and a polynomial, or multinomial, is that which, has many 
terms. 

The power of a quantity, is its square, enbe, biquadratc, 
&c. ; called also its second, tliird, fourth povrer, &c. ; as 
«=, fl=, a', &c. 

The index, or exponent of a quantity, is the number which 
denotes its power or root. 

Thus, — 1 is the index of a-', 3 is the index of a', and i 

of o" or V a. 

When a quantity appears without any index, or exponent, 
it is always understood to have unity, or 1. 

Thus, a is the same as a', and 2x is the sam8 as 23^' ; the 
1, in such cases, being usually omitted. 
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DEFINITIONS. 13 

A rational quantity, is that whieli can be expressed in finite 
terms, or without any radical sign, or fractional index ; as a, 

An irrational Quantity, or Surd, is that of which the value 
cannot be accurately expressed in numbers, as the square 
roots of 2, 3, 5. Surds are commonly expressed by means 
of the radical sign v' 1 as \/2, \/a, \/^, or a fractional in- 

+ i 4 
dex; as3*,a ,a , &.a 

A square or cube number, &c., is iliat which lias an exact 
square or cube root, &c. 

Thus, 4 and — o' are squate aumbers ; and 64 and ^o? 
are cube mimbers, -fee. 

A measure of any quantity, is that by which it can be 
divided without leaving a remainder. 

Thus, 3 is a measure of 6, 7a is a measure of 35a, and 9oi 
of 37 a'6=. 

Commensurable quantities, are such as can be each divided 
by the same quantity, without leaving a remainder. 

Thus, 6 aad 8, 2V2 and 3 v^, 5a=6 and 7a6^ are com- 
mensurable quantities ; the common divisors being 2, v^, 
and ah. 

Incommensurable quantities, are such as have no common 
measure, or divisor, except unity. 

Thus, 15 and 16, v^ and \/3, and a -f 6 and a= + h^ are 
incommensurable quantities. 

A multiple of any quantity, is that which is some exact 
number of times that quantity. 

Thus, 12 is a multiple of 4, I5a is a multiple of 3a, and 
30o"6" oi' 5ah. 

The reciprocal of any quantity, is that quantity inverted, or 
unity divided by it. 

Thus, the reciprocal of a, or - is - ; and the reciprocal of 



A function of one or moi-e quantities, is 
which those quantllies enter, in any mann 
combined, or not, with known quantities. 



* This definition of a Surd, or irrational Cluaiitity, is due to Robert 
Adrian, LL. D., Protestor of MaUieoialics and Natural Philosophy in 
the University of Pennsylvania, who had first published it in his eduiott 
of HuUon's Course of Mathematics. — Ed. 
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Thus, a ~ %x, ax ^'i^, 'i^ - a («=-«=)% «^', < &c., 
are functions of r ; andoa-y+Ja^, ay-^x[ax' ~ hi/) ,&,c., are 
fuBctioiiE of X and y. 

A vmculum, is a bar , m paientheses { ), made usp of 

to collect several quantities into cue 

Thus a 4- 6 X c, or {a-\-b) c, denotes that the compound 
quantity a + S is to be moltiplicd bj the simple quantity c ; 

and '^/ab + e", or {ah + c^) , is tlie square root of the com- 
pound quantity ah + c^. 

Practical Examples for computing the numeral Values 0/ 
various Algebraic-Expressiong, or Combinations of Letters. 

Supposing a =: 6, b := 5, c := 4, d := I, and e = 0. 
Then 

1. a= + 2a} — c + (^ = 36 4- 60 — 4 4- 1 = 93. 

2. 20' — 3a'b + c= = 433 — 540 + 64 = ~ 44. 

3. a" X (« + 6) - 2a6<; = 36 X H — 240 = 156. 

4. 20^ (6^ - ce) + V" (2ac + c^) = 13 X 1 + 8 = 20. 

5. 3a y/ {2ao +e=), or 3a {2ac + c=)^ = 18 v/ 64 = 144. 

6. v' [3a^- V{2«c-l-e=')l = \/(72- 764) = V(73- 
8) = y'64=;8. 

3« + 3c 4Se _ I3 + 12 80 _S4 

6(;+Tb V(3ac + c^ 6 + y" (48 + 16)~ 6 

Required the nmneral values of tte following quantities ; 
supposing a, h, c, d, e, ta ho 6, 5, 4, 1, and 0, respectively, as 
above. 

1. 3a= + 36c— 5d= 137 

2. 5a^6 —lOoJ^ + 3e = —600 

3. 7a= + 6 - c X (^ + c = 253 

4. 5^/ah + b^ — 2ab~e'= ~ 7.613875 
a a — b 

5. - X<^ 2 \-^<^^'^=i- 

6. Sv'c + 2 V(2a + 6-<J)= 14 

7. o v" (<s^ + 6^) + 3 Jc ^/ (a= — i^) = 245.8589862 

8. 3a^5 + V [«^ + v'{2ac + c=)] = 542.8844991 
3* + e v'56 + 3\/<; + rf _ 

■ 3a — c ~ 3a + c ^ "' 
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ADDITION. 

Addition is the connecting of quantities together by 
me3,ns of iheir proper signs, and incorporating such as are 
like, or that can be united into one sum ; the rule for per- 
forming which is commonly divided into the three following 

CASE I. 
When the Quantities are like, and have tike signs. 
Hole. — Add all the coeihcients of the several quantities to- 
gether, and to their sum annex the letter or letters belonging 
to each term, prefixing, when necessary, the common sign. 



3a 


— 3(ra 


2i-l-3y 


5a 


-6a»! 


56 H- 7y 


a 


— ax 


b+2y 


la 


-2ax 


86+3, 


12a 


-lax 


46 + 4y 


SSa 


~\^mt 


206-fl7y 


2cjr 


-%hf 


a-2a^ 


5ay 
Aay 


"y 


a-6a^ 


lay 


-186/ 
7a! -4y 


3a- 5a^ 


\Uy 


la-^ 


34ay 


16«-15*r' 


3<M^ 


2a + a^ 


%a^ 


ic-8y 


3o + *' 


12(W* 


30=-/ 


a + 2;^ 


90^ 


^-% 


9^ + aar" 


10(W!» 


Ax-'y 


4a-+^ 


Z^a£ 


i&x-vry 


19« + 8a^ 



subtraction, according as the quantities 
should, therefore, be called by some nan 
striking a balance ; in whieli case, the 



which is generally used to denote this rule, is 
= nnhipo of the operations that are to bejier- 
those of addition, and somelimes 
igative or positive. It 
lying incorporation, or 
Sniity here mentioned 



2' 
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13 ADDITION. 

CASE ir. 

When the Quantities are like, hui have unlike signs. 
Rule. — Add all the affirmadve coefficients into one Sam, 
and those that are negative into another, when there are 
several of the same kind : then subtract the less of these 
sums from the greater, and to the difference prefix the sign 
of the greater, annexing the common letter or letters as 
hefore. 



-3a 
4-Sa 


2a - 3s= 
_ 7« + 5x^ 

+ a~3x- 


63; + Say 

- 3:» + 2ay 

x-Gay 

2x-\-ay 


+ lla 


-7a 


6a; + Say 


~2^ 

-Sa" 
+ 100=" 
+ 130" 


Say— .7 

-ay + 8 

+ 2ay — 9 

- Say - tl 

+ 13ay + 13 


- 3ai + 7^; 
+ 3a6 — lOx 
4- 2ab - Gx 
~ah-%m 
+ %ah + 7a 


+ 10a»' 


+ 13ay - 6 

- Ga" + 2b 
+ 3a' - 3i 
-50^-84 
+ 4a= — 2i 
~ 3a' + 96 


4r ■lafi — 4k 


-2ay/x 

— 3ov'* 
+ 7aV^ 


6a^= + 5k' 
~ 2aa^ — 61;^ 
+ 3a*=-10a* 
- 7a^ + 3a' 


-aVcc 


-8,^-36 


+ aK= + 3k' 


CASE Hl- 

n the Quantities are tmlike ; or 
unlike. 


■ some like and ul 



Rule. — Collect all the liite quantities together, by taking 
flieir sums or differences, as in the foregoing cases, and set 
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ADDITION. 






19 


tlown those that 


are -unlike, one after another, with their pro- 


per signs. 


EXAMPI.ES. 








5xy 


2a:y - Zx' 




2a!D- 


-30 


4ax 


3^ + xy 




3a?- 


-2aa! 


— xy 


c^ + ^y 




5ic^. 


-3J 


-Aax 


4a? - 3xy 




SVic 


+ 10 


Axy 


8a?- 


-20 


A 


8'^!^ - Sax 




lOJ^ 


-3A 


— ax* 


7a so — 5xy 




-i^ + 2«V 


+ 3o^ 


9xy — 5ax 




50 


+ 2«'j! 


— ax^ 


Z<fc^+ xy 




o^a? + 120 


+ 5«r' 


10aV + 5ay-«K 


96= 


^ + 3«V 


- a"* + 170 


+ 3A 


3V^-17y 




2a^- 


■SaVa; 


-?^f 


3~/xy + lO;>: 




^- 


- Za^a^ 



2a?y + 25y 3a^— 13a:y 

— 8x^y 12ot/ — ^^ ay wy + 32a^ 

+ 2a;u' — 9i/ + 18a;= 20 — 65a? 



37a=- 
20 


3aVx-l2xy 
''-2Jx' + 



1. Required the sum of ^ (o + 6) and j (a — i). Aas. a. 

2. Add 5a: - 3a + 6 + 7 and — 4o - 3x + 26 ~ 9 togeth- 
er. Ans. 2x — 7a + 3b-~ 3. 

3. Add 2a + 3J — 4c — 9 and 5a — 3i + 2c — 10 togeth- 
er. Ans. 7a — 2c — 19. 

4. Add 3a 4- 25 — 5, o -j- 56 - c, and Go — 3c + 3 to- 
gether. Ans. 10a + 76 — 3c —2. 

5. Add ar' + 03? + 6j^ 4- 3 and a? + ca? -}- 1^* — 1 together, 

Ans. 2j? + (a + c) a? + (S -I- iJ) a; -i- 1. 

6. Add 6xy — 12iE^, ~ 4j? + 3a:y, ix' — 2xy, and — 3a;y 
-{- 4a? together. Ans. 4*y — Sa? 
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20 SUBTRACTION. 

7. Add iax- 130 + 3a;>, tx' + 3aa: -\- 9x^7^ ~4x' + 
90, and ■/ K 4- 40 — 6j^ together. Aiis. lax + 8x' + 7j^. 

fi. Add 2!r' - Bab + 2A-' - Ba", •6P-2a' + a' — 5c=, 40" 
— 26=' + 5ab + 100, and SOnfi + 16o' — J« ~ 80 together. 
Ans. 130= + 22ab + 36= + o^ ~ c^ + 30 - 6c. 



) iogcthi 




. ^^^''^ 



10. Add 3o= + 4Jc- e= + 10, - 
,nd — 4«= — 9S£ — 10(,>= + 21 togetlii 



SUBTRACTION. 

the tailing of one quantity from another ; 
or the method of finding the difference between any two quan- 
tities of llie same kind ; which is performed as follows : — * 

Rule. — Change all the signs (-[- and — } of the lower line, 
or quantities that ai'a to be subtracted, into the contrary signs, 
or rather conceive them to be so changed, and then collect 
the terms together, as in the several cases of addition. 



5«= — 3& 3:= — Sy + 3 &xy + 8,c - 

3a= _ 76 ~3i^ ~ lly + 8 2xy + I6x ^ 



• This rule being the reverse of addition, the method of operation 
Must be so likewise. It depends upon this principle, that to subtract an 
affirmative qnantity from an affirmative, is the same as to add a nega- 
tive quantity to an affirmative. 

Thus, according to Laplace, we can write 

a = a+i-b m, 

a-c = ^-c+6~b...h); 
so that if from owe are to subtract +*, or — 6; or what amouuis to 
the same thii^, if ina we suppress -f-i, or — b; the remainder from 
transformation (1), must be o — Jin the first case, siida-\-b in the se- 
cond. Also, if from a — c we take away -I- 4, or — b, the remainder, 
from (3), wUl be (I — c — *, or a — c -{- 4.— Ed. 
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MCLTIPLICATION. 


21 


Say — 18 
— ay + 12 


-y + 3y + 2 


10 — Bx —Zay 


Gxy - 30 


9y-5y-7 


7 - 7a ^'iicy 


— Sa^y — 8a 


4Va*-2*=y 


5^^^x-Ay 


+ 3^=y-'^* 


3y«r^5,r/ 


Gx' ~8x~x^ 


— 8j^,j~8a + 7b 


V«-Sj:^3/H-5^/ _:,i 


' + 8a: + 2v'«-4!) 



1 . Fin J the aifference of f (a + 6) and § (a - b). Ans. b, 

2. From 3k — 2a — J + 7, take 8-~3b + a + 4x. 

Ans. 26 — it —. 33 — 1. 

3. From 3a + b-i-c — 2d, take i — 8c + 2d — 8. 

Ana. 3a + 9c — id + B. 

4. From 13*" ~2aa! + Sb", take Sr* — 7oa! — 6". 

Ans. 8a? + 5ca; + 10J». 

5. From 20?a; — 5 v'* + 3a, take 4a.t + Sa^ — a. 

Ans. 16m— 10^^ + 40. 

6. From 5ab + 36' — c + ic — 6, take h^~-2ab + be. 

Ans. 7ab + ^-c-b. 
1. From oa^ — 6*' 4- ca — d, take ia^ + sa; — 21^. 

Ans. ax' - 263^ + (c — e) a + d 

8. From — 6a — 4J — ISc + 13r, take 4a; — 9a +45 — 5c. 

Ans. 3a + 9x — %b ~ 7c. 

9. From QaFy — 3 v' (icy) — 6ay, take Sar'y + 3 [xyY — Aay. 

Ans. 3a^y — 6 V (ay) — 2ay. 

10. Froin the sum of 4aa! — 150 + Ax^, Sa" + 3ax + lOa^^^ 
and 90 — 2a^ — 13 V {^) ; take the sura of 2o3; — 80 + 7a^, 
7a;a - Bax — 70, and 30 - 4 ■/ (.x) - 3^ + 4aV. 

Ans. Uqj! + 60 — a= — 4aV. 

MULTIPLICATION. 

Multiplication', or the finding of the product of two or 
more quantities, ia performed in the same manner as in arith- 
metic ; except that it is usual, in this case, to hegia the 
operation at the lefthand, and to proceed towards the right, 
or contrary to the way of multiplying numbers. 
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22 MULTIPLICATION. 

The rule is commonly divided into three cases ; in each of 
which il is necessary to observe, that like signs, in multiply- 
ing, produce +1 and unlike signs, — . 

It is likewise to be remarked, that powers, or roots of the 
same quaatity, are miiltiplied together by adding their, in- 
dices; thus, 

a X a', or a' X (^ = <i'; o^ X a'=a^; a^ X «^=o^; aad 
o™ X a" = «"'*''- 
The multiplication of compound quantities, is also, some- 
limes, barely denoted by writing them down, iivith their pro- 
per signs, under a vinculum, without performing tlie whole 
operation, as 

3ah {a - b), or 2a V (a^ + b^. 
Which metliod is often, preferable to that of executing the 
entire process, particularly whea the product of two or more 
factors is to be divided by some other quantity, because, in 
. this case, any quantity that is common to both the divisor and 
dividend, may be more readily suppressed ; as will be evident 
from various instances in the following part of the worlt* 

CASE I. 
When the factors are both simple quantities. 
Rule. — Multiply the coefficients of the two terms to- 
gether, and to the product annex all the letters, or their 
powers, belonging to each, after the manner of a word ; and 
the resiUt, with the proper sign prefixed, will be the product 
required-! 

* The above rule for the signs may be proved thus: If B,b, beany 
two quaniities, of which b is the greater, and a — i is to be multiplied 
by a, it is plain that the product, in this case, must be less dian be, be- 
cause fi — i is less thaa B ; and, oooseguently, when eacb of the tenna 
of the former are multiplied by n, as above, the result will be 
(,_i)Xffi = aB — Hi. 

For if it were oe + o4, tbe product would be greater than aa, which 
is absurd. 

Also, if B be grester than J, and a gieater Jlian a, and it is required 
to mnlliplv b — 2 by a — a, the result will be 

(B — 4)X(a — a)-*B-aE-iA + a*. 

For the product of b — iby a is a (b — 6), or ab — id, and that of 
B — f by — ij, whicti is to be taken from the former, is — o ^B — fi) as 
lias been alreathr siown ; whence b — * being less than a, ii la evident 
^at the part, which is to be taken away must be less than aa ; and con- 
Beqneatly since tie first part of this product is — as, the second part 
mustbe + ai; forif it were — 06, a greater part than bb would be to 
be taken from a (b — J), which is abiJurd. 

f When any number of quantities are to he multiplied together, it is 
the Ktme thing in whatever order they are placed; ihtis, if oi is to be 
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MULTIPLICATION. 



- Sab - 30ax 


+ 456a?' 


+ 5x - x,j 




- 30^^*' + ^xY 


- 42a=ic/ 






- 24o=r'y - %axf:^'' 


- 2<^r'f 


CASE II. 





When one of the factors is a compound quantity. 
Rule .—Multiply erery term of the compound factor, con- 
sidered as a multiplicand, separately, by the raaltiplier, as in 
the former case ; then these products, placed one after another 
with their proper signs, will be the whole product required. 



18a^y-24a: 



3f+y- 



3^^ + xy' -2^j 



3353^y + 39tiV 15a:' - 5,i;> — Wx^y^ 

multiplied by :, the product is eiiJier aic, acb, or bca, &e. ; though ii is 
nsaal. in this case, as well as in addiiLon and subtraction, to pui tliem 
according to their rank, in the alphabet. It may here also be observed 
■ conformityto the rule giren aflore for the signs, thBl(4-o)X{ + *). 

- ' ' --" ■ -^•" ^~ -t-«)xC-)-*5 



'12,2= - 


-8a& 


5a 


-ub 


60ax- 


^a'b 


— 2a, 


-^h 


- 26«ar' + 


2a'b 



=— a*. 
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M MtrLTIPLICATION, 

CASE IH. 

When both the factors are compound quantities. 
Rule. — Multiply every term of the multiplicand separately, 
by each term of the multiplier, setting down the products 
one after another, with their proper signs ; then add the 
several lines of products together, and their sum wiL be 
the whole product required. 



' + !/ 


5^ + Ay 
Sk ~ %j 

— lO^y — Sy 


x' + iy-f 
x^y 


ffi' + ^y 




'-y 


15K= + 2^y-8y^ 
,' + y 


«" * -2V+S' 
•■ + .?+>■ 


3^ * ~f 


x'+x'y 
a* + 23?y + y^ 


~ Khj- xy"' - f 
«■ •• -y' 



1. Required the product oi !^ ~ xy + ^ and a + y. 

Ans. n? + if. 

2. Required the product of a!* + ^y + a^ + »/^ and x — y. 

Ans it* — y^. 

3. Required the product of a" + a^ + y^ and aP ~ ay -\- if. 

Ans. a^ + w'y" + y*. 

4. Required the product of 33;"-- 2Ky + 5, and i^'+Ssy — 3. 

Ans. Sx* + ii^y - ix'f -A^ + 16w - 15. 

5. Required the product of 3n" — 3ajo + 4»;" and 5<r — 6a!B 
— ix'. Ans. lOa' — 270=3; + 34a'a:=~18raar' — 83;*. 

6. Required the product of 5\>? + Aa.x' + So'a: + o', and 
S^r" - Saa; + <^. Ans. 10a;= — Toa;* - a^a;' - Sff'a' +0*. 

7. Required the product of ^oi' + 2i):"y" + 3y and 2a^ — 
3»:y + 5/. ' 

Ans. 6a' - 5iB=y= — G^V + 21a'jr' + a^y* + i V- 

8. Required the product of ar* — oa^ -\-ix — c and x' — dx 
+ e. Ans. a' _ oa;' — rfir' + (5 + aiJ + e) a? — (c + 6(i + oe) 

a" + (cd + fh) (c —ce. 
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9. • Required the product of tlie four following factors, i 
I. II. m. IV. 

{a + b), (c^ -i- ab + J2), (a - b), aad (a» - a6 + b% 

Ana. a' — b\ 

10. Eequired the product of (i' + So^a; + 3ca^ + a^ and 
ec' — 3a'a; -f Satt' — ar*. Ans. a' — 3o'a^ + 3qV 

11. Reqiiired the product of a* -{• a^c^ -{- (^ and a^ — t 

12. Required the product of c= + 6= + c^ — o6 — oc — ie 
and « + i + c. Ans. o' — Zaho + F + c^. 

DIVISION. 

Division is the converse of mulplication, and is performed 
like that of numbers; the rule being usiially divided into 
three cases ; in each of which lilse signs give + in the quo- 
tient, and unlike signs — , as in finding their products. f 

It is here also to be observed, that powers and roots of the 
same quantity, are divided by subtracting tlie index of the. 
divisor from that of the dividend. 

Thus, 0^ — 0% or - = a; a^ -e B=, or --. = a' ; 



CASE r. 

When the divisor and dividend are boik siirvple quantities. 

Rule. — Set the dividend over the divisor, in the manner of 

a fraction, and reduce it to its simplest form, by cancelling 

the letters and figures tliat are coiiitaon t,o each term. 



ample several ways ; viz. First, by multiplying the prodi 
iiictors I. and II, by the product of fhe factors IIL and IV. Detoiiujy, 
hy multiplying the product of the factors I, awl III. by the product of 
the factors IL and IV. Thirdly, by multiplying the product of the 
factors I, and IV. by the product of the factors II, and III, The last 
method K the most concise. See Euler's Algebra, page 119, Vol. I.— Ed, 
+ According to the rule here given for signs, it follows, that 

+ai , — ''*__i_ — "*_ '-\-a6^ 

+ j"-+"' ^rr-^"' irrj— ". Zlf—'^' 
as will readily appear by multiplying the quotient by the divisor; the , 
signs of the profl act bemg then tlie same bh would .take place in th* 
former rule. 
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a-~a,or- = l; and a-. a, or — - = — 1. 

Also — 2a ~ 3a, or -- — = — | ; and 9x^ -^ 3a^ = 3x*. 

1. DMde 16a^ by 8x, and ISaV by — 8a''cc. 

Alls. 2j;, and — — - 
2 

2. Divide — 15ay^ by 3ay and — ISoa'y by — Sax. 

Ans. — Sy, and -—-■ 

2 i 1 J 1 , 3 -'- i 

3. Divide ~ ~a hy -<r, and ax by — -a a''. 

Ana. — 3-'-, and — -o^ x^- 
" 3 

4. Divide I2a^lf by — 3a^b, and — 15ay3 j,y _ 3ay'!_ 

Ans. — 45, and5i/=. 

5. Divide — ISo^a^ by Saa*, and 21aVa; ' by — 7ac''x^. 

Ans. — 3a, and — Sax^. 

6. Divide — 17a;^a^e by — 5a:'^ii?c=, and 24xi/ by 8 \/ {a^y). 



Ans. ^— , and 3\/{xy) 



CASE 11. 
When the divisor is a simple qiiantily, and the dividend, a 



Rule. — Divide each term of the dividend by the divisor, 
IS in the fonner case ; setting down such as will not divide in 
he simplest form they ^vill admit of. 
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DIVISION, 2T 

SOax — iSx" 
(SOax — 4SaF) ■- 6x, ov — — = 5a — 8x. 

1. Let Saf + 63^ + Soa; — ISa^ be divided by 3^;. 

Ana. a^ + 2x + a—5. 

2. Let 3abe + 12aba: ~ 9o=S be divided by 3a6. 

Alls. c + ix — Sa. 

3. Let 40a^6' + 600^6^ — irfah be divided by — ab. , 

Ans. — 40a=6= — 60ai + 17. 

4. Let I5a^bc — I2acx^ + 6aif be divided by — 5ac. 

Ans. — 3ao -| — ■ 

5. Let 20ax^ + I5ax' + lOoa; + 5" bo divided by 5a. 

Ans. 4af' + 33= + 3a! + l. 

6. Let Gbcds + 4i3# — 2iV be divided by 3i^. 

Ans. 3ed + 2d?~bz. 

7. Let 14a» ~7ab + 2law ~ 28a be divided by 7a. 

Ans. 2a — i + 3» — 4 

8. Let ~ 30aS + 60a&= — 13o'^ be divided by - lab. 

Ans. 5 — 156^ + 3a6. 

CASE in. 

When the divisor and dividend are both compound qualiiies. 

Rdle. — Set tliem down in tlie same manner as in division 

of numbers, ranging the terms of each of them so, that the 

higher power of .one of the letters ciay stand before the 

Then divide the first term of the dn idend by the first term 
of the divisor, and set the result jn the quotient, with its proper 
sign, or simply by itself, if it be afiirmative 

'ITiis being done, muhiply the whole divisor by the term 
thus found ; and, having subtracted the result from the di- 
vidend, hriiig down as many terms to the remainder as are 
requisite for the next operation, which perform as before ; and 
so on, till the work is finished, as m common arithmetic 



3,4.y)a,= + 2OT/+y=(a: + y 
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a-i- a)a'-i- 5a'x+ 5ax^ 4-r' {a^ + Aax +at^ 



t)a3_9^t+27o,_27(it= ■ 



-03;'+ 273; 
--6a' +183) 



3«* — 3(M: + a") 43;« — 9a V + &rPx~-<^ {2x= + Saa; - 
4a;» — eoa^ + Sa'ar' 



-3a^3;'+3<j^a; — a' 
- 2o^a:^ + Sff'a! — <j' 



Note 1 If llie diusor be not exactly contained in the 
dividend, the quintity that remains after the division is 
finished, mu^t be placed over the divisor, at the end of the 
quotient, in the form of a fraction ; thiis,'* 



it here Ei^en, the opecalioa of division may be considered 
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-x^-i-y* 



!>!^f + y* 



xf~f 



3?' 
2. The division of quantities may also be s 
I'ied on, ad injinilum, like a decimal fraction ; in which case 
a few of tho leading terms of the quoUent ivill generally he 
sufficient to itidicate the rest, without its heing necessary to 
continue the operation ; thus, 



as terminated, when the highest power of the letter, m the first or lead- 
ing term of the remainder, b7 whieli the jroceas is regulated, is less 
than tie jxjwer of (he first term of the divisor ; or when the first term 
of the divisor is not contained in the first term of the remainder ; as [he 
succeeding part of (he quotient, after this, instead of heing integral, as 
ft ought to bcj would necessaril? become ftactioiial. 

» Now, it IS easy to perceive that the next ol 6th term of the quotient 
will be , and the seventh term — and so on, alternately pltts and 



enaction — -— , T)iws'wts&y the vvlgar fraction -, when reduced to 

o decimal, is ^S'jaaS, &c., infinitely continued. The terms in the 
quotient are found by dividing the remainder by a, the first term of the 

divisor ; thus, the first remainder — x divided by o, gives — - the second 
term in the quotient ; and the second remainder -\- — divided hy * 
gives A — - the third term, &c. 
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> lliB above, it may be shown 



—— = 1 +- + — + -+- +~+,&c. 

Where the lawj by which either of these series may be con- 
tinued at pleasure, is obvious." 

* Ic Ihis example, i£x be less Ihan. a, the series is convei^nl, or the 
value of Ihe terms continually diminisli ; but when x is grealer ihao a, 
it is said to diverge. 

To eaplaia this by numbers : suppose a~S, and .-c = 3. 

Then, I-f- -+^+-^,"&e. 
The corresponding values are, 

■where the thtclions or terms of the series grow less and less, and the 
fiirlher they are extended, the more they converge or approximate to 0, 
which is supposed to be the last'lerm or limit. 
Batifa=2,ands = 3, 

Thenl-!-- + -j + -^, &c. 

The corresponding values are, 

3 9 27 ^ 

m. which Ihe terms beeome larger and larger. This is called a diverg- 

Jf :i; = I, Bndo = l in the preceding example: 

Then, -^ = 1 — --f -5— ^i &e., will be — — = I — I + I — l. 
&c. Now, because, Q^=i, it has been said that 1— -1 4- 1 — 1, &c,, 

infinitely continued, is = j; a singular conclusion, ishen it is perceived 
from the terms themselves, that their snm most necessarily be either 
or 4" I, to whatever extent the division is supposed to be continued. 
The real Question, however, results from the fraclional parts, which 
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[. Let c? ~- 2ax + !>? be divided by a — x. Ans. a — a;. 

2. Let a' — Saar^ + 3a'* — o' be divided hyx — a. 

Alls, a^ — 2a,B + o" 

3. Let 0? + So'a: + Saar* -I- a' be divided by a -j- jk. 

Ans. c? + 4aa; + ic^. 

4. Let 2y^ — 19^° + 26y — 16 be divided by y — 8. 

Ans 2^ — 3y -i- 3. 

5. Let a^ + 1 be divided by ;r + 1, andjr" — 1 by * — 1. 
Ans. a:* — a= + ;e= — (t + 1 , "and K^ + it» + a^ + ar* + a: + 1. 

6. Let 48ar' — 7Gaa:' — 64a"* + 105a' be divided by 2i — 2a. 

Ans. 24*= — Saa— 35o= 

7. Let 4a^ " 9^ + 6a: — 1 be divided by 3a^ + 3* — 1. 

Ans. 3a^ — 3* + L 

8. Let *' — aV + 3a'* — a' be divided by *" — ok + a=. 

Ans, 1^ + ax — o^. 

9. Let 6** — 96bedividedby3w — 6,anda>-i-*=byffl + a. 
Ans. 2!c' + 4*"+8*+I6,anda' — Q?ie + aV~aa;3^3^_ 

10. Let32a;'+243bedividedby2j; + 3,anda"— o'by* — a. 
Ans. 16a:' — 34a^ + 36i)? — 54^ + 81, and a^-i-03)< + a=a^ 

+ o^*" + a** + o=, 

11. Let I* — Sy* be divided by J — y, and a* + 4q'6 + 86^ 
by a + 25. 

Ans. 6^ + 5^y + %= + y' - —-, and c?—'2a% + 4a5 + 



4ai"- 



mff + 346' 



a + 26 ' 

12. Let a^ + pj! + 5 be divided by ic + «, and ar* — pa^ + 
g* — r by * ■— a. 

Ans. * + p — o + ^^ — 1 and a^ + (a - p) * — c^i 

+ a= + g + °' ^ "'J'J^'J^ —' 

13. Let 1 — 5* + 10»' —lOa:' + .^*' — *' be divided by 
1 _ 2* + ar". Ans. 1 — 3a; + 3*^ — a^^. 

14. Let a* + 46* be divided fay a= — 2ai + 2P. 

Ans. a' + 3ai + 2b'. 

15. a* — So's + lOaV— 10a^*' + 5aa:'' — *^ be divided 
by o^ — ^ax +^. Ans. a' — 3a'* + 3aa? — a;^ 

16. Let a* + i' be divided by a' + o6v' 3 + J'- 

Ans. o' — aiv/2 +6' 

(by the division) is always -j-i when the sam of the terms is 0, and 
— i when the sVim is -f^ 1 r conseqaently ^ is the trae quotient in the 
former case, aad 1 — i in the otter. — En. 
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OF ALGEBRAIC FRACTIONS. 

Alcebraic fractions have the same names and rules of 
operation as mmieral fractions in common arithmetic ; and 
the methods of lediicing them, in cither of these branches, 
to their most convenient forms, are as follows : — 

CASE I. 

To find the greatest common measure of the terms ofafraction. 

Rule.— ^1. Arrange the two quanutie? according to the 
order of their powers, and divide that which 18 oi the highest 
dimensions hy the other, having fic&t expunged any factor, 
that may be contained in all the term^ of the diiisoi, without 
being common to those of the dividend 

3. Divide this divisor by the remainder, simplified, it ne- 
cessary, as before ; and so on, for each successive icmainder 
and its preceding divisor, till nothing remains, when the 
divisor last used will be the greatest common measure re- 
quired ; and if such a divisor cannot be found, the terms of 
the fraction have no common measme * 

Note. If any of the divisors, in the course of the opeia- 
ti on, become negative, they may haie their signs changed, 
or be taken affirmatively, without altering the truih of the 
result ; and if the first term of a divisor should not be exactly 
contained in the first term of the dividend, the several terms 
of the latter may be multiplied by any number or quantity, 
that will render the division complete.t 

» If, by proceedrng in tiis manner, no compound divisor can be found, 
thai is, if itie last remainder be only a simple quantity, we. may conclude 
the case proposed does not admit of any, but is already in its lowest terms. 
Thus, for ioatanoe, if the fraction proposed were to be 

it is plain by inspection, that it is not reducible by any simple divisor; 
but to know whether it may not, by a compound one, I proceed as 
above, and find the last remainder to be the simple quantity 7a^: 
whence I conclude that the fraction is already ia its lowest terms. 

t In finding the greatest common measure of two quantities, either 
of them may he multiplied, or divided, by any quantity, which is not a 
divisor of the other, or that contains no factor which is common to them 
both, without in any respect changing the result. 

It may here also be farther added, that the common measure, or 
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red the greatest common measure of tke fraction 



>r ar' -h 1 «» - I (3^ - ] 



"Whence ie= + 1 is 

2. Requited the greatest 



common measure reciuired. 

of the fraction 



<^■\■2bs: + 6=) ^ - h^x (x 




or^ + i 


x^ + lx 




bx + l^ 
bx + b" 


Where a + S is the greatest comrac 
3. Required tte greatest commoi 
3a= — 2q— 1 


m measure required. 

(1 measure of the fraction 


40* — 2a= — 3a + l 





divisoi 

two of them, aQcf tliea of thai ci 
(0 the last. 

* Here, I divide the remainder — 3S.i;s — 2 
simple divisor) and the quotient is z + i; a 
divisor by x-{-b, &c.-^Eo. 



le determined in a similar 
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12a^- 




-9a + 3(ia 
-4« 






2o'- 


- 5^ + 3) 3a'- 
2 


-2a-l 






- 4« - 2 (3 
-ISO + 9 



-1 ) 2o' — 5a + 3 (3a — 3, it follows that tke 
' ' ' c required. 



4. It is required lo find die greatest 

5. Required the greatest 



6. Required the greatest 
a^ -i- tr'ce' + a* 



m' + anfl — a'x — a' 

7, Required tlie greatest 
7^ — 23a6 +.6i= 

5^—180=6-1- 11^^^^^' 

8. 'Required the greatest eo;iim<, 

a? — itc -f- 2a3! — 2ti6 



measure o! 

Ans. !c — a. 

of the fraction 

measure of the fraction. 

Ans. sc'^+ax + a''. 

measiae of the fraction 

Ans. a - 36. 

of tlto fraction 

Ans. x + 2a. 



• This fraction can be reduced by Simpson's rule (pag^48) thus: — 
Fractions that have in them more than two different letters, and one 
of the letters rises only lo a single dimension, either in the numerator or 
denominator, it will be best to divide the said numerator or denomina- 
tor (whichever it is) into two parts, so that the said letter may be foimd 
in every (erm of the one part, and be totally excluded oul of the other ; 
[his being done, let the greatest common divisor of these two parts be 
found, whidi will evidently be a divisor to the whole, and by which 
the division of the quanlitj' is to be tried; ss in the following example, 



Here the denomi 
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9. Required the greatest common measure of the fractii 



10. Required the greatest common measure of tho fraction. 



Aiis. a^ + 2ax — 2a^ 
tho fraction 
Ans. a + 6. 



" 11. Required the greatest common measure of the fraction 
6a= + 15(!'£ — 4aV — 10(!=J(^ ^ 

9d'b — 27a^bc ~ Gabc^ + ISi?" "^" ^^ ~ ^'^^' 

CASE 11. 

To reduce fractions to tlieir lowest or moat simple terms. 

Rui.B. — Divide tte terms of the fraction by any number, 
or quantity, that will divide each of them without leaving, a 
remainder ; or find their greatest commoa measure, as in the 
last rule, by which divide both the numerator and denomina 
tor, and it will give the fraction required. 



I. Reduce — — - and - , to Aeir lowest ti 

ba'lr' ax + x' 



1 a^c + a=a 



■c + d 



to a single dinieUEion only, I divide Ihe sama inlo the parts ai + ^ax, 
and — Sx — 2ai; which, by inspection, appearlobeequalto(a;-(-2a)X3T, 
and(K-f 3o)X— *. Therefore ir+Soisatlivisor.lo both the parts, and 
likewise to the whole, expreasedby C:K+ai)X(^— 6); so that one of 
these two feclors, if the fraction given can oe reduced to lower terms, 
must also measure the nnmerator; but the former will be found to suc- 
ceed, the quotient coming out -tS — ax-\-l>x — /d>, exactly; whence the 
fraction itself is redaced. to 

""—a" ' " " ' ■"'"'^ 's 1"^ reducible fartber by «— i.-smcefbe di- 
vision does not terminate without a remainder, as upon trial wili be found. 
This rule is sometimes of great utiUly, because it spares great labour, 
and is very espeditious in reducing several fractions. — Ed- 
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3, It is letjuited to rediice - 






- Ki its lowest terms. 



- 2b^ - 25=a; I 



WhRnce a + 6 is the greatest c 
oP — h^x x^ ^ bx 

~- tlie'fraction required. 



a^ + 2bx-i-b'' 

And tlie same answer would have been found, if ar" — 
had been made the divisor instead of a;' + 26a; + 6". 

4. It is required to reduce 



5, It is required to reduce 



6. It is required to reduce 



^~ 


-aV 




6a 


.^ + 7cj; 


-3^= 


6a" 


+ 11«» 


+ 3:^ 


2^ 


-16^. 


-fi 



7. It is required ta 
its lowest terms. 

8. It is required t( 
lowest terms. 



' 3a + *■ 
its lowest 

-a; + l 



I5x* — 23? + IOj^ — x + 2 



Sx^ + x +2 
- <?d' — (fe' + c* 



Aa^d — Aacd - 

ad' 

Ans, — 



- 2ac'+ 2d' 
+ cd'' — ac^ 



Aad — Sc^ 



CASE in. 

To reduce a mixed quantity to an improper fraction. 

Role. — Multiply the integral part by the denominator of 

the fraction, and to tha product add the numerator, when it is 
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aiRrmative, or subfract it when, negative ; then the result, 
placed over the denominator, will give the improper fraction 
required, 

EXAMPLES. 

1. Reduce 3^ and a to improper fractions. 

3X5+3 15 + 3 17 , 
Here 3J = ... f> y . . = — -!— = — -. Ana. 

And a = ; = , Ana. 



2a: , 

)e reduced to an improper : 

A ^ — '-^^ 

3x~~h ^ . 

4. Iiet 5« — be reduced to an improper fraction. 

" 5a^ —Zx + b 

5. Let cc — — -—— be reduced to an improper fraction. 

^^ . 'Zatc-a — a:^ 



be reduced to an improper fraction. 

Ans — -^ 
3a: ■ 

- be reduced to an improper fraction. 



• EX3; = as. In adding ibe numerator aa — zj, the sign — affiled 

to the Eraction — , denotes fliat the whole of that fraciion is to be 

snblracted, and consequently that the signs of each term of the nume- 
rator must be changed when it is combined with x" \ hence t'.ie imoro- 
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8. Let i -f 2^: — be reduced to an improper fraction. 

■"^ , !0^= + 4kH-3 

5^ 

CASE IV. 
To reduce an improper fraction to a whole or mixed quantity. 
Rule. — Divide tlie numerator by the denominator, for tlio 
integral part, and place the remainder, if any, over the de- 
nominator, for the. fractional part; then the two, joined to- 
gether, witli the proper sign between them, will give the 
mixed quantity required. 

EXAMPLES. 

1. Reduce . — . and to mixed quantities. 

27 
Here — = 37 — 5 = 5|. Ans. 
5 

And^^— = {a^-\-a']~x^a-f-. Ans. 

ax— or' 

2. It is required to reduce the fraction to a 

■whole quantity. Ans, a—x^. 

3. It is required to reduce the fraction — to a mixed 

quantity, . 2'i 

^ ■' Ans. 1 — — 

4. It is required to reduce the fraction to a mixed 

quantity. 2^3 
Ans. a + a; H — . 

5. It is required to reduce the fraction — to a whole 

quantity. Ans. i' + o;y + ■f 

6. It is required to reduce the fraction ~"' -— _ to a 

mixed quantity. , 3 

' ■' Ans. 2a: - 1 + — -. 

CASE V. 

To reduce fractions to other equivalent ones, that shall have a 

common denominator. 



Rule.— Multiply each of the numerators, separately, into 
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all tlie denominstors, except its own, for the new numerators, 
and ali the denominators together for a common denominator.* 

EXAMPLES. 

1 Reduce - and - to fractions that shall have a 
h c 
denominator. 

HoreaXc — o^( ^^ new numerators. 



b 'i^c:^hc the common denominator. 

Whence - and - = — - and -r—, the fractions required. 
b c he la 

2. Reduce — and - to equivalent fractions having a cora- 

" moJi denominator. , 2cs , ah 

Ans. _ and — . 

3. Reduce - and to equivalent fractions having a, 

common denominator. . ac ,ah-V-V 

^^^- ^— and ■■ ■ , ■■■■ 
be be 



6ce' 6oc' 

5. Reduce — ^ -~^ and a -f- — -^ to fractions having a com- 
mon denominator. . 45 40^: , 60a + 48w 

Ans. — - — and 

60' 60' 60 ■ 

6. Reduce - — _ and '- ^ to fractions having a common 

denominator. Ic^ — lax 6oj! — 6a^ , 14o + 143; 



14a — J4i' \Aa-lix' 



» It rofty here be remarked, that if the numerator and denominator 
of a fraction be either both maltipliet!, or both divided, by the same 
immber or quaatity, its value will not lie altered ; thus 

3 2X3 6 ,3 3-!-3 1 a ac , ab n 

which method is often of great use in redncing fractions more readily 
to a common denominator. 
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CASE VI. 
To add fractional quantities together. 
EuLB. — Reduce the fractions, if necessary, to i 
denominator ; then add all the numerators logetter, and under 
their sum put the common denominator, and it will give the 
fractiona required.* 

EXAMPLES. 



1. It is required to find the eum of - and ~ 
Here „ ,, o _ i^ f ^"^ numerators. 



And 2x3 = 6 the common denominator, 
whence 1 := — the sum required. 

2. It is required lo find the sum of -, -=, and -p. 

Here axdxf=adf-i 

cXiXf^cbfitho 



Xl>xd=ebd} 

'adf+ c5/+ e, 



And b xd x/= bd/t)ie common denominator. 
adf chf ," '" ■ ■"■ '■ 



^^^"'^^ i^+ Mf-^ hdf- M/— "■ 

3. It is required to find the sum of a _ and h + — -. 

Here, taking only the fractional parts, 

1. ,11, ( 3111^ X c = 301= » ., 
^e shall have {^g^-^l^^ahx \ '^^ numerators. 

And 6 X c = 6c the common denominators, 
„„ Scr* , 2ahx , , 2abx—Zcx^ , 

Whence a j. 6 + _^ = a + 5 + — the sum 

be 00 be 

4. It is required to find the sum of — and — , 



6. It is required to find the sum of ; — and - 



♦ In the adding or sablracling of mixed qxiantities, it is best to bi'mg 
the fractional parts only to a common denominator, and then lo affix 
their sum or difference to the sura or difference of the inlogral parts, m- 
lerpoaii^ ie proper sign. 
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6. It is required lo find the sum of -, ^, and-. 

Ans. 

7. It is required to find the sum of — and- ~- - 





273; — 14 
""'■ 35 ■ 


8. Required the su 


mof2«,3» + ^,ana.-|-. 




-■--'f- 


9. Required the su 




10. Requiredthosi 


,mof5» + ~.i.dfa--pl 



11. It is required lo find the sum of 5a;, — and 

3ar" 43; ' 

8a + 3ar -i- 63^ 



CASE vn. 

7b subtract onefractional quantity fiom anothei 
Rdle. — Reduce the fractions to a common denomimtoi, if 
necessary, as in addition ; then subtract the le-.5 numerator 
from the greater, and under the difference mile tte com.mon 
denominator, and it will give the difference of the iractiona 
required. 



1 . It is required to find the difference of -— and — 

H"»l£x 3 = 9°' }*"»"'""• 

And 3X5 = 15 the common denominator. 
4* 
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35 i5"T5' 
3. It is required to fmJ the difference of - 
3s-4ie 

„ < (x — a) X 3c = Sea: — 3oc ) ., 



Whe 


And 35 X 3c = 66c the common denominator. 
_^^^ 3cx — 3ac Aab-^Sbx 3cx — 3ac—4ai+8hx ^^^ 


difforenco required. 


Gbc 




3. 


Required the difference of -— - 


■and|. An.. . + g. 


4. 


Required the difference of 15y and Li^. 








Alls. 


118y-l 

a 


5. 


Required the difference of — 
h 


2acx 
Ans. ^,_^. 


6. 


Required the dilTerence of x ■ 


-^_Zlf.„d. + J. 






2ba- 
ns. 


- 2f;x - ex 






2bc 


7. 


Required the difference of a ■ 


Ans. 


2(? + 2ar' 


8. 


Required the difference of ax 


+?^^- 


5*-6 






Ans. ax- 


86^ - 99 




168 ■ 


9 


Required the difference of 2a; -[ iz — , 


and 3x + 


llx 


-10 


Ans. x 


33^ + 5 
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CASE vm. 
To multiply fractional quantities together. 
Rule. — Multiply the numerators together for a now nu- 
merator and the denominators for a new denominator ; and the 
former of these being placed over the latter, will give the pro- 
duct of the fractions, as required.* 



1. hi? 


! required 1 


,o find the prod 


lnctof| 


..d- 




Her 


xX2x 
^ 6X9 


2x''_ 
' 54" 


4- 


product 


required. 




2. It i 


s required 


to find the continued 


product of 


2' 


Here — — -— ; 

2 X 5 X 21 


403ri 
~310 ' 


= — -- the product. 





3, It is required to find the product of 



the product. 



4. It is required to find the product of 



5. It is required to find the product of — and - 



Ans. - 



5a' 

• When the numerator of one of the fractions to be mnlliplred, and 
the denominator of the other, caa be divided by some quantity, which 
is commoji to each of them, the quotients may be nsed instead of the 
fractions themselves. 

Also, ■when a fraction is to be mtdtiplied by an integer, it js the same" 
thine whether the numerator be maltipUed bj it, or the denominator 
divided by it. Or if an integer is to be multiplied by a fraction, or a 
fraction by an integer, the integer may be considered as having unity 
for its denominator, and the two be then multiplied together as usnal. 
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ALGEBRAIC FRACTIONS. 



6. It is required to find (lie continued product of — , -=- 



2b Sab 
7. It is required to find tlie continued product of — , 



8. It is required to find the product of 2(i + — and 3a — — , 

2b V- 
Alls. 6a* + 2bx 

9. It ia required to find the' continued product of Zx, 
c + 1 ,x-l , 3ar^-33; 

Ans. 



10. It is required to find the continued product of — -- — —^ 

ct'-V ^ ^ ax a'-Jb 
— j--^, and a H — -— -. Ans. — 

CASE IX. 
7b divide onefraciionat quantity by another. 
Rule. — Multiply the denominator of the divisor by the 
numeratG^r of the dividend, for the numerator ; and the nu- 
merator of the divisor by the denominator of the dividend, for 
the denominator. Or, which is more convenient in practice, 
multiply the dividend by the reciprocal of the divisor, and the 
product will bo the quotient required.* 



1, It is required to divide ^ tiy - 



3 " 9 3 2=: 6a 
2, It is required to dividi 



d- 



• When a fraction is to be divided by an integer, it is the same tiling 
whether the numerator be divided by it, or the denominator multiplied 
by it. 

Also, when tte two numerators, or the two denominators, can be di- 
vided by some common quantity, that quantity may l>e thrown out of 
each, and the quotients used instead of the fractions lirst proposed. 
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IN\'OLUTtON. 




4B 


3. 


Hen 
It is 


3a <; 3oi? 
required to divide 


i+o 1+4 






4. 


Hero ~| X 

It is required t 


5l + « 
. + 4 
divide 


SlC^ + eM+fT' . 

^ + ..'y. + a' 






It is required to divide 


2^(i + .) 


2te 




5. 




Ans 


15' 


6. 


Iti! 


required to divide 


f^r.: 


-s- 


7. 


Iti, 


i required 1 


B divide 


■-^^^i 


Ans. : 


x + 1 
4a; ' 


8, 


. Iti! 


i required ■ 


to divide 


^M- 


Ans. . 


6 


9. 


It is 


required to divide 


Kns. 


c- + cx + ^ 


10. Iti 


LS required to divide 




ai-b- 
Ans. ~ 


±£. 








INVOLUTION. 







Involution is the raising of powers from any proposed 
root ; or the method of finding the square, cub^, biquadrate, 
&c., of any given quantity. 

Rui,B 1. — Multiply the index of the quantity by the index of 
the power to which it is to be raised, and the result will be 
the power required. 

Or multiply the quantity into itself as many times less one 
as is denoted by the index of the power, and the last product 
■will be the answer. 

Note. When the sign of the root is +, all the powers of 
it will be + ; and when the sign is —, all the even powers 
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U INVOL 

■will be +, attd the odd powe 
tiplication.* 

o, the root. 
a' = square, 
(p* = cube. 
a" = 4th power, 
o' = 5th power. 
&c. 


JTION. 

s — ; as is evident from mul- 

(f the root, 
a' = square, 
a" = cube. 
a" ~ 4lh power, 
a" = 5th power. 


— 3a the root. 
+ 9a" — square. 

- 27a= = cube. 

+ 81a' = 4th power. 


— 2a3? the root. 
+ 4aV = square. 

— 8aV = cube. 

+ 16aV = 4th power. 
&c. 


— the root. 
-J = square. 

— = cube. 
or 

— = 4l,h power. 
&c. 




a — « the root. 


ic + a the root. 
i" + «i 

+ = +0' 


3^ ~ 2ax + a' square. 


,' + 2a. + a"s,Bare. 

3T + 




it' + 3i^ + (r' 

+ iw" + 2<!=« + «' 


a? _ 5ax^ + ^a's; — a' cube. 


a^ + Saa? + 3A + o' cube. 



• Any power of the product of two or more qmantities is equal to tha 
same power of each of tlie factors multiplied If^ethur. And an.)^ power 
of a fraction is equal to the same power of the numerator divided by 
the like powerofthe denominator. 

Also, ai" raised lo the wlh power is n™! ; and — a™ raised to Ihe mth 
power is ± o"", aeconling as m is an even or an odd number. 
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INVOLUTION. 



1. Required the cube, or third power, of 2(i°. Ans. 8«^, 

2. Required the hiquadrate, or fourth power, of 'Zi^x. 

Ans. IBi^a'. 

3. Required the cube, or third power, of — ^ a^- 



4. Required the biquadrate, or fourth power of -;rTj 

81aV 
^"^- 6251- 

5. Required the fourth power of a + ic;' and the fifth power 
of a — • y. Ans. a* + ^<^^- + Sa'a:^ + ^i^^ +3^; and <^ — 

5oV + io«y - ^^'^f + 5«y* — ^^ 
Rule 3. — A binomial or residual quantity may also be 
readily raised to any power whatever, as follows : — 

1. Find the terms without the coefiicienis, by observing 
that the index of the first, or leading quantity, begins' with 
that of the given power, and decreases continually by I, in 
every term to the last ; and that in the following quantity, the 
indices of the terms are 1, 2, 3, 4, &c. 

2. To find the coefficients, observe that those of the first 
and last terms are always 1 ; and that the coefficient of the 
second term is the index of the power of the first : and for 
the rest, if the coefficient of any term be multiplied by the 
index of the leading quantity in it, and the product be divided 
by the number of terras to that place, it will give the coeffi- 
cient of the term next following. 

. Note. The whole number of terms will be one more than 
the index of the given power ; and when both terms of the 
root are +, all the terms of the power will be + ; but if the 
second tprm be — , all the odd terms will be -|-, and the even 
terms — ; or, which is the same thing, the terras will be + 
and — alternately.* 

• The ru!e here given, wHeh is ttie same in the cases of integral 
powers as in the binomial theorem of Newton, may be expressed iu 
general lerms, as follows; — 
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I. Let a + it be iiiTolved, or raised to tlie fifth power. 
Here the terms, without the coefficients, are, 

a^, e^x, <?x^, aV, as!^, a?. 
And the coefficients, according to the rwle, will he 
5X4 10X3 10 X3 5X1 

or 1,5, 10, 10, 5, 3, 

Whence the entire fifth power of a +a: is 

a' + 5a'a! + lOa'a^ + lOa'af + 5ax* + a^. 
3. Let « — « be involved, or raised, to the sixth power. 
Here the terms, without their coefficients, are, 

«=, <^x, cV, .^3!*, rf'a^, ax'', a!'. 
And the coefficients, found as hefore, are, 

6X^ 15 X-i20x 3 15 X2 6X1 
I ^ 0^ 2 ' ' ^X^'^l ' ~ 5 ' 6 ' 
orl, 6, 15, 20, 15, 6, 1. 

Whence the entire sixth power of o — a; is 

a" — Oa'a; + 15oV — 30«V + 15a=it' - 6ai^ -]- x". 
3. Required the fourth power of o + a;, and the fifth power 
of a — n;. Ans. a* -[• 4a'a; + 6a^s° + ^im? + a:*, and if — 

b(^x + lO.r'a^ — lOoV + Saa:' — «*. 

5. Required the sixth power of a + J, and the seventh power 
of a — y. Ans. a" + Qir'b + 15a'i^ + SOa^S' + 15o"6' + 

6cA= + 6'',anda''-7oV + 31ay — 35oy 
+ Z5<iY — 21a=y' + lay' — /. 

6. Required the fifth power of 3 + '^i and the cube of 
a~b!c-\-c. hias. 33 + 80a;. + SOa:^ + 40a;^ + lOa^ + a?, and 

(^ + 3 A + Sac" + «■■• — ^a'hx — Qaoba; — 
■dc~h3: + 3afr^a^ + 'ich^r' ~ Px". 

EVOLUTION. 

volution, or the raising powers ; being the method of finding 

the square root, ^ube root, &c., of any ^ven quantity, 

CASE L 

Tojind any root of a simple quantity. 

Rule. — Extract the root of the coefficient for the nuineral 

&c. which fcrranlm will also egimll)' hold when m is a fraction, as will 
be more fully explained hereafter. 

It may also be tarlher observed, that the snm of the coefficients in 
everypower, iaeqnallothenumber3riusedtothatpower. Thus l + I 
= 3, for the first power; l+24-l=4 = 2s,fotthesqnare; l + 3-|-3-|-l 
= 8 = 33, for the cube, or thira power ; arid so on. 



osted by Google 



EVOLUTION, 49 

part, and the root of tlie quantity subjoined to it for the literal 
part ; then these joined together, will be the root required. 

And if the quantity proposed be a fraction, its root will be 
found by taking the root both of its numerator and denominator. 

Note. The square root, the fourth root, or any other even 
root, of an affirmative quanti ty, may be either + or — . Thus 
v'a^ = + Q or — «, and %/ b'^ = +h oi — b, &c. But the 
cube root, or any other odd root, of a quantity, will have the 
same sign as the quantity itself. Thus, 

%ft? = a; %/ ~i^= —a; and i/ — a^ = — a, &c.* 

It may here, also, be farther remarked, that any even root of 
of a negative quantity is unassignable. 

Thus, -J — a? canrtot be determined, as there is no quan- 
tity, either positive or negative, (+ or — ), that, when multi- 
plied by itself, will produce — o^. 

EXAMPLES. 

1. Find the square root of 9j^ ; and the cube root of Sar*. 
Here v^g^i^^ s/-9 X Vir" = 3 X »= 3a. Ans. 
And V 8ic^ = V 8 X V a^ = 2 X K = 23;. Ans. 

3. It is required to fmd the square root of -— ■ an'd the 



3. It is required to find the square root of 4«V. 

Ans. Sar*. 

4. It is required to find the culie root of — V25/i'x''. 

6. It is required to find the 4th root of 'iiiGa^x'. 

Ans. Aax^. 



7. It is required to fmd the cube root of r^ri. Ans. T-5 

• The reason "why -f-a and — ra are each Ihe square root of as is ob 
vious, since, by the rule of multiplication, (+fl) X (+0) and (—a) >! 
(—a) are both eqnal to a3. 

And for the cube root, fifth root, &c., of a negative quantity, it is plain 
front the same rnle, that 
C— a)X(— a)X(— a) = — 13; and (— o3) X (+(«) = — as. 

And consequently %/ o5 = — a, and ^-~as = — a. 
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8. It is required to find the 5tli root of 

^ 243 ■ 

— 2a3^ 
Ans. -^-_ 

CASE n. 
7*0 extract the square root of a compound quantity. 
RuiE 1, — Range the terms, of vjhich the quantity is com- 
posed, according to the dimensions of some letter in them, 
heginning wilJi the highest, and set the root of the first term 
in the quotient. 

3. Subtract the square of the root thus found, from the first 
term, and bring down_ the two next terms to the remainder 
for a diridend, 

3. Divide the dividend, thus found, by double that part of 
the root already determined, and set the result botli in the 
quotient and divisor. 

4. Multiply the divisor, so increased, by the term of the 
root last placed in the quotient, and subtract the product from 
tiie dividend; and so on, as in common arithmetic. 



EXAMPLES. 

] . Extract the square root of x" — W -\- G;^ — ^x -^ 



— 4^4-4^ 



2«= — 4a + l)2s^"4»:+ 1 
aar* — 4i + 1 



Ans. a^ — 2« -i- 1. the root required. 
3. Extract the square root of A<^ + ISfr"* + 13(^ar' + a^& 

Aa* + 120^11; + 13oV + Qax' + a;' (2a= •}- ^ax + x^ 
4a* 
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EVOLUTION. GI 

Note. Whea the quantity to be extracted has no exiwrt 
root, the operation, may be carried on. as far as is thought 
necessary, or till the regularity of the terms show the law by 
which the series would be continued. 



I. It is required to extract the si 



"4+16/8 64 



IR 64 ' 256 



~ 64 "^64 256" 
Here, if the numerators and denominators of the tivo last 
terms be each multiplied by 3, which will not alter iheir 
Talues, the root will become 

rt ^ o ^ R S.4.6,S ^ 2.4.6.8.10' 



2. It is required to find the square root of a* -|- 4a'3! + 
6oV 4- 4ca3 + i^ Ans. o* + 2aa; + ar'. 

3. It is required to find the square' Toot of a!* — 2x^ + 
3 J_ 

4. It is required to find ihe sqnare root of 4x'' — 4a;'' + 
ISr' + ^ — 6a: + 9. Ans. 2ar> — ic + 3. 
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5. Required the square root of x' ■\- ix^ + 10*' + 20a^ + 
35k= + 24a: + 16. Ans. !^ + 2w^ + 3»: + 4. 

6. It is required to extract the square root of a? + 6. 

b b^ V 5b* „ 

^"^■•^ + 55-^+1-6^-1^'*" 

7. It is required to estract the square root of 2, or of 1 + 1, 

Ans. 1+^—1 +-I.L - Jj + ^'j, &c. 

CASE m. 
To find any root of a aiwfound quaniity. 

Rule, — Find the toot of the fcst term, which place in the 
quotient ; and having subtracted its corresponding power 
from that term, bring down the second term for a dividend. 

Divide this by twice the part of the root above determined, 
for the square root ; by three times the square of it, for the 
cube root, and so on ; and the quotient will be the nest term 
of the root. 

Involve the whole of the root, thus found, to its proper 
power, which subtract from the given quantity, and divide the 
first term of the remainder by the same divisor as before ; 
and proceed in this manner till the whole is finished.* 

EXAMPLES, 

1 . Required the square root of a* — 2a^a: + 3aV ~ 2aii? 
a' ~ 2a''a: + 3«V-2oar' -\-x*{cc'- ax + a^ 



o')2qV 



o* — 2t^a; + 3a'a^ — 2ax' + a* 



* As this rnle, in high powers, is often found to be very laborious, 
it may be proper to observe, lliat the rows of various compound quan- 
tities may sometimes be easily discovered, as follows ; — 

Entrael tbe roots of all the simple terms, and connect them together 
by the signs 4- or — , as may be judged raosl suitable fur the purpose ; 
then involve the compound lOfA, thus found, to its prpper power, and if 
it be the same with the given quaniity, it is tbe root required. But if it 
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IRRATIONAL QUANTITIES, OR SURDS. 

2. Requited tlie cube root of a" + 6x^ ~ iOo? + 91 
3J>^Q^ — 40^ + 96a^ — 64 (iE^ + Sa; — 4 



»^ + 63^ + 12a:' + 8«= 



:' + 6x''-40x' + '36x~ 64 



3. Required llie square root of 4a^ — I2ax + 9a'. 

Ans. 2a --3j:. 

4. Requiied the square root of a" + 2ah + 2ac + 6" + 2be 
+ c^, Ans. a 4- 6 + c. 

5. Required tlie cube root of a" - 6a= H- 15o;' — SOar' + 
ISa" — Gs + 1. Ans. iip' — 2a; + 1. 

6. Required the 4th root of IQa* - 96a''so + 216<^a^ - 
216iM? + 8!a'. Ans. 2a — 3a;. 

7. Required the 5tli root of 33a:= - SOit' + 80i^ — iOif' + 
lOji— 1. Ans. 2a; — 1. 

OF IRRATIONAL QUANTITIES, OR SURDS. 

IsaATiowAL Quantities or Surds, are those of which the 
values cannot be accurately expressed in numliers ; and are 
usually expressed by means of the radical sign v*; of by 
fractional indices ; in which latter case, the numerator 
shows the power the quantity is to be raised to, and the de- 
nominator its root. 

Thus, s^2, or 2^, denotes the square root of 2 ; V^i o"" 

a^ the cube root of the square of a, &c.* 

be found to differ only in some of the signs, change them from 4- to — , 
or from — to -|-, till its power agrees with the given one throughout. 

Tims, in the third example nextfollowins, the root isSn — 3,r, which 
is the difference of Che roots of the first andlast terms; and in the fourth 
example, the root is a-j-ft-i-c, which is the snm of the roots of the first, 
fourth, and sisth terms. The same may also be observed of the sixth 
example, where the root is fonnd from the first and last terms. 

• A quanlily of the kind here mentioned, as for instance a/ 3, is 
called an irrational nnmber, or a surd, because no number, either whole 
or IraetionBi, can he fonnd, which, when multiplied byitself, will pro- 
duce 3. Enl its approximate value may he determined to any degree 
of exactness, hy the common rule for extracting the square root, being 
1 mid certain non- periodic decimals, which never terminate. 
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S4 imSATIONAL aUAKTITlES, OR SURDS, 

CASE I. 

To reduce a rational quantity to the form of aswrd. 

Rule.— Kaise the quaality to a power corresponding with 

that denoted by the index of the surd ; and over this new 

quantity place the radical sign, or proper index, and it ivill 

be of the form reqiiired. 



1. Let 3 be reduced to the form of tiie square root. 
Here 3 X 3 = 3= = 9 ; whence V 9. Ans. 

2. Reduce 2iE' to the form of the cube root. 

Here {2:>?y = 8a;' ; whence V ^A « (8j^)''. 

3. Let 5 be reduced to the fonii of the square root. 

Ans. ^(25). 

4. Let — 2x be reduced to the form of the cube root. 

Ans. V ~ (3TiE=). 

5. Let — 2a be reduced to tlie form of the fourth root. 

Ans. — V(16a'). 

6. Let a" be reduced to the fonii of the fifth root, and 

•/a + •Jb, aad ■ , ■■ ■■ to the form of the square root. 

2a h\/ a 

Ans. V". •/(a + iVab + b), Vl^). an<5 V ^. 

Note. Any rational quantity may be reduced by the above 
rule, to the form of the surd to which it is joined, and their 
product be then placed under the same index or radical sign. 

Tllus2v'2 = ^/4 X^/2=V(4x2) = ^/8 
And 3V4=V8 XV4= V(3X4)=V32 
Also 3^/o = v'9X'/a=^/(9X«) = v'9o 
And ^V4a= ViXV'i'^= VttX 4a) =Vf 

1. Let 5 v'S be reduced to a simple radical form. 

Ans. ^/(150). 

2. Let fi/ta be reduced to a simple radical form. 

Ans. \/,(|). 

3. Let — V "T^ ^^ reduced to a simple radical form. 

Ans. V^ 
CASE 11. 
To reduce quanlities of different indices, to others that 

shall have a given index. 
Role. — Divide the indices of the proposed qoantities bj 
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IRRATIONAL QUANTITIES, OR SURDS. 55 

the given index, and the quotieaU will be tlie new indices for 
those quantities. 

Then, over the said quantities, with their new indices, place 
the given index, and they will be the equivalent quantities 
required. 

1. Reduce 3^ and2 ^ to quantities that shaO have the index ■^' 

And - -^ - = - X - = - = 3, the 3d index. 
3 6 3 13 ■ 

Whence (3^)" and (3^)% or 3"o, and 4*, are the quantities 
required. 

2. Reduce 5* and 6' to quantities that shall have the coni- 

mon index-; Ans. 125«and368. 

6 

3. Eeduce 2' and 4' to quantities that shall have the com- 
mon index 2. Ans. 16* and 16 . 

4. Reduce c? and a' to quantities that shall have the con 
mon index-. Ans. (a")' and (is^)' 

5. Reduce a' and h' to quantities that shall have the coni' 

mon index- Ans. («')» and (J*)' 

Note. Surds may also be brought to a common index, by 
reducing the indices of the quantities to a common denomi- 
nator, and then involving each of them to the power 
by its numerator. 



1. Reduce 3' and 4^ to quantities having aconunon index. 

Here 3* = 3^ =; {Zy = (27^ 
And 4^ = 4^ = (4=)» = (le)"*" 
Whence (37)^ and (16)«. Ans. 

2. Reduce 4' and 5' to quantities that shall have a com- 

Ans. 256T^ and 135^^. 
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3. Reduce a^ and a^ to quaiiiities that shall have a com- 
mon index. 

Ans. (o'}° and (a')''. 

4. Eoduce a^ and ft' to quantities that shall have a com- 

Ans. {a''y^ and (6-'')'=. 

5. Reduce a" and i"' to quantities that sliall have a com- 
mon index. 

Ans. (o™) "« and (i") ™^. 

CASE in. 

To reduce surds to their most simple forms. 
Role — Resolve the given number, or quaufity, into two 
factors, one of which saali be the greatest power contained 
in it, and set the root of this power before the remaining pMt, 
with the proper radical sign between them.* 



1. Let v'^S be reduced to its most simple fonn. 

Here 748 = ^"{16 X 3} = 4-v/3. Ans. 
3. Let V 108 he reduced to its most simple form. 

Here V1'08=V(37X4) = 3V4. Ans. 
Note 1. Wlien any number, or quantity, is prnfised to the 
surd, that quantity must be multiplied by the root of the factor 
above mentioned, and the product be then joined to the other 
part, as before. 



1 . Let 2 V 33 be reduced to its most simple form. 

Here3^/33 = 2^/(16X2) = 8v/3. Ans. 

2. Let 5 V 24 be reduced to its most simple form. 

Here5V34 = 5V(8x3) = 10V3. Ans. 
Note 2. A fractional surd may also be reduced to a more 
convenient form, by multiplying both the numerator and de- 
nominator by such a number, or quantity, as will make the 
denominator a complete power of the kind required; and 
then joining its root, with 1 put over it, as a numerator, to the 
other part of the surd.f 

» When the given surd contains no factor that is an exact power d 
the kind required, iX is fUready ih its most simple form. 
Thus, V 15 carmot be reduced lower, because neither of its fiictors, 
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IRRATIONAL QUANTITIES, OR SURDS. 61 

1. Let v'r be reduced to its most simple form. 
H.,. V| = v/ii = v^ (Jj X .4) = i ^ H. A«. 

3. Let 3\/ ' be reduced to its most simple form. 
H„. 3 V? = 3 V j|5; = 3 V (ji^ X 50) = fv =0. A„. 



3. Let 1/ 125 be reduced to its most simple form. 

Ans. 5V5. 

4. Let \/394 be reduced to its most simple form. 

Ans. 7V6. 

5. Let V ^6 be reduced to its most simple form. 

Ans. 3V 7. 

6. Let V 1S2 be reduced to its most simple form. 

Ans. 4V3- 

7. Let 7 V 80 be reduced to its most simple form. 

Alls. 28 v* 5! 

8. Let 92/ 81 be reduced to its most simple form. 

Ans. 37V 3. 

9 Let V- ''s reduced to its most simple form. 

'21 " An.. ,l,,/3Tf. 

10. Let -V— ^^ reduced to its most simple form. 

^ ^^ Ans. ^Vl2. 

11. Let ^ 98 A be reduced to its most simple form. 

Ans. 7a ■^/2x- 

12. Let \/ (a^ — o^ii?) be reduced to its most simple forra- 

Aas. a:-/{a)~ ^). 

the first qneption above given, "where it is found that vf =4 V 14; in 
whioh case it is only necessnrj to exlract the square root of the whole 
number 14, (or to findit in Bome of the tables that have been calculated 
for this purpme,) and then divide it by 7 ; whereas, otherwise, we rnust 
have first (fividea the nnmeralor by the denominator, and then have 
found the root of the quotient, for the surd part; or else have determined 
the root both of the numerator and denominaior, andiheo divided one 
by the other; which are each of them troublesome processes when per- 
formed by the common rules ; and in the neil example for the cube 
root, the labour would be much greater 
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ES IRRATIONAL QUANTITIES, OR SURDS. 

CASE IV. 
To add surd quaiiiities together. 

Role. — When the surds are of the same kind, reduce them 
to their simplest forms as in the last case ; then, if the surd 
part be the same in them all, annex it to the sum of the ra- 
tional parts, and it will give the whole sum required. 

But if the quantities have different indices, or the surd part 
be not the same in each of thera, they can only be added to- 
gether by the signs -j- and — . 

EXAMPLES. 

1. It is required to find the sum of v 37 and y^S. 

Here ^27== V(&X^) = 3^3 
And \/48= v'(16X3) = 4v'3 

Whence 7 1/ 3 tlie sum, 

2. It is required to find the sum of =/ 500 and V 108- 
Here V 500 = V{125 X 4) =5 V 4 

And V 108= V (37 X 4) = 3^/4 

Whence 8V4 the sum. 

3. It is required to find the sum of 4 V 147 and 3 V 75 
Here 4 V 147 = 4 V (49 X 3) = 28 V 3 

And 3 V75 = 3^/(35■X 3)= 15 V3 

Whence 43^/3 the sum. 

4. It is required to find the sum of 3 v' - and 3 ^/ — , 

A.d wl = wi^„ = ;^>/10 



Whence ^v/ 10 the s 



5. It is required to find the sum of V 73 and V 128. 

Ans. 14 V (2). 

6. It is required to find the sum of V 180 and V 405. 

Ans. 15^/(5). 

7. Itisrequired to find tlie sumof 3 V40and V 135. 

Ans. 9V(5). 
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8. It is required to find the sum of 4 V 5-1 and 5 V 128. 

Ans. 33V(2}. 

9. It is required to find the sum of 9^/243 and 10^363 

Ans. lQl^/{3). 

10. It is required to find the sum of 3 ^- and 7 •/ — 

Ans. Sj-v-ZCe). 

11. It, is required to find the sum of 13 Vj an<' 3 ?/— 

Ans. 6fV(2). 

12. It 13 required to find tlie sum of f •/ a'h and - ■/ Alx'^. 



To find the difference of surd quantities. 

Role —When the surds are of the same kind, prepare the 
quantities as in the last rule ; then the difference of the ra- 
tional parts annexed to the common surd, will give the whoto 
difference required. 

But if the quantities have different indices, or the surd part 
be not the same in each of them, they can only be subtracted 
by means of the siga — . 

1. It is required to find the difference of ^448 and i/ 112. 

Here v'448 = ^/(64 x 7) = 8%/7 
And ^"112=: -/(16 X7)==4v'7 

Whence 4 ^7 the difference. 

2. It is required to find the difference of Vl92 and V24. 

Here 3/192= V{64 X 3) = 4V3 
And V34 = VC 8 X 3) = 2V3 

Whence 2^3 the difference. 

3. It is required fo find the difference of 5-1/20 and 3^/45. 

Here 5 ^20 = 5 ^(4 X 5) = 10 ^5 
And 3V43 = 3V(9X 5)= 9v'6 

Whence */ 5 the difference. 

4 It is required to find the difference of j"/^, 8-nd ^ ^ o. 
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^^33363 1 

,,2,12,6 2 

Whence ~v/6 
60 
ference, or answer required. 



1. It is required to find the difference of 2 v' 50 and v' 18. 

Ans. 7v/(2), 

2. It is required to find the difieronce of V 3^0 and V 40. 

Ans. 2V(5), 

3. It is required to find the difference of v* r ^^'^ v'— 

Ans. j*^V(15). 

4. It is required to find the difference of 2 y^i and V 8. 

Ans. ^"(3). 

5. It is required to find the difference of 3 Vi and V72, 

Ans. V(9). 

6. It is required to find the diiferonce of Vo ^"^ V—. 

Ans- tVv'(18). 

7. It is required to find the difference of y/80a*x and 
V'aOo'j^. Ana. (4q^ — 2«) v'(5»). 

8. It is required to find the difference of S^/a'b and 



2Va°fi- 


Ans. (8a - 2a') ^ . 


Note. 


The two last answers may be written thus, 




(2aa;- 40^)^(5,1), and 




(3a»-8«)V(i); 




or(4a= 2a^)^5cc 




(8a 2«=)V6. 



CASE VI. 
To multiply surd quantities together. 

Rule. — When the surds are of the same liind, find the 
product of the rational parts, and the product of the surds, 
and tie two joined together, with iheir common radical sign 
between them, will give the whole product required ; which 
may be reduced to its most simple form by Case III. 

But if the surds ai;e of different kinds, they must be reduced 
to a common index, and then multiplied together as usual. 

It is also to be observed, as before mentioned, that the pro- 
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duct of different powers, or roots of the same quantity, is 
found, by adding their indices. 



1. It is required to find the product of 3 V 8 and 2 v* 6- 
Here 3^8 

Multiplied 2x^6 

Gives 6V 48 = 6^16X3 = 34 v* 3. Ans. 

2. It is required to find the product of- V^and -%f~. 

Here -^^ 

3 5 
Midtiplied - V p 

3, 10 3, 5 3, 15 
G,ves -V-=gV-g = g^^ = -J^15. 

3. It is required to find the products of 2'' and 3^ 

Here 2^ = 2=' - [2^ = 8^ 
And 3^ - 3^ = (3^)"^ = 9^ 

Whence (72)«. Ans. 

4. Il is required to find the product of 5 Vo and 3V«- 

Here 5 Va = 5^ = 5a^ 
And 3Vo = 3a= = 3a« 



Whence 15(1^ = 15 (a^)^ or 15 Va". Ans. 

BXAJIPLBS FOR PRACTICE. 

5. It is required to find the product of 5 V 8 and 3 V 5. 

Ana. 30^(10). 

6. It is required to find the product of V 18 and 5%/ 4. 

Ans. lOV (9) 

7. Required the product of - V 6 and tt ^ 9- 

Ans. tV^(6)- 

8. Required the product of -VIS and 6VS0. 

Ans. 15 V (10). 
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9. Required the product of 2 V 3 and ISj- V 5. 

Ans. 37 V (15). 

10. Required the product of 73^0^ and 120} A 

Ans. 8706X'- 
1 1 Required the product of 4 + 3 V 3 and 2 — V 3. 

Ans 4. 

13. Required the product of {a + J)" and (a + 6}'". 

Ans. (a + b)^. 

CASE Vll. 

To divide one surd quantity by another. 

Ruj.B. — When the surds are of the same kind, find the 

quotient of the ritional parts, and the quotient of the surds, 

and the two joined together, with iheir common radical sign 

between them, will give the whole quotient required. 

But if the surds are of different kinds, they must bo reduced 
to a common index, and then be divided as before. 

It is also to be observed, that the quotient of different 
powers or roots of the same quantity, is found by subtracting 
their indices. 

1. It is required to divide 8 V 108 by 3 V 6. 
8V108 
Here —-— == * V18 = 4 ^(9 X 2) = 13^3. Ans. 

3. It is required to divide 8V 513 by 4%/ 3. 

Here -^^ = SV256 ^ 3 V{64 X 4) = 85/ 4. Ana. 

3. It is required to divide -V 5 by - V 10. Ans. 

Heret^ = -^5^?vl^=^V10. Ans. 
Iv-S 2 3 3 4 4 

4. It is required to divide Vi" by V "i"- 

Here^ = 4 = - = -^"^=^^-^"^- 

5. It is required to divide 6 V 54 by 3 V 2. Ana. 6^3. 

6. It is required to divide ii/72 by 2%/ 18. Ans. 3V 4. 



Ans. U V 3. 



7. It is required to divide 5- V t^ '^^ 5 '^ g- 
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8. It is required to divide 4 - V 7; by 2 - V - . 

Ans. if V2. 

9. It is required to divide 4-=^a by 2^ V"^- 

An., "(a* 

10. It is required to divide 32- V a hy 13-^0. 

5 4 

648 JL 
Ans.— «. 

3-1- 9 -L 

11. It is required to divide ^-a" hy 4— a"". 

825 It 
Ans. - — a 
424 
13. It is required to divide V20 -j- V 12 by V5 + V3. 

Ans. ^4 or2. 
JVote. Since tlie division of surds is performed by sub- 
tracting their indices, it is evident that the denominator of any 
fraction may be taken into the numerator, or the numerator 
iuto the denominator, by changing the sign of its index. 
(1™ 
Also, since — — 1, or = a™-^ = o", it foUows. that the 

expression a" is a symbol equivalent to unity, and conse- 
quently, that it may always be replaced by 1 whenever it 

* To what is above ss 

1. That added to or 
greater nor less; that is, 

a-\-0 — a,aad.a—0 = a. 

2. Also, if noi^ht be muliiplied or divided by any quantity, both the 
product Diid the quotient will Be nought; because any number of times 
0, or any part of 0, is ; that is, 

0X0,01^X0 = 0, and- =0. 

3. Prom this it likewise foUows, that nought divided by noughi, is a 
finite quantity, of some kind or other. 



= OXtt, it is evident ll 







For let - = g, then if A rernain the same, it is plain, the less a is, the 
greater will be the quotient g ; whence, if a be hidefliutely small, q will 
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3. Let — be expressed with a negative index. Ans. iT^ 
4 Let a-i bo expressed with a positive index. 

5. Let he expressed with a negative index. 

6. Let a (a' — x'')~s be expressed with a positive index. 

CASE VIII. 
To involve, or raise surd quantities to any power. 
Rule. — When the surd is a simple quantity, mnltiply ila 
index by 3 for tho square, by 3 for the cube, &c., and it will 
give the power of llie surd part, which, being annexed to the 
proper power of the rational part, will give the whole power 
required. And if it be a compound quantity, multiply it by 



0' 
Which properties axe of freqnent Occurrence in some of the higher parts 
of the science, aad should be carefully remembered. 

Since, therefore, — r-r is the same Bs(ffl-['*) ■ Let us suppose, m 

the general formula, re = — 1 ; and we shall have for the coefBcienis 

m = — 1; - ~"- =— 1; -IIl-= — 1; - "" - = — !, &0. and for the 



&c., which is the same series that is found by division. For more on 
this suhject see the Binamial Theorem, (further on) or Euler's Al- 
gebra. 
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Itself the proper number of times according to tKe usual 



1, It is required to find the square of 
iX2 



= &■)■= D- 



2. It is required to find the cube of - V 3. 

Here-X3==~V27 = -V{9x3) = ^V3. Ans. 

3.' It is required to find the square of 3 ^ 3' -A-ns. 9 V 

4. It is required to find the cube of 17 Val. 

Ans. 103173 V{21}. 

5. It is required to find the 4th power of ^ V 6. Ans 

6. It is required to find the square of 3 + 3 V 5. 

Aus. S9 + 12 V5. 

7. It is required to find the cube of Va + 3 Vy. 

Ans. xVx-{-27yVx + 9xVy + 27i/Vy. 

8. It is required to find the 4th power of i/ 3 — V 2. 

Ans. 49 — 20 V 6. 
CASE IX 
To find the roots of surd quantities. 
Rule. — When the surd is a simple quantity, multiply its 
index by i for the square root, by ^ for the cube root, &c., 
and it will give the root of the surd part; which being an- 
nexed to the root of the rational pan, will give the whole root 
required. And if it be a compound quantity, find its root by 
the usual rule.t 

* When any quaiitily (liat is aJfected by the sign, of the sqanro root 
13 to be raised to the second power, or squared, it is done by suppress- 
ing the sign. Thus, 
(V«>, or VaXVB=a; and(Va+i)=, or V(a+J)XVCfl-t-*>=o+4. 

f The »th root of the m.th power of any number a, or the mlh power 

)t of any number a, or the rath roof of 

the iith root of o, is a™". 

From which tost expression, it appears, that the square root of the 
square root of oisthe4ih root of a; and that the cube root of the square 
■ root of a, or the square root of the cube root of a, is the 6ih root of a ; 
and so on for the fourtli, fifth, or any other numericBl root of this kind. 
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1, It is required to find the square root of 9 V3' 
Hero {9 V 3)"^ = 9^ X 3^ ^ ^ = 9^ X 3'" = 3 V3. Ans. 
3. It is required to find the cube root of - V3, 

Here (g V2)^,= (^)' X (3* ^ ^j = i{2=) = ^V 2. Ans. 

3. It is required to find the square root of 10'. 

Ans. lOV(lO) 
8 

4. It is required to find the cube root of — a*. 

Ans. ia Vo- 
ls A i 

5. It is required to find the 4th root of — " . Ans. %a . 

6. It is required to find the cube root of - V -, 

Ans. V|, ot|V(3a). 

7. It is required to find the square root of a;^ — 4!c V a + 4o. 

Ans. x~ZVa. 

8. It is required to find the square root of a + 2Vab -{-b. 

Ans. V a + V 6. 

CASE X. 
To transfon 

Rule. — Involve the given binomial, or residual, to a power 
corresponding with that denoted by the surd ; then set the 
radical sign of the same root over it, and it will be the 
general surd required. 

IlXiMPLES. 

1 . It is required to reduce 3 4- v* 3 to a general surd. 
Here {2 +v' 3)' = 4 + 3 + 4^3 = 7 + 4^3; therefore 

2 + v/ 3 = ^/(7 + 4 ^/3), the answer. 

2. It is required to reduce V 3 + V 3 to a general surd. 
Here (^/3 + v'3)= = 3 + 3 + 3 v'e =5 + 3 v/S; there- 
fore V3 + ^/3 = v'(5 + 2-^/6), the answer. 

3. It is reqnired to reduce V3 + V* to a general surd- 
Here ( V3 + V4)^ = 6 + 6V2 + 6 V4i therefore V3 + 

V4 =V 6(1 +V^3 +V4), the answer. 

4. It is requiiF.d to reduce 3 — V 5 W a general surd. 

Ans. ^(14-6^5). 
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5. It is requir-ed to reduce ^/2 — 2-^0 toa general surd. 

Ans. ^{26- 8^3). 

6. It is required to reduce 4 — v'''' to a general surd. 

Ans. ^(23 -B^l). 

7. It is required to reduce 2V3 — 3V9toa general surd. 

Ans. V(163V9- 108V3-319). 

CASE XI. 

To extract the square root of a binomial, or residual surd. 

Rule.* — Substitute the niunbers, or parts, of which the 

given' surd is composed, in the place of the letters, in one of 

• Prop, 1. 7^ square root of a, gjuintilijcwMuitbejiarlVg rational and 
partly a guad/ratic surd. If possible, \el Vn — a-\-Vm-j ihen, by 
squayngbolh sides, ra = as-]-3B Vra-j-m, andbytranapositionSa Vra 
r=n — aa — m; therefore Vin = a rational quantity, wMefi 

13 contrary lo the supposition. A quantity of the form Va, is called a 
puuinitic mrd. 

Prop. S. J(nj«ji«jaaiiiHU-]-Vy = a4-Vb, consisling of rational 
qm/'iiiiies and ^adrabic sa/rds, the rational parts oih tad side are equal, 
and atsa Ihe irrational parls, ' 

If a; be not equal toa, let x:=a-\-m; then a+jii,+ Vj/ = «4- vJ, 
or m -j- V y = V i ; that Vi is partly rational and partly a qnadratic 
surd, ■which is impossible, (Ph)p. 1.) ; 
.-. s=o, and Vy = Vb. 

In like manner, if :k — vy^a — vftiihens^o, and — V'ff = — V*. 

Prop. 3. If two piadratie sards, VS ami Vy, camaoi be rednoed to 
niiiers iu4icA have ike same irratienai part, their prodniclis irrational. 

If possible, let V sy = rx. where r is a whole number or a fraction : 
Then ry^rsaS, and}' = ?*);; .-.V^^rVx; that is, Vj^and v':i;may 
be so reduced as to have the same ration^ part, which is contrary to 
the supposition. 

Prop. 4. One quadratic sard, V x, camaet be made up of two others, 
V ra and ya, ahici have Jiot the some irraiional part. 

If possible, let Vx = Vra-\-Vn; then by sqaaring both sides, x^m 
-j-avirat+m, and x — m — it = SVm.ft, a rational quantity equal to 
an irrational, which is absurd. 

Prop. &. 'rhe square root of a binoimal, one of loAose terms is a qjtad- 
raUe snrd, and the other ratiimal, raaiy sometimes be expressed by a bino- 
mial, iroe or both ef whose terms are miadratio swrds,. 

lietffi+v'* be the given binomial, and suppose v'{a + VA)=3i+j; 
where it and y are one or both quadratic surds ; then, (see Ryan's Ele- 
mentary Treatise on Algebra, Art. 367,) V(a — VA) = s; — y ; .-.by 
multipbeation, V{a'i — S) = as — y". 

Also, by squaring both sides of the first equation, o+VS^aS-j-ary 
-[-y!, and(PT0p. 2/)-.' a = ffi3+^. 

Henceby addition, o-[-V(«2 — £) = &«, 
and by subtraction, a — v(a^ — t) = 3i/i; 
.-.The root 3;+? =V ha + iV(.aS—b) | +V Jja-J VCfl^-S)| 

From thia condiision It appears, that the square root of o + Vi can 
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the two following formula, according as it is a binomial or a 
residual, and it will give the root required. 

v(o + ,^j) = vtt<. + lv(<."-s)H-,^H<.-j^(«'-s)l 

V(.-V*) = vB"+lv(«*-i)J-v[J"-iv(<."-*)] 
And if the second part of the binomial, or residua!, ia this 
case, be an im^ioary surd, the same theorems will still hold, 
hy only changing ~ b into + b, as below. 

Where it is to be observed, that the only cases that are use- 
ful in this extraction, are, when a is rational, and <^ —h in 
the first of these formtite, or n^ + & in the latter, is a com- 
plete square. 



1. It is required to fiad the square root of 11 + ^72, or 
V(ll+6v2). 



via~^V<^-h = vY- «"- V 121 - 72 = vV" ~ i = v2. 
Whence ^(11 +6 v-2) — 3 + v2, the answer required. 
3. It is required to find the square root of 3 — 3 v 2 
Here, 

\'^'i + \v{^-b ) = vi +j- v(9-8)=vi - i = 1/2 ; and 

Whence v (3 — 2 v 2) = v 3 ~ I . Ae answer required. 
3. It is required to find the square root of 6 ±3 v^- 

\ns. iy5±!. 



4±i 



4. It is required to find ihe square root of 33 ± 

5. It is required to find the square root of 36 it ' ^ 

Ans. 5±v(ll). 
6 It is required to find the square root of 33 ± 12 v 6. 

Ans. 2 i--6±3. 

7. It is required to find the square root of 1 4-'! V — 3, or 

1 + ^-48. Ans. 3-t-v-3. 

be expressed by a binomial of Ihe form x-\-y, one or both of which are 
quadralic surds, when a^ — b is a perfect squire. 
By a similar process it might be shown that the square root of a — V*, or 

subject to the same limitation. — Ed. 
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8. It is required to find tie square root of 3 ± 4 v — 1, ov 
3±v — 16. . Ans. 3±v- + l- 

9. It is required to find the square root of — 1 + V ~- 8' 

Ans. 1 + V — 3. 

10. It is required to find the square root of a^ + 2x\^ 
(a' - !^). Ans. « + V (0= -"f'). 

11. It is requited to find the square root of 6 + 2 v 3 — 
V (13) — V (34). Ans. 1 + v 3 — v 3. 

FOR TRJNOMIAt, QUADRlNOMlJlL SURDS, &C. 

Rule. — Divide half the product of any two radicals by a 
third, gives the square of one radical part of the root ; this 
repeated with diiferent quantities, will give the squares of all 
the parts of the root, to be connected by -|- and — . But if 
any quantity occur oftener than once, it must be taken but 
once. 

For if a + y + 3^ be any trinomial surd, its square will be 
"^ + y^ + *° + 3a,i/ + 2xz + 2yz ; then if half the product of 
any two rectangles as Sary X 3»^z (or 2^yz) be divided by 

some third 2yx, the quotient — r^ = 3^, must needs berthe 

square of one of the parts ; and the IJlto for the rest. 



To extract the square root of 10 + v(24) -)- i/{40) + 

H'rk=iL><4«^= 2, .„d W!1)X W60) ^ 
3v{60) 2v{40) 

V9 = 3, and ^^^^ - ^r~^ ~ = v(25) = 5. And the root 

is v2 + v3 + v5. 



It is required to find tho square root of 14 + v (32) - 
V (48) + V (80) - V (34) + V (40) - v (60). 

V(32X48) V(24) .. , .. 

Here ■ V f Fr^ ~ ""^ — ' produces nothmg. 

, . V(33X48) ^ ^ V(40X6 0: 



,^r\ . . :,V^(33X40) , „ ,v(48X34) 

^(35)=5;and^-^^^=v4 = 3; and -^-^^^ 

V 9 = 3 ; and ^'^^^^ ^ = y (16) = 4, &c., therefore 
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tlio parts of tlie root are \/ 4, v^, v3, v2, y-i, &c., and 
the root ia 3 + v2 — v3 +-y5; for, being- squartid, it pro- 
duces the surd quantify given. 

CASE XII. 

To ea^ract any root (c) of a binomial surd. 

RrLB 1 .* — Let the quantity be A ± B, wliereof A is the 

greater part and c the exponent of the root required. Seek 

• Lei the juhi or difference of tino qimntilies, x and y, ie raised to a 
power lolbase ezp&nen£ is c, artd Ut the Xst, 3d, &th, 'Jth, ^e,. terms of that 
pffoer, coUected iidff one swn, be called A, and Ike rest of the ierMS, in 
theeiienplaces.calUdB! th£ difference of the squares of A and B shall be 
egttal to the difference of the s^wires of x a/ad y raised to the same 
power c. 

For the terms in the power c of a-f- ji, writing for their coefficients le- 
speetive\y,l,c,d,e,&c.,a.iex''-\'as°~'y-\-dx'^~'yi-{-sx'"^ys+,&.c. 
= A-\-B; aiid the same power 01 E — j (changing the signs in the even 
places) is n^ — M;*~V+*='~*y=—":°~'y3+,&e. =A~~B. 

And therefore, (x+j/f (^x—y)' o\(_^ -yif -(A + B)(A — B) = 

Let one, or both of the quantities, a^ y, be a quadratic surrf, that is, let 
a:-\-f,the c root of the proposed binomial A + .H belong to one of these 
forms, ji+i Vq,liVp-\-q,orkVp + lVg. And it follows that, 

I. It !i;-{-y—p-\-lVq, c being any whole number, J, the sum of Iha 
odd terms, will be a rational number; and .&, the sum of tha terms in 
the even places, each of which involves an odd power of y, will be a 
rational number muUipUed into the quadratic sard v" q. 

3. Let e, the exponent of the root sought, be an odd number, as we 
may always suppose it, because if it is even, it may be halved by the ex- 
traction of the square root, till it becomes odd : Ba6.]elx-\-y=k Vp-^q. 
Then A wiO involve the surd Vp, and B will be rational. 

3. But ifboth members ofthe root are irrational, x-\'y=(JiVp-\-lVq') 
A and B are both irrational, the one involving Vp, and the other the 
surd V^- And in all these cases, it is easily seen that when a; k greater 
than y, A will be greater than 3. Prom this composition »f the binomial 
d -|- £, we are led to its resolution, as in the above rule, by these steps. 

I. 

When A is rational, and A^ — Biisa. perfect power. 

1. By the theorem just dernonstrated, Js — .Bs = (a?! — ij!)' accn- 
Talelu; and therefore extracting thee root of A2 — Ba, itwillbe:ci — irt; 
call this root n. 

2. Extract in the nearest integer, the c root of A-^B, it will be 
{nearly) x + y; whieh put = r. 

3. Divide xi—yi{=n) by ai-j-jf (=»") the quotient is {nearly) 
x—y; and the sum of the divisor and quotient is (more jjeaify) S.r ; that 

IS, ifanmtegervalueofa^istobefound, it will be the nearest to ^-^. 
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the least number n whose power n" is divisible by A' — B^, 
ihe quotient being Q compute ^ [(A + B) X V Q] ^i* ^^ 
nearest integer number, wMch suppose to be t. Divide 

i, 12 — (.^S — y!) = j5; or, { r) a — it—j/S: ivhencs 

!' = \/ j( rjs- 111; and fterefore, putting S=. — r.tberootEOUght 

tn-l-y^t-j-Vifi — n); the same expression as in Ihe rule, when 
Q=i, s=l; that is, when A^ — Bi is a perfect c power, and ihe 
greater number, A, is rational. 



When A is ifToMonal, and a = 1. Ey the same process, a; = -^-^ 

^=T)andy = vCTa — n). But seeing A is supposed irrational, and 
c an odd number, x will be irrational likewise : and they will bolh in- 
volve the same irreducible surd Vp, or s, which is found by dividmg A 
by its greatest rational divisor. Write, therefore, for x or T, its value 
iXs, and a-{-y =ts + V(.(^s^—n). 

III. 
Ifthecroot of As — Ea cannot be token, multiply As — E' by a 
number Q,, such that the product may be the {least) perfect e power ™" 
f=A9a — Bs(i). And now (instead of A + E) extractthee root of 
(A + B)X Va, which found as above, will be i! + V(«!5—m) ; and 
consequently Ihec root of A + E ■wil'Lhets-\-V(tisi — n), 'divided by 

,i,..,o«ofvQ, ih. I., ;i± y "■-—> . 

fa 

In the operation, it is required to find a number tt, such, that (As — 
Bs) X Q. may be a perfect c power ; this will be the case if Q. be taken 
equal to (A' — BaJ'^' ; hut to find a less number which will answer 

this condition, let A^ — Ba be divisible by a, a («j); i, i, 

in); d,d (/); &e, insucccssion, that is, let As — Ba =: o"" fr" 

d^ &c.; also, let Q. = a.'i^^, &c.; (An- B2)xa = ffl'"'^''X*'^* 
Xd' *',&<:. 

which is a perfect stli power, if :r, y, s, &c., be so assumed that m-^-x, 
■re-f-y, r-\-z, are respectively equal toe, or some multiple of c. Thus, 
to And n number which multiphed by 180 will produce a perfect cube, 
divide 180 as often as possible by3, 3, 5, 4c, ,andtt appears that 2. 2.3. 3, 5 
= 180; if, therefore, if be mnltiplied by 3. 3. 5. 5, it becomes 3.^ S.'s', 
or {2.3.5)3, a perfect cube. 

If A and B 6e divided by their greatest common measure, either in- 
teger or quadratic surd, in all cases where the cth root can be obtained 
by this method, Q. will either be unity, or some power of 2 less than 3". 

Iflhe residual A— B be given, it IS evident from its genesis by invo- 
Inlion, that the same rule gives its root n: — y. See Universal Ar llh- 
metic, p. 139, Dr. Waring's Med. Alg. p. 287, or Madaurin's A^. 
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A V Q by its greatest divisor, and let the quotient be s, and let 

'■ + ^ 

—- — = t, the nearest inleger. Then ttio root = 

T — — , if the c root of A ± B can he extracted. 

It is proper to observe that this rule, which was first given 
by Newton in the Universal Arithmetic, fails, when ii=^ 
exactly ; in ivhich case, instead of taking t the nearest in- 

teger value of ~ — , it must be taken equal to ^. See Ryan's 

Key to the second New York edltiou of Bonny castle's 
Algebra. 

What is the cube root, of v 968 + 25. 

We have A= - B^ = 343 = 7 X 7 X ■?- Qx1' = n% 
whence n = 7, and Q == 1 . Then V [(A 4- B) X V Q] = 
V 56 + = r = 4. A V Q = V 968 == 22 V 3, and the 

radical part ^2 = s, and '- — = t = 2,in the near 

est integer. And (5 = 2v-2, v/(i^s= — n) = v(8 — 7) = 1 

3^3 + 1 
V(Q=I). Andtherootis ==2^2 + 1, whose 



» Thus,letV(«+V*)==3:-f-Vy; and we sbaJl }iave liy invo- 
lution, a .+ V S = (a + V ?)"■ 

An equation, which, by eij^anding the righthanii member, and com- 
paring the rational and irrational parts, gives 

a = x +—2—^ 'H 3 3 74 '^ yi+,&c. 

Vi=iia"~'vy+ "" -^ 3 -3-— J^"^yVy+ +, &c. 

Or, which, is llie same thing under a dWerent form, 

Whence, by squaring- each of these equations, and subtracting the 
latter from the former, we shall have 

a»— S = s|(s:-l-V';)!" + 2(«i— ?/)'' + (s— V?)=«i> 
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be of the form V (a + V &). or V C" — V *)■ Then if n= — & 
be a perfect intogral cube, and some whole number can be 
found, that, when substituted for n, will make 
„=_3[VC"=-6)]«-2«, 
the roots of the two expressions, in this case, will be 
V(« + Vi) = i™ + iV[»=-4i/(a'-i)] 

V (a - V fi) = ^ n - ^ V [n^ - 4 V (o' r ^)J 
And if the second part of the binomial, or residual, be an 
imaginary" surd, and o^ + i be a perfect integral cnbe, the 
extraction may be effected by finding the integral value of n 
in the following equation as before : — 

In which last case, the roots of the two. expressions will be, 
V(a + V-6)=> + ^VK~4VK + ^n 

each of which formulie may be obtained liy barely changing 
the sign of h in the former. 



It is required to find the cube root of 10 ± 6 V 3, or 10 ± 
V(I08). 

Here a == 10, and ^=108; whence . V K - ^) = V 
(100-108)= -2, and n= - 3 [3/ ("^ - &)]» = 20, 

or n= + 6ra = 20, 
where it readily appears from inspection, that n — 2, 
Whence V (10 + V 108) = f + JV(4-4X— 2) = 
I + i V (13) = 1 + V 3, and V (10 - V 108) = J - a 
V(4-4X -2) = 1— ^v^l2 = l- V'3. 



1. Required the cube root of GS ~ V4374. 



Or, by rejecting the terms that destroy each other, and then mnlti- 
pljing by i, i 

as — h = {x^ — jj)", or :ta — f = (a2 — *)"" 
"Where, supposing a^ — i to be a complete power of the itlh degree, 



stitnted for J, in the equation 2"-^- — g — %''-^y-\- 



)le. See Wood, or Ryan's Algebra. — Ed. 



!equeiillr« = ia — c,ifthisralnebesnb- 
t[,t-l).(»— 3)(fl— 3) 



3.3.4 
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2, Required the cube root of 1 1 + 5 v 7 

A V7-I-1 

Ans, — 

V2 
3 Required tlie cube root of 2^7 + 3^3. 

a™. J . 

4. Reqaired the fifth root Of 39^6 + 41 k3. 

An.. —-5-^. 

5. Required ihe cube root of 43 ± 29 v 2. 

Ans. 3 + v2, and 3 — V 2- 

6. Required the cube root of 9 ± 4 v 5, or 9 ± v 80. 

Ans. f + i^5,ani§ — ii^5. 

7. Required the cube root of 20 ± 68 v ~ 7. 

Ans. 3 + V - 7. and 5 - v - ■J'- 

8. It is required to find the cube root of 36 ± 69 i/ — 6. 

Ans. 5 + \- ~- 6, and & — v ~- 6. 

9. It is required to find ihe cube root of 8! i v — 2700.* 

Ans. ~ 3 + 2 V — 3, and — 3 — 2 v 3- 

CASE Xltl. 

as 16111 maks any 

RuLE.t— 1. When one or both of the terms are any even 
roots, muhiply the given binomial or residual, by the same 

* Whenerer it can be done, the operation, in cases of this kind, ought 
(obe abri^ed, by dividing the giyen binomial by the greatest cube that 
it contains, and then finding the root of the quotient; wliich, being mnl- 
tiplied by the root of the cube by which the binomial was divided, will 
give the root required. Thus, in the es[impleaboyegiven,81-l--v'— 2700 
=27X(3+V— W), where the root o£3-|-V—W being now more 
easily fonnd to be — l-\-^V — I, or — l+-§--i/ — 3, we shall have, by 
multiplying by 3, (which is the cube root of 37), — 3-|-3 V — 3, as 

Also this is useful, in Cardan's nile for cubic equations ; thus, V 
(Sl-i-vC— 3700j)+V(81— V(— 2700))=— 3X2 = — 6,or=— tx 
S = — 3, or f X2 = 9, the imaginary parts vanishing, by the contrariety 
of their signs. See De Moivre'a Appendix to Sanderson's Algebra, 
Universal Arithmetic, or Maolaurin's Algebra. 

* If a multiplier be required, that shall render anybmomial surd, 
whether it conBiBl of even or odd roots, rational, it may be found by suh- 
stitutmg the given numbers, or letters, of which it is composed, m the 
places of their equals, ta the foUoming general formula:-^ 
Binomial Vodz'Vi. 

Multiplier Va"-'^ V ««-=*+ V"""**'T V'*'^*'+, *c.; 
■where the upper sign of the multiplier must be takeii wiib the upper 
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expression, with the sign of one of its terras changed ; and 
repeat the operation in the same way, as long as there are 
surds, when the last result will be rational. 

2. When the terms of the binoraia] surd are odd roots, the 
rule becomes more complicated ; hut for tlie sum or difference 
of two cube roots, which is one of the most useful cases, 
the midtiplier will be a trinomial snrd, consisting of the 
squares of the two given terms and their product, with its 
sign changed. 

sign of thebinomia!, and the lower witli the lower; and the series con- 
tinued to » terms. 

This multiplier may be derived from observing the quotient which 
arises from the actual dwision of the numerator by the denominator of 
the following fractions : thus, 

I tJZJL^x<^'-l-x^^4-x'>~^t-^,&.c., -J-!/*-! ton terms, 

whether to be even or cdd. 

n "^~y" =g^~'— a^'^'+aJ'-^fS— , &e —y^' to jj 

^f^ ■ 
terms, where to js an even number. 

Ill Z-i^=V'~^ — a?i-^-(-3?>— 3y! — , &c., T-J""' to '"' 

■ xA-y 
terms, when n. is an odd number. 

Wow,let a:'' = a,^'' = *;then3; = Va, S' = V*, and these fractions 

^veraUr become ^;^^ ~~r, . and TT^+TTi ^ 

And, since i^' = Vo"^', 3^ = 'Va''~^, &c., also j= = V^, 
jr3 = V 53, &c., therefore, 

— ^^-— j = V«^'-f V^'^^+V"'^*+' &'=■■■■ +'Vi'^' 
toiiterms; where to may be any whole number whalevei'. And, 

^i = r^o"--!— !i/a''-^ + '^(i''~W3— , &c., ...-1- %/i"-i 

to n terms ; .where the terms ft and ^ 6»-i have the sign +, when re is 
an edd number j and the sign — , when w is an even number. 

Mow, since the divisor multiplied by the quotient |ive3 the dividend, 
it appears ftom the foregoing operations, tbat, if a binomial surd of the 
form-'^a—"^hbsnmUipliedS^'i/a^'i'^'i'^''+.Si-c.,...-i-^i»-', 
(to being any whole number whatever), the pTod^ct ioill ie a — 6, it ra- 
liimal^imiliiy; iad.if abilumial surd of the form 'i/ a-^- '(/ b 6e m^d- 
%KedJ!/«/'*'^'— V """'*+ V """*'—' *=■' ■■■±.V**"'' ^ 
prodvct wiU be a-fi, or n — S ; according: as the index « is an odd or 
an even number. See my Elementary Treatise on Algebra, Theo- 
retical and Practical.— Ed, 
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1. To find a multiplier that shall render 5 + v '^ rational. 

Given surd 5 + V 3 
Multiplier 5 — V 3 

Product S5 — 3 = 32, as required. 

2. To find a multiplier that shall malto V 5 + V 3 rational 

Given surd V 5 + V 3 
Midtiplier V5 — V3 



Product 5 — 3 — 3, as required. 
3. To find multipliers that shall make V 5 + '/ 3 rational 
Given surd V5 + V3 
lat TQultiplier V5 — V3 



1st product y' 5 — v' 3 
2d multiplier y" 5 + V 3 



2d product 5 ~ 3 = 2, as required. 
4. To find a multiplier that shall make K/l + V3 rational. 
Given surd V ' + V 3 
Multiplier V 7= ~ V (7 X 3) + V 3^ 



7+V(3X7=) 
-V(3X7=)-V(7X3=} 

+ V(7X3^)-h3 



Produtt 7 + 3 = 10, as was lequired. 

5. To find J multiplier that shall make v" 5 — i/ "" rational. 

Ans. \/5 + V^, 

6. To find a multiplier thjt shall jaake V o + v* & rational. 

Ans. •,/ a — y/h. 

7. To find a multiplier that shall make a + -/ i rational. 

Ans. o — %/ i. 

8. Ifr is requiied to hnd a mulUpher that shall make 
1 — V2a raUonal Ans 1 +V2a+V4a^. 

9. It IS required to find a multiplier that shall make 

V 3 — -^V 2 rational Ans V9 + i V6 + 1V4. 

10. It IB requued to find a multiplier that shall m.ake 

V {a-') + V {^% « a ■• + ^^ ration il 

4i^ V"'-Vf»=n+VK6°)--V^''- 
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CASE XIV. 

To reduce a fraction, whose deiiominator is either a simple ot 
a compound surd, to another thai shall have a rational de- 
noriiinator. 

Role. — 1. — ^Wlien any Eimple ftaclion is of the form — ~, 

Va 

multiply each of its terms by -/a, and the resulting fiattion 

will be . 

Or, when it is of the form j-— , multiply them by V a^, and 

the resQlt will be - — — , 

b 
And for the general form - — -. multiply by V i" "> s-nd the 

result will be . 

3. If it be a compound surd, find sucn a multiplier, by the 
last tide, as will make the denominator rational ; and mul- 
tiply both the mimerator and denominator fay it, and the result 
will be the fraction required. 



have rational denominators. 

3__3_ V3__2v'3 ,3_3 V5'_ 

31/5' 'jVS' 6 

|-^ = — — = - V 135 the answer required. 

shall be rational. 

_^3 V5 + s/% _ 3-v/5 + 3v'3 3V5+3V 2 

H^^^ Va^TT^ ^ TsTTa " 5-^2 ~ 3 

_ V 5-tV3 



3. Reduce — ■— to a fraction whose denominator 



= \/5 + v'3 the answer requited. 



%/3 



3. Reduce — to a fraction, wtose denominator shall 

3- v'2 
)e rational. 
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V2 _ V3x(3 + V2) 3v'2+2_ 2-f3v'2 

^^"^^3- V3^(3 - V2) X (3 + V3}"~"9^"3 7 

— s + s v'S the answer required. 

4 Reduce — ^o a ftaction that shall have a ra- 

v'7+V3 ^/(43)-^/(18) 
tional denominator. Ans. — -■■ . 

5 Reduce — to a fraction that shall have a rational 

^"'- -b-^^~- 

6. Reduce - ■■ ■ ■■ ■ to a fraction, tte denomjnalor of which 

o + v'o P + ft — 2aV& 
shall be lational, Ans. 3 _ -t . 

7. Reduce 5 ta a fraction that shall have a ra- 

aonal denominator. Ans. 5 X [V(49) 4-V (35) + V{35)1 

8. Reduce — to a fraction that shall have a ra- 

V 9 +V 10 
tional denominator. , 3V9 - 3V (10) + V(300) 
A„,, ___ ... 

3 ftacfton that shall have a ra- 



Ans. 4|-n/10-2V3 + (2+ %/5) XV5 J- 



OF ARITHMETICAL PROPORTION AND 
PROGRESSION. 

Arithmetical Proeortion,. is tho relation which, two 
quantities of the same kind, have to two others, when the 
difference of the first pair is equal to that of the second. 

Hence, three quantities are said to be in arithmetical pro- 
portion, when the difference of the first and second is equal 
to the difference of the second and third. 

Thus, 2, 4, 6, and a, a + b, a + 26, are quantities in arith- 
metical proportion. 

And four quantilies are said to be in arithmetical propor- 
tion, when the difference of the first and second is equal to 
the difference of tho third and fomlh. 
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Thus, 3, 7, 12, 16, and «, a+ b,c,c+ I, are quantitiBS in 
arithmetical proportion. 

Arithmetical pRoanEsaioN, is when a series of quan- 
tities increase or decrease by the same common difference. 

ThH3, 1, 3, 5, 7, 9, &,c., and a, a + d, a + 2d, a + U, 
&c., are increasing aeries in arithmetical progression, the 
common differences of which are 2 and d. 

And 15, 12, 9, 6, &c., and a, a — d,a — ^d,a~ Zd, &c., 
are decreasing series in arithmetical progression, the com- 
mon differences of which are 3 and d. 

■ The most useful properties of arithmetical proportion and 
progression are contained in the following theorems ; — 

1. If four quantities are in arithmetical proportion, the sum 
of the two extremes will be eijual to the sum of the two 

Thus, if the proportionals he 2, 5, 7, 10, or a, h, c, d, then 
will 3 + dO = 5 + 7, and a + J = 6 + c. 

2. And if three quantities be in arithmetical proportion, the 
sum of the two extremes will be double the mean. 

Thus, if the proportionals be 3, 6, 9, or a, h, c, then will 
3 + 9 = 3 X 6 = 12, and o + tf = 26. 

3. Hence an arithmetical mean between any two quantities 
is equal to half the sum of those quantities. 

3 + 4 
Thus, an arithmetical mean between 2 and 4 is = — - — 

. . 5 + 6 
^ 3 ; and between 5 and 6 it is ;= — — =^ 51. 



4. In any continued arithmetical progression, the sui 
's equal to the sum of any two terms 
o double the middle ti 



* If two, or more aiithi 
required, Eheyraaybe exp 



ls between ffi and 3, 



bar (m) of arithmetical means lietweeii a and b ; where -^ 
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Thus, if the series bo 2, 4, 6, 8, 10, then will 3 + 10 = 
4 + 8 = 3x6 = IS, 

And, if the series he a,a + d, a +2d, a + 3d, a + id, then 
■will a + {a+4d) = {a + rf) + (a + 3^) = 2 X (a + 2d), 

5. The last teriri of any increasing arithmetical series is 
equal to the first term oitis the product of the common differ- 
ence by the number of terms less one ; and if the series be 
decreasing, it will be equal to tlie first tenn minus that product. 

Thus, the «th term of the series a, a + d, a + 2d, a + 3d, 
a + id, &c., isa4-(n-!K 

And the nth term of the series a, a — d, a — 2d, a— Sd, 
a — 4<i, &c., 13 a ~ {n — l)d. 

6. The sum of any series of quantities in arithmetical pro- 

Eression is equal to the sum of the two extremes multiplied by 
alf the number of terms. 

Thus, the sum of 2, 4, 6, 8, 10, 13, is = {2 + 12) x r 

= 14 X 3 = 42. 

And if the series be a + (« + rf) -{- (a + 2d] +(a + 3d) + 
(ffl + 4ii), &c. . . . + ?, and its sum be denoted by S,we shall 

have St=(a + l) X^, where I is the last term, and n the 

immber of terms. 

Or, the sum of any increasing arithmetical series may be 
found, without considering the last term, by adding the pro- 
duct of the common difference by the number of terms less 
one to twice the first term, and then multiplying the result by 
half the number of terras. 

And, if the series be decreasing, the sum will be found by 
subtracting the above product from twice the first term, and 
then multiplying the result by half the number of terms, as 
before. 

Thus, if the series he a + [a + d) + (a + 2d) -f- (« + 3d) 
+ (a + id), (fee, continued to n terms, we shall have 

s= {2« + (.-iHf xj 

And if the s 
{a - Ad), &.C., 



S= ^2a-{n-l)d\xln. 



<•) The si 
numbers 1, 3, 3, 4,5,6,7,4 
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1. The first term of an increasing arithmetical series is 3, 
the common .difference 2, and the iminber of terms 20 ; re- 
quired the sum of the scries. 

First. 3 + 2(20 — 1) = 3 + 2 X 10= 3 +38 = . 11, die 
last term. 

And (3 +41) X —^44 X -^=44 X 10= 440, tho sum 
required. 

Or, J3X3+(20-l)x2 J Xy=-(6 + 19x2}X10=:: 

{6 + 38) X 10 = 44 x 10 = 440, as before. 

2. The first term of a decreasing arithmetical series is 100, 
the common difference 3, and the number of terms 34 ; re- 
quired the sum of the series. 

First, 100 — 3(34 — 1)= 100 - 3 X 33 = 100-99 = 1, 
the last tenn. 

And (100 + 1) X — = 101 X -^-^ lOi X 17= 1717,the 

Bum required. 

Or, |s Xl00-(34-l)x3i x ^ = (300-33 x 3) X 

17 = (SOO - 99) X 17 = 101 X 17 = 1717, as before. 

3. fteqiiired the sum of the iialiural numbers 1, 2, 3, 4, 5, 
6, &c., continued to 3000 terms. ' Ans, 500500. 

4. Reqtiired the sum of the odd numbers 1, 3, 5, 7, 9, &c,, 
continued to 101 terms, Ans. 10201. 

5. How many strokes do the clocks of Venice, which go 
on lo 34 o'clock, strike in a day 1 Ans. 300, 

6. Eequired the 365th term of the scries of oven numbers 
2, 4, 6, 8, 10, 13, &c Ans.^ 730. 

7. The first term of a decreasing arithmetical series is 10, 

Thus, 1 + 94 3+4 + 5, &c., continued lo 100 terms, is = — ^-^ = 

50X101 = 50,^. 

AlsotUe.sum.of any number of terms (ii) of ihe series of odd num- 
bers 1, 3, 5, 7, 9, 11, &c., is = na. 

Thus, 1 +3 + 5 + 7 + 9, &c., continued to 50 terms, is = 505=2500. 

Andif any three of the quantities, a, d,n, S, be given, the fourth may 
be found from the equation 

S= |il«± (»-l)i |x Jot («+l)x|- 
Where 1 he upper sign + is to beused when the series is increasing, and 
the lower s^n — when it is decreasing ; also the last terra Z = a d= 
(■M. — 1)(?, as above. 
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the conimon difference -, and the mimber of terms 21 ; re- 
quired the sum of the series. Ans. 140. 
8. One hundred stones being placed on the ground, in a 
straight line, at the distance of a yard from each other, how 
far will a person travel, who shall bring them one by one, to 
a basket, placed at the distance of a yard from the first stone ? 
Ans. 5 miles and 1300 yards. 



* Geometrical Proportion, 
quantities of the same kind liav< 



this relation will be denoted by the ei 



n rule, (hat Ihe pri>- 
duclofthetwoesiremesof aiiyfoiii proportionals Is eq.ual to that ot the 
means. And if the third c, in this case, i)e the same as the second, or 
c = 4, the proportion is said to he eontinned, and we have ad = ia, or 
6 = V ad; where it is evident, that the jiroduct of tile eKtremes of three 
proportionals is eqaal to the square ol t^ie mean ; or, that ths mean is 
equal to the square root of the product of the two extremes. 

Ako, if each member of the equation od=ic be snceessivelr divided 
by bd, dc, oe, &c., the results will give 




So that, by following tliis method, we can easily obtain all the transfor- 
mations of the terms of the proportion, that can be made to agree with 
the equations ad = ic. 
In like manner, &om the same equality i—'^' '^^^^^ '^H result, by 

multiplication, the following equivalent forms; — r =— ,; — r- =— -; 
"Which, being converted into proportions, become ma: mi :: iie : nd, 
andinoini :; inc-.-ad. :dnd,hy taking any like powers, or roots, of the 

i of the same equation, we have— = — . Or, putting the 
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antecedents, or leading terms of eiich pair, are the same parts 
of tlieir consequents, or the consequents of the antecedents. 

terms in the form of a proportion, a'" : *" :: ^ : ^- I" which cases 
Bi and ™ may be any whole or fractional numbers whatever 
Again, if there betaken the several ec"-''—- 



whicli correspond f a ; J ; ; c 

_=-, with \e-f-s 

I the proportions ; . ^ .. ; 

It shall have, by multiplying their like terms, j 



: hpc, &c, :: cgl, &c., : dkia, &c. Also, taking r-= -j, as before, we shall 
have, by mnltiplieatlon, -^ — ~ ; and by angmenting or diminishing 

ma mc maiii 
each side of the equation byl;— -±1 = — ±1; or — = 



ma-tiii ; j(* ;; ine ± nd : nd ; or ma ± jiS : mc ± «(! :; -nil : nd. 

And if the aboveoientioned eqoaiion 7- = —, be pat, ly a similar mul- 
tiplication of its terms, under the form --— —^, irndthen augmented or 
diminished by I, asinUielast case,there willarisejiaijS -.pc^qd;: 
gi ; qd. "Whence, dividing each of the antecedents of these two ana- 
main* 5i3 ■ J 

logics by their consequents, the result will give =— = -; and 

wtcinii nd d 
pa± 
pc^qd qd 

b 
of these espressions are each =: - , we shall have 

Or,b 
portion' 



—, =-j. And, consequently, as the two rightiand members 

Jcnfi pa±^ 

^■ad pc ±qd 

Or, by converting the corresponding terms of this equation into a pro- 

)rtion mfl±ni :mc±nd :: pa ^qb : pc^qd. Also, becatise the 

common equation t — ^ gives -=~, if the latter be put under the equiva- 

ma mi pa pb ... 

lent forms — =—7, and —=-3, we shall obtain, by a similar process, 

jiC nd qc qd 

ma ^nc-.pazizqc ••,mb±nd:pb± qd; which two analogies 
considered as general formulte for changing the term sof the pre 
a:b :: e r li, without altering its nature.' Thus, by supposing m 



considered as general formulte for changing the term sof the proportion 
a:b :: e r li, without altering its nature.' Thus, by supposing )B,m,p,j, 
10 be each = I, and taking the antecedents with the superior signs, and 
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81 GEOMETRICAL PROPORTION AND PRO ORES SIOIS. 

And if two quantities only are to be compared together, (lie 
part or parts, which the antecedent is of its consequent, or the 
consequent of the aiktecedent, is called the ratio ; observing, 
in both cases, always to follow the same method. 

Hence, three quantities are said to bo in geometrical pro- 
portion, when the firet is to the same part, or multiple, of the 
second, as the second is of the third. 

Thus, 3, 6, 12, and a, or, ar', are quantities in geometrical 
proportion. 

And four quantities are said to be in geometrical proportion, 
when the first is the saine part, or multiple, of the second, 
as tho third is of thefourth. 

Thus, 3, 8, 3, 13, and a, ar, h, hr, are geometrical propor- 

Direct proportion, is when the same relation subsists be- 
tween the first of four terms and the second, as between the 
third and fourth. 

Thus, 3, 6, 5, 10, and a, ar, h, hr, are in direct proportion. 

Inverse, or reciprocal proportion, is when the first and 
second of four quantities are directly proportional to the re- 
ciprocals of the third and fourth. 

the consequents with the inferior, wehavea-j-Jra — b •.•.c-{^d:i: — d, 
anda-j-c; a — c ;: b-\-d:t — d; which forms, together with several 
of those already given, are the usual Iransformatious of the common 
analogy pointed out above. 

In hkeifianner, by taking !ii,!i, and peach = 1, and j = 0, there will 
arise a±b: a :; c ± d : c, and a ±c:a;:S-^<f:A; each of which 
proportions may he verified by making the prodact of the extremes 
equal to that of the means, and observing that ad = Jc. 

Lastly, taking- any number of equations of the form before used, for 

expressing proportions, lo-=-=-=^=, &<:.; which, according to the 

common method, are called a series of equal ratios, and are usually de- 
noted hy a : b :; c : d ;: e :/ :: g : & ;:, &c., we shall necessarily 

have, from the fraction.s being all equal to each other, -.= q,-=q, 
-=5, 7=ff, &c. And, by multiplying B hy each of the denominators, 



equations, Willi those on the right, we have a^c^~\-g-{-, &o. —(b^dr\- 
/-|-A-f-, &c.,V. And consequently, by dirision, and the properties of 
proportiiHials before shown, 

^±d:li^±i-^-''_£±£-£±£±£_ * 

S + d+/+a-|-,&c. * b-\-d~b-\-d-li-f^' • 
which results show tliat, inaseriEsof equal ratios, thesum of any num- 
ber of the antecedents is lathat of their consequents, as one, or more of 
the antecedents, is to one, or tlie same number of consequents. 
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GEOMETRICAL PROPORTION AND PROaRESSION. SS 

Thus, 2, 6,9, 3, and o, ar, br, h, arc inversely propor- 
tional ; because 2, C, -'-, and a ar, — ' -, are directly pro- 
portional. 

Geometrical Progression, is when a series of quantities 
have the same constant ratio; or which increase, or de- 
crease, by a common multiplier, or divisor. 

Thus, 2, 4, 8, 16, 32, 64, &,c., and a, ar, <w^, ar', ap\ &.C., 
are series in geometrical progfession. 

The most useful properties of geometrical proportion and 
progression are contained in the folipwing ikeorems :— 

1. If three quantities be in geometrical proportion, the 
product of the two extremes will be equal to the square of 
the mean. 

Thus, if Ihe proportionals be 3, 4, S, or a, S, c, then will 
2X8 = 4°, and a X " = S°' 

2. Hence, a geometrical mean proportional, between any 
two quantities, is eqiial to the square root of their product. 

Thus, a geometric mean between 4 aad 9 is = v'36 = 6. 
And a geometric mean between a and b is = ■/ ah.* 

3. If four quantities be in geometrical proportion, the pro- 
duct of the two extremes will be equal to that of the means. 

Thus; if the proportionals be 2, 4, 6, 12, or a, b, c, d; then 
■will 2 X 12 = 4 X 6, avid a X d = 6 X c. 

4. Hence, the product of the means of four proportional 
quantities, divided by either of the extremes, wilt give the 
other extreme ; and the product of the extremes, divided by 
either of the means, will give the other mean. 

Thus, if the proportionals be 3, 9, 5, 15, or a, b,c,d; 

then will ^^ = 15, aid l2il^ = 9 : also, ^-^ = d, and 
3 5 'a 



» If two cr more geometrical means belweeu any two quantities be 
reqaired, they may be expressed as beiow : 

V "■'^ and Vaiii =two geometrical means between, a and i. 

X/Wib, VflSjs, and V<i*' = three geometrical means between a andi. 



{B"i)"+', (a isj^+'.fo j3)"+i = any number (n.) of geometriea] 

n a and *. Where ( ^ ) ""'' ' is 'lie ratio ; so that if a 
means: and this last 
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as GEOMETRICAL PROPORTION AKD PROGRESSION. 

5. Also, if any two products be equal to each other, either 
of the terms of one of them, will be to either of the terms of 
the other, as the remaining term of the last is to the remain- 
ing term of (he first. 

Thus, if ad = be, or 2 X 15 = 6 X 5, then will any of the 
following forms of these quantities be proportional : — 

Directly, a : b : ; c : d, or 2 : 6 :: 5 ;15. 

Invertedly, b : a :: d : e, OT 6 iQ :: 15 : 5, 

Alterijately, a : e ; : i : <f, or 3 : 5 : : 6 ; 15. 

Conjunctly, a: a+b::c:c + d,0T2:&:: 5:20. 

Distinctly, a : b ^ a : : c : d -- c, or 2 : 4 : : 5 : 10. 

Mixedly, J + B:6-a':: d + e : d - b, ot 8 : -i : : 20 : 10. 

In all of which cases, the product of the two extremes is 
equal to that of the two means. 

6. In any continued geometrical series, the product of the 
two extremes is equal to the product of any two means that 
are equally distant from them ; or to the square of the mean, 
when the number of terms is odd. 

Thus, if the series be 2, 4, 8, 1 6, 32 ; then will 
2 X 33 = 4 X 16 = 8". 

7. In any geometrical series, the last term is equal to the 
product arising from multiplying the first term by such a power 
of the ratio as is denoted by the number of terms less one. 

Thus, in the series 3, 6, 18, 54, 162, we shall have 3 X3* 
= 2 X81 =; 162. 

And in the series, a, or, ar', ar\ af', &.C., continued to n 
terms, the last term will be 

8. The sum of any series of quantities in geometrical pro- 
gression, either increasing or decreasing, is found by multi- 
plying the last term by the ratio, and then dividing the differ- 
ence of this product and the first term by the difierence 
between the ratio and unity. 

Thus, in the series 2; 4, 8, 16, 32, 64, 128, 256, 512, we 

shiiil have - .J H . -^ '- .. " ^ = 102*- 2 = 1022, the sum of the 
2-1 

Or the same role, without considering the last term, may 
be expressed thus : — 

Find such a power of Uie ratio as is denoted by the number 
of terms of the series ; then divide the difference between this 
power and unity, by the difference between the ratio and 
uikity, and the restiU, 'multiplied by the first term, will be the 
sum of the series. 
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GEOMETRICAL PROPORTION AND PROGRESSION. 

'hus, ill the series a■i•a^^/ar^ + ar'' + ai", &c., to a. 
ikali liave 



-eii 



Where it is to be observed, that if the ratio, or common 
multiplier, r, in this last series, be a proper fraction, and conse- 
quently the series a decreasing one, we shall have, m that case, 

a + or + flr^ + oP + a?-', &c., ad mfimtum -. 

9. Three quantities are said to be m harmonital proportion, 
when the first is to the third, as the diflereiici^ between the 
first and second is to the difference between the second and 
third. 

Thus, a, 6, c, are harmonically proportional, when a : c 

And c is a third harmonical proportion to a and h, when 

""20 — 4' 

10. Foirr quantities are in iarmonical proportion, when the 
first is to the fourth, as the difference between the first and 
second is to the difference between the third and fourth. 

Thus, a, b, e, d, are in harmonical proportion, when 
a:d::a — i:c—d, or a: d -.-.b — a: d — c. And dis a. 

fourth harmonical proportional to a, b, c, when d = -— — - 

in each of which cases if is obvious, that twice the first term 
must be greater than Ae second, or otherwise the propor- 
tionfJity will not subsist. 

11. Any number of quantities, a, h, c, d, e, Ac., are in 
harmonical progression, if o:c ■.:a — b:b—c; b: d::b — c 
-.c^d; c:e::c — d:d — e\ &.c. 

12. The reciprocals of quantities in harmonical progression, 
are in arithmetical progression. 

Thus, if a, b, e, d, e, &c., are in harmonical progression, 

- T - -, -. &c,, will be in arithmetical progression, 
a' b' C d' e' '^ ° 

13. An harmonical mean between any two quanljlies, la 
equal to twice their product divided by their sum. 

Thus — . ■ = an harmonical mean between a andS." 

a + b 

• In addition to what is here said, it may be observed, that the ratio 
of two squares is frequently called diyiticaU ratio ; of two square roots, 
«ii-i&^iieofc ratio; of two cubes, Iri^Ucale ratio; and of two cube 
roots, sti6-lTipliaite ratio ; &o. 
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1. The first term of a geometrical series is 1, tlie i:atio 2, 
and the number of terms 10; what is the sum of the series ? 
Here 1 x 3' = 1 X 512 = 512, the last term. 
. ,512x3-1 103-1-1 ,„„„ ^ , , 

And = ■ ^ = 1033, the sum leuiured. 

3-1 1 

3. The first term of a geometrical series is -^ the ratio -, 

and the number of terms 5 ; required the sum. of the series. 

, ,i~Tijy.i i^sTT 131 3 121. 

And l±i— _= = — _!£ — — . y - := — ., the sum. 

1 -- 1 f 243 3 162 

3. Required the sum of 1, 3, 4, 8, 16, 32, &c., continued 

to 20 terms. Aos. 1048575. 



5. Required the sum of 1, -, -, ^, — , &c., continued to 
10 terms. Ans. 1 ^^^3. 

6. A person being asked to dispose of a fine horse, said ho 
would sell him on condition of having a farthing for the first 
nail in his shoes, a halfpenny for the second, a penny for the 
third, twopence for the fourth, and so on, doubling the price 
of every nail, to 32, the number of nails in his four shoes ; 
what would the horse be sold for at that rate ! 

Ans. 4473934/. 5s. SfiJ. 

OF EQUATIONS. 

The DocTiiitfE of Equations, is that branch of algebra 
■which treats of the metliods of determining the values of un- 
known quantities by means of their relations to others which 
are known. 

This is done by making certain algebraic expressions equal 
to each other (which formnia, in that case, is called an equa- 
tion), and then working by the rules of the art, till the quantity 
sought, is found equal to some given quantity, and conse- 
quently becomes known. 

The terms of an equation are the quantities of which it is 
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OP EQUATIONS. 89 

composed ; and th.o parts tliat stand on the right and left of 
the sign ^, are called the two members, oc sides, of the 
equation. 

Thus, if x = a+h, the terms are x, a, and b ; and the 
meaning of the expression is, that some quantity x, standing 
on the leflhand side of the equation, is equal to the sum of the 
quantities a and b on the righl^nd side, 

A simple equation is that which contains only the first 
power of the unknown quantity : as, 

a; 4- o = 86, or a* = be, Ot 2x + 3a' = 56= ; 

"Where a; denotes (he unknown quantity, and the other let- 
ters, or numbers, the known quantities. 

A compound equation is that which contains two or more 
different powers of the unknown q«antitv .- as, 

a? + aa; = ^, or 3!= — 4»^ + 3a; = 25. 

Equations are also divided into different orders, or receive 
particular names, according to the highest power of the wn- 
known quantity contained in any one of iheir terms ; as quad- 
ratic equations, cubic equations, biquadratic equations, &c. 

Thus, a quadratic equation is that in which the unloiown 
quantity is of two dimensionSj or which rises to the second 
power; as, 

x' = 20\ a:' + !M:=b, ot3;^+10x: = lOO. 

A cubic equation, is that in which the unknown quantity is 
of three dimensions, or which rises to the third power : as, 
ar* = 27 ; 2a? — 3k = 35 ; or a? - oa;' + Sa; = e. 

A biquadratic equation is that in which the unknown 
quantity is of four dimensions, ot which rises to the fourth 
power; as a^'^SS; ftr' — 4a;^6; or x' — ax' + bs^ — cx=:d. 

And so on for equations of the 5tb, 6th, and other higher 
orders, which are all denominated according to the highest 
power of the unknown quantity contained in any one of their 

The root of an equation is such a number or quantity, as, 
being substituted for the unknown quantity, will make both 
sides of the equation vanish, or become equal to each other. 

A simple equation can have only one root ; but every com- 
pound equation has as many roots as it contains dimensions, 
or as is denoted bythe index of the highest power of the un- 
known quantity, in that equation. 

Thus, in the quadratic equation a^ + 3k = 15, the root, or 
value of DC, is either -1- 3 or — 5 ; and, in the cubic equation 
a^ — Q^ + '26x = 34, the roots are 2, 3, and 4, as will be 
found by substituting each of these numbers &r a. 

In an equation of art odd number of dimensions, one of its 
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so RESOLUTION OP SIMPLE EQUATIONS. 

roots will always be real : wkereas, in an equation of an evei, 
number of dimensions, all its roots may be imaginary ; as 
roots of this kind always enter into an equation by pairs. 

Such are ike equations a" — 6^; + 14 ~ 0, and x" — 2^ — 
Sai" -|-10»: + 50 = 0.» 

OF THE RESOLUTION OF SIMPLE EQUATIONS, 
Containing only one ukknovin QuantUy. 
The resolution of simple, as well as of other equations, is 
the disengaging the unknown quantity, in all sucli expressions, 
from the oilier quantities with which it is connected, and 
making it stand alone, on one side of the equation, so as to be 
equal to such as are known on the other side ; for the per- 
forming of which, several axioms and. processes arc required, 
the most useful and necessary of which are the following : — t 

CASE L 

Any quantity may be transposed from one side of an equa- 
tion to the other, by changing its sign ; and the two members, 
or sides, will still be equal. 

Thus, if a: -f 3 = 7 J then will a; = 7 — 3, or a: = 4. 

* To the properties of equations abovementioned, -we may here 
farther add: — 

1. That the sum of all the roots of any equalion is eqnal to the co- 
efficient of Che second term of ihat equation, with the sign changed. 

3. The sum of the prodncB of every two of the roots, is equal to the 
coefficient of the third term, without any change in its sign. 

3. The sum of the products of every three terms of the roots, is equal 
tothecoefficient of the foiuih term, with its s%n changed. 

4. And so on, to the last, or ahsolute term, which is equal (o the pro- 
duct of all the roots, with the sign changed or not, according as the 
equation is of an odd or an. even number of dimensions. See, for a 
more particular account of the general theory of equations, Vol. II. ot 
Eonnycastle's Treatise on Algebra, 8vo., 1820; or BjrBn's Elementary 
Treatise on Algehra, 13nio., 1334.— En. 

f The operationsreqnired for the purpose heremeG(ioned,arechiefly 
such as are derived from the foUowmg simple and evident principles : — 

1. if the same quantity be added to, or sulttraeteii from, each of two 
equal quantities, the results will still be equal i which is the same, in 
effect, as taking any quantity from one side of an eqnation, and placing 
it on the other side, with a contrttry sign. 

2. If all the terms of any two equal quantities, be multiplied or divid- 
ed, by the same quantity, the products, or quotients thence arising, will 
be equal. 

5. Ktw 
jther, any. .._^ . . , . . , 

All of which aiioms will be found sufficiently illustrated by the pro- 
cesses arising out Of the several examples annexed lo the six different 
cases given in the text 
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5 = 8; then will x = 


8+4 


— 6 = 


6. 


h = c-d 


; then will 




-i + c 


-d. 


3a; + 30 ; 


then 4a; - 


-3« = 


20 + 8. 


1 and 



RESOLUTION OF SIMPLE EQUATIONS. 

And, if I — 4 + 6 = 

Also, if ^ - a . " 

And, if 4j; — 8 
consequently x = 38. 

From this rule it alao follows, that if a quantity be found on 
each side of an equation^ with the same sign, it may be liift 
out of both of them ; arid that the signs of all of the terms of 
any equation may be changed from + lo — , or from — lO 
+, without altering its value. 

Thus, ifa; + 5=i7 + 5; then, by cancelling, a; = 7. 

And if o — a;=i — c; then, by changing the signs, 



I. Given 2aj +3 = a; + 17 to find x. Ans. 3;= 14. 

3. Given 5a: — 9 = 4a; + 7 lo iind x. Ans. x — 16. 

3. Given a: + 9 — 3 = 4 to find a. Ans. a: = — 3. 

4. Given 9a; — 8 =8 a^ — 5 to find x. Ans. a; = 3. 

5. Given 7k + 8 — 3 = Ss + 4 to find x. Ana. x= — l. 

CASE II. 
If the unknown quantity, in any equation, be multiplied by 
any number, or quantity, the multiplier may be taken away, 
by dividing all the rest of the terms by it; and if it be 
divided by any number, the divisor may be taken away, by 
multiplying all the other tern:^ by it. 

Thus, if ax='Jab — c; then will x = 2b — -. 

And, if 3a; + 4 — 16 ; then will a; + 3 = 8, 
or a; = 8 — 2 = 6. 

Also, if I = 5 + 3 ; then will jr = 10 + 6 = 16. 

And, if -T — 2 = 4; then 23; — 6=12, or by division, 



I. Given 16» + 3 = 34 to find x. Ans. a; = 3. 

3. Given 4iB — 8 = — 3t + 13 to find x. Ans. a; = 3. 

3. Given lOj; — 19 = 7a: + 17 to find x. Ans. a; = 12. 

4. Given Sj; — 3 + 9 =: — 7a; + 9 + 27 to find x. 
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92 EESOLUTION OF SIMPLE EQUATIONS. 

CASE III. 
Any equation maj- be cleared of fractions, by multiplying 
each of its terras, successively, by the denominators of those 
fraclions, or by multiplying both sides by the product of all the 
denomiaators, or by any quantity that is a multiple of them. 

Thus, if - + - = 5, then, multiplying by 3, we have "^ + — 

= 15; and this, multiplied by 4, gives 4x + '6x = l]0; whence, 

60 4 

by addition, 7x = 60, or a; = — = 8 -. 

J 7 7 

And, if -+ - = 10 i then, multiplying by 12, (which is a 
multiple of 4 and 6,) 3a -f- 3a: = 120, or 5i = 120, or a; =: 

It also appears, from this rule, that if the same number, or 
quan^ty, be found in each of the terms of an equation, ehher 
as a miiitiplier or divisor, it may be expunged from all of them, 
without altering tho result. 

Thus, iiax = ab + ac; then by cancelling, x — h + e. 

And if - + - = - ; then, a + i = c, or a = c — i. 



1. Given --= - + 24 to find io. 

2. Given ^ +^ 4-^ = 63 to find x 



3. 


Given 


2 


+ 3 


=^30. 


2 ' 


- to find 


X. Ans. 


a!=9. 


4. 


Given 


2 


+ ^ 


+3_ 
3 


,16-; 


— — to find X. 




5. 


Given 


b 


■ + c 


■ 2^ 


Ans. 


to find X. 


Ans. 1 
> + ach" 


:= 13. 



acd 4- ahd — ^cbd 

CASE IV 

If the unknown quantity, in any equation, be in the form of 

a surd, transpose the terms so that this may stand alone, on 

one side of the equation, and the remaining terms on the othei 
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(by Case I.) ; then involve each of the sides to such a power 
as corresponds with the index of the surd, and the equation 
will he rendered free from any irrational expression. 

Thus, if Va:-S = 3; then wiU v' a: = 3 + 2 = 5,or,by 
squaring', a; = 5^ = 25. 

And if V (3a + 4) = 5 ; then will 3a: + 4 = 25, or Sx = 25 

-4 = 21, or. = 51 = 7. 
3 
Also, if V {2» + 3) + 4 = 8 ; then wiU V (2a' + 3) = 8 ~ 4 
c= 4, or 2x + 3 = 4'^64, aiidconsequently3a^64 — 3i=;61, 

EXiMPLBS FOR PRACTICE. 

1. Given2v':K + 3 = 9 tofiiida. Ans. o: = 9. 

3. Given v' (i; -h I) — 2 = 3 to find x. Ans. x = 24. 

3. Given V (3a ■ + 4) + 3 = 6 to find a). Ans. w = 7| 

4. Given V (4 + s') = 4 — v/ a: to find a;. Ans. a: == 2i. 

5. Given ^ (<ii^ + a^) ^ V (4i' + it') t< " ' 



Ans. a:=v{-^^^) 



CASE V. 

If that side of the equation which contains the unknown 
quantity, be a complete power, the equation may he reduced 
lia a lower dimension, by extracting the root of the said power 
on both sides of the equation. 

Thu9,ifa^=;81 ;thona:=-/81 = 9; and if a:^ = 27, then 

Also, if 3a!' — 9 = 34 ; then 33:= = 24 + 9 = 33, or a= = — 

= 11, and consequently !e= s/U. 

And, if a' + 63; + 9 = 27 ; then, since the teflhand side of 
(he equation is a complete square, we shall have, by extracting 
the roots, »! + 3 := ^27 = V (9 X 3) = 3 ^/3, or lc = 3 ^3 
-3, 

EXAMPLES FOR PRACTICE. 

1. Given 9a:^ — 6 = 30 to find x. Ans. a: = 2. 

2. Given a^ + 9 = 36 to find x. Ans. x —3 



4. Given x^ + ax + — =:li^ to find x. Ans. x = I 

5. Given ar* + 14ar + 49 = 131 to find a:. Ans. a 
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CASE VI. 

Any analogy, or proportion, may be converted into aii 
equation, by making the product of ilie two extreme terms 
equal to that of the two means. 

Thus, if 3a: : 16 : : 5 ; 6 ; then Sa' X 6 = 36 X 5, or 18» 



And if — -.a-.-.b-.c; then will — ^ ah, or Zcx = 3aS ; or, 

bv division, a: =, — 

2c ■ 

Also, if 12 — a; ; - : : 4 ; 1 ; then 12 — a: = — = 3a;, or Sac 
+ a;:= 12, and consequently rc = — = 4. 

2Qab 



1. 


Giyen-a^:a;:5io:crftofind^. 


Ans. X -- 


2. 


Given 10 - a; ; 1 a; : : 3 : 1 to find »;. 


Ans. , 


3. 

4. 


Given 8 + 8x : 4* ; : 8 ; 3 to find a:. 
Given a; : 6 — a^ : : 2 : 4 to find ;<;. 


Ans. 
Ans. 


5. 


Given 4a; : a : : 9 ^/ x : 9 to find x. 


Ans. , 



1. Given 5a; — 15 = 2i; + 6 to find the value of x. 

Here 5a;— 3a;=: 6 + 15, or 3a = 6 + 15 = 21 ; andthere- 



2. Given 40 ~ 6a; ~ 16 = 130 — :4a;, to find the value of a:. 
Here 14a- — 6a = 120 — 40 + 16; or 8a; = 136- 40 = 96; 



3. Given 3a;^ — 10a; = 8a; + a=, to find the value of a. 
Here 3a; — 10 = 8 +*, by dividingbyi; or3j; — a:= 8 + 

10 ^ 18, by transposition. 

And consequently 2a; = 18, or :« = — = 9, 

4. Given 6aar'' -^ 12ab3? = 2a!t? + 6aa;=, to find the value of a;. 
Here 2a; — 46 = a: + 2, by dividing by 3aa;' ; oi2x — !e = 

i -\- 4b; and therefore a; — 4i + 3, 
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5. Given m^ + 2a;-j- 1 = 16, to find the value of x. 
Here j: + 1 =^ 4, by extracting the square root of each side 
And therefore, by transposition, a ^ 4 — 1 = 3. 

6. Given 5ax — 3i = 2da: ■+■ c, to find the value of a. 
Here 5ax — 2dx = c + 36 ; or (5a — 2d]x = c + 36 j and 

c + 36 



therefore, by division, a 



5a — 2d' 



7. Given v — 5 + v = 10, to find the value ot (c. 



- 8a; + 6a; = 340 ; whence IOj; = 340, or a; = 24. 
8, Given -^- [- -- = 20 ~— , to flnd the valueof x. 



9. Given V~ + 5 = 7, to fftld the value of a. 

Here V — = 7 — 5 = 2; whence, by squaring, — = 3^ 
= 4, and 2x = 12, or x ~'G. 

10. Given x + V(o' + ^) = —77 — ^. to find the value 

V(a +«') 
of X. 

Here x V {a' + x') -}- a'' + ^ = 2^ ; or w V (c? +ar*) = 
tt= -a;=, and a* . (a^ + ar*} = a' - 2a^*^ + i' ; whence nV 
+ 3;* = a' — 2a'a^ + a:', and (^a? = a" — 2a^x^ ; therefore 



•?x' 




•^-sr- = 


' 3' 


and consequently x = 


^3 


..a 


V1 = .V^ = |V3, 


the an 


swer required. 




!. 


Given 3: 


E - 2 + 24 . 


= 31, 


to find the value of x. 
Ana. 3> 


= 3. 


3. 


Given 4 


- % = 14 


-\\y 


; 10 find the value of y. 
Ans. y 


= 5. 


3 


Given X 


+ 18 = 3* 


-5, 1 


,0 find the value of x. 

Ans. j; = 


in- 


4. 


Given a 


■ + |-f-^ = 


U, to 


de[i?riniLie the value of , 


X. 










Ans. X 


= 6. 
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5. Given 2!c — ^ + 1 = 5x ^ 2, lo find llie Talue of cc. 

_^. 

IT a; a 7 

6. Given ^ + 5 — - =^ — , lo determine the value of 37. 



8. Given 2 + V3x = V (4 + 5^^), to find the value otx: 

Ans. a — IS. 

9. Given k + a =^ , to find the value of x. 



3a — 2b' 

12. Given V {a^ + ir') = V (^' + a^^). «> Imd ^''^ value of a;. 

Ans. 0: = V — r— ,— . 



■ ■ .- + 4' 

- ^; i to determine tlie value of x- 

b-~2a 
Ans. iE = V— 7— , 

15. Given a ■}- :>: = V [a' ■{■ x V {Ir' + ic=}], to find the value 
of X. , i= 

Ans. 0; = — — o 

16. Given iV(ii= + 3o=)--iV(^=-3a=) = «Va, lo find 
tlie value of x. 9u' 

Ans. a^V , 
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17, Givftn V{a + x)-\- V[a — a;) — J, to fiad the value of j; 

Ans. ^=^|v(4«-.Ba 

18. Given V {a + ^) + V (" — a^) = S, tg fi ndthe valHeof a^ 



!9. 


Giv 


en Va 


i + V; 


K= V< 


IX, to tind the ^ 


.aluoofa;. 




Giv 
of^. 

Give 


nV(a^ 




)+v 


i'^y 


Ans 

= a, ■ 

Ans 
,^},to 




20. 
value 


^ {Va-lf 
to determine the 


31. 


find the value of av 
















An... = lv3. 


22. Given v 
find the value of 


;{o=- 


^) + 


xv{<^'- 


Ans. 





23 Given V' (»^ + o) = .^ — V (a + i), to find the value of te. 
Ans, . = (--^^^-)'-5. 

24. Given V — ^ + V — ^ ^ V t:;^3, to find tlie vtilue 

of«. /S + c\ 

Ans. „ = «(j--J. 

Of the resolution of simple equations, containing i-wo unknown 
quantities. 
When there are two tinkiioivii quantities, and two inde- 
pendent simple equations involving them, they may be reduced 
to one, by any of the three foilowing rules ; — 

Rule !. — Observe which of the unknown quantities is the 
least involved, and find its value in each of the equations, by 
the methods already explained ; then let the two values, thus 
■ found, be put equal to each oilier, and there will arise a new 
equation with only one unknown quantity in it, the value of 
which may be found as before.* 

* This rule depends upon the weil-tnown axiom, that things -which 
are equal to the same thing, are eqaal to each other ; ami the two fol- 
lowing methods are founded on prmciples which are equally simple EUid 
obvious, „ 
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1, GivQn J 5!^ _ 2II = 10 ( '° ^''"^ ^^ values of x and y 



,„. , S3-3y l0 + 2,j 
Whence we have —^ = — T"~^j 

Or 115-15y = 20 4-4j/, or 19y= 115-20-95. 

95 . 33 — 15 

That IS, y = - = 5, and ^ = —^— = 4. 

2. Given j ^ j] ^ ^ j J *» find the values of a; and v 
Here, from the first equation, x^^a — y. 

And from the second k =^ i + y, 
Wlienco a — y =^ h -^ y, 01 2y := a ~ b, 

a-b 
And therefore y =; — r — , and x^ a — y. 

a-h a-\-h 
Or by isubstitution, (c=: a — = — —. 

3. Given Ji^ + f^^g J to find (Ke vaiuesof a: and v 

2w 
Here, from the first equation, i ^ 14 ~ 

And from the second, a; ^ 24 -, 



by equality, 14 - 

And consequently, 42 — 2y = 72 — , 

Or, by multiplication, 84 — 4j^ = 144 — 951 ; 
And, therefore, also 5y = 144 — 84 = 60, 
60 24 

Or, by division, y = —- = 12, and a; = 14 — — = 6. 

EXAMTl.Ea FOR PRACTICE. 

1. Given Ax-\-y ^ 34, and 4y + a; = 16, to find the values 
of « and y. Ans. x = 8,y=:2. 

2. Given 2a + 3y=16, and 3a: — 2y=ll, to find the 
T^ues of a and y. Ans, a; = 5, y = 2. 



osted by Google 



RESOLUTION OF SIMPLE EQUATIONS. S9 

3. Given — + -^ = _, and ^ ^- — — — , to find tho 

5 4 30' 4 5 120 

values of x and y. Ans. a; = ^, y = ■§. 

4. Given ^ t '^ ''' o^ ^ i J to find a; arid ir. 



a + i, and y = 



5. Given J,'' •* ^ to find a; and 



-^=1 



Ans. 3! = 13, and y = 



6. Given < 2 3 > to find a: and y. 

'ir:y::4:3 J Ans. x = 12, and y = 9. 

7. Given a; -j- y = 80, and — = — , to find a; and y. 

Ans. iB = 43 -^V, and y = 37 ij. 

8 Given y — 6 = -, and a; = y + 6, to find x and y. 

Ans. a = 24, and y — 18. 
Role 2. — Find the values of either of the unknown quan- 
tities in that equation in wMch it is the least involved ; then 
substitute this value in the place of its equal in the other 
equation, and there will arise a new equation with only one 
unknown quantity in it ; the value of which may be found as 
before. 

EXAMPLES. 

1. Given ^^^'^^^■'Z^'^hofiDd.iho valors oU and. y. 

Prom the first equation, k = 17 — 2y ; which value, being 
substituted for a, in the second, 

gives 3(17 — 3y) — y=2, 
Or 51 - 6j/ — y = 2, or 7y = 51 - 3 = 49. 

Whence y = — = 7, and * = 17 - 2y = 3. 

2. Given j '"j^^^ ^M to find the values of a: and y. 
From the first equation, a; = 13 —y; which value, being 

enbstituted for a;, in the second, 

Gives 13 — y — y=^3, or2y= 13- 3 = 10. 

Whence y ^= -— = 5, and k ^ 13 — y = 8. 

3. Given J '^1/1.'^ _ \ to ^id the "alues of a: and y. 
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Here tlii; analogy in tha first, turnej inio an equation, 
gives bx =; ay, ot x=: -j~. 
And this value, substituted for a; in the second, 

Whence we have o^y^ + &V — ^^"^i '■^^ 2'" = a^ S.3 ' 
And, consequently, j/ = b-/ I'T^i^ ^^'^ x = a v'T^rrj. 



•>'{)■- 



1. Given - + 7^ = 99, and|-+ 7a; = SI, to find ihe values 
of ai and y. Ans. i = 7, and y =z 14. 

2. Giv.„^-^ 12 = 1 + 8, and 4» + --8 = i- + 

27, to find the values of x and y. Ans. a: = 60, y = 40. 

3. Given x + y = s, and a? — y'' = d, to find the values of 
a; and y. a _ *" *^ __ s^— <? 

"■ '^ " "^5 ' ^ ~ 2s ■ 

4. aiven5a;~3y — 150, and lOj; 4-15y = 825, to find a; 
and y. Ans. x = 45, and y = 25. 

5. Given a + y = 16, and a; : y : : 3 : 1, to find x and y. 

Ans. CD := 12, and j/ = 4. 

G. Given a; + ^ = 12, and y +* = 9, toTmtl t andy. 

Ana. X = 10, and y = 4. 



7. Given 

8. Given 




3 : 2, and ^= - 
=^ + 13 and 


- y= = 20, t 

Ans. a; 


a find 3! and y. 
= 6, and y =4. 

.16 ^7" + 


27, to find : 


.andy. 




Ans. a; = 60, and y = 20. 



ir both of the given equations be mul- 
tiplied, or divided, by such numbers, or- quantities, as will 
make t'ne term that contains one of the unknown quantities the 
same in each of them ; then, by adding, or jublracting, the 
two equations thus obtained, as the case may require, there 
will arise a new equation, with only one unknown quantity in 
it, which may be resolved as before.* 
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1. Given l^'^ffj'^f^lto find the values of x and y. 
First, multiply the second equation by 3, aad it will give 

3a; + 6y = 43. 

Then, subtract the first equation from this and it will give 
6y — 5y = 42 — 40, or y — 2. 

Whence, also, a = 14 — Sy = 14 — 4 = 10. 

2. Given 5 3^ 7 5^ ^ ig 1 1" ^^^ *« ^^"<^s °^ ^ ^^ V- 
Multiply the first equation by 2, and the second by 5 ; then 

10» — 6y= 18, and 10k +25y = 80. 

And if the former of these be subtracted from the latter. 



there will arise 3Iy =^ 63, or y ::^ 
Whence, by the first equation, 5 



31 



1. Giren ^^ + 6y = 21, and '^~- = 23 — 5x, to find x 

and y, Ans. a; = 4, and y = 3. 

3. Given 3a: H- ly = 79, and 2y = D + |, to find x and y. 

Ans. X = 10, and y = 7. 

3. Given 30iB + 40y = 370, and 50,r + 30y = 340, to find 
X and y. Ans. a: = 5, and y ^ 3. 

4. Given 3* — 3y = 2m + 3y, and a; + y : a:y ; : 3 : 5, to 
find x and y. Ans. .r = 10, and y = 3. 

5. Given a^y + xf — 30, and a' + r" = 35, to find o; and y. 

Ans. n;= 3, and y = 3. 

to the last rule, wlien the results, so delermiiied, will be j) = — — — ^ 

and X = —z7 — j—i i which solution may be applied 10 any particular «Ke 

oftliisltind, by subslilntinS the numeral values of a, b, a', h', in the 
place of the letters, and observing, when either of them is negative, to 
chtmsie the signs accordingly. 

Where the numerator is the difference oftheproducis of the o[^osite 
coeflicienls in the order in which v is not found, and the dctiominalor 
is the difference of the products of the opposite coefficients taken fVom 
the orders that involve the two nnknown quantities. Coefficients are 
of the same order which either affect no unknown qnanlity, as tfand rf ; 
or the same unknown quantity in tlie different equations, as a and a'. 
Ooefiicients are opposite when they aflect the different unknown quan- 
tities in the different equations, as a, andfi', a" and 5. — En. 
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to find a; and y. 

7. Given x + y: 
values of a; and y. 



8. Given ax + bi/ = c, and iZk + ey =f, to find the values 
of a: and «. , ce — hf af — dc 

^ Ans. a: = ■ f,, V = ~ T",. 

ae ~ hd ^ ae^bd 

9. Given sc + y = a, and ^ — if ^ i, to find the values of 
re and y. , o^ + 6 a' — 6 

10. Given ^ ■\-3:y = a, a<\d )/° + ay = 6, to find the values 
of a; and '/. , " ^ 

Of the rjisolution of simple equations, containing Ikreeormore 

When there ar<3 three unknown quantities, and three inde- 
pendent simple equations containing them, they may be re- 
duced to one by the following method.* 

Rule. — Find the values of one of the unknowri quaniities 
in each of the three given equations, as if all the rest were 
known ; then put the first of these values equal to the second, 
and ehher the first or second equal to the third, and there will 
arise two new equations with only two unknown quantities in 
them, the values of which may be found as in the former case ; 
and thence the value of the third 

Or, multiply each of the equations by such numbers, or 
quantities, as wilt make one of their terms (he same in them 
alt ; then having subtracted any two of these resulting equa- 
tions from the third, or added them together, as the case may 

• The necessity for observing Ihat the given equations in this and 
other similBr cases are so proposed as lo be-mdependeut of each other, 
wdl fce obvions from tlie following example ; — 

h;— 2y4-2 = 5; Sir + iy — 2 = 7; a+S?/ — 33 = 9; 
where, if it were required to determine the value of a^ y, and 2, it will 
be found, liy eliminating a from each of them, and taeu equating the 
results,- that 

%— 3s = — 3, and.5y — 32 = — 3; 
which equations, beingidentieal, or both the some, furnish no detenni- 
nafe answer. And, in meet, if the ihree equtUions be properly pxamined, 
it will be found, that the third is merely the difference of the first and 
second, and consequently involves no condition but what is contained 
in the other two. 
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require, there wiU remain only two equations, which may be 
resolved by the former rules. 

And in nearly the same way may four, fire, Sic, unknown 
quantities be exterminated from the same number of inde- 
pendent simple equations ; but, in cases of this kind, there are 
frequently shorter and more commodious methods of operation, 
which can oidyhe learnt from practice.* 



ven ^ it + 2^ + 3s = 62 > to find x, y, an 

f 3^ + -i!y +1^= 10) 
re, from the first equation, a = 29 — y — a. 
Prom the second, a; = 62 — 2y — : 

And from the third, a; = 20 — -y — -s, 
Whence 29 - y — s = 63 — 3y - 3^, 
And, also, 29 ~ y — s = 20 — ? y -. ^s, 
From the first of which, y = 33 — %z. 
And from the second, ji — 27 — ^s. 

Therefore 33 — 33 = 27 — L, or 2 = 15 



f 3a; + 4y — 33 = 33. J 
Given ^ 4j; - 2y + 5^ = 18 > tc 
( Oa; + 7y — 3 = 63 J 



ties in the three literal equationa, 
n general terms, like those before mentioned, as fol- 






'e^' -— deb" \ cSV'—hSii'-\-bcS' — ch 



ab'£' — aiCh" -\-ia'b'' — iii'd" 



bc-d'—tiia" 
bd'a-'—db-ar 



ab'c" ~ ac'b" + cab" — ba'e" +bc'a" — cA'a"' 
which formute, by sabslitution, may be employed for Che resolution of 
any numeral case of this kind, as in the instance of Iwo eqaaiions before 
given. The numerator of any of these equations, snoh ass, consists of 
all the different products, which can be made of three opposite coolli- 
cients taten from the orders in which z is not found ; and the denomi- 
nator consists of alt the products that can be made of the three opposite 
coefficients taken from the orders which involve the three unMiown 
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Heie multiplying the first equation by 6, the second by 3, 
and the third by 3, we shall have 

12»;4-24y~ 183= 133, 
12a:— 6y + 16a = 54, 
12a; + 14y- 23=126. 
And, subtracting the second of these equations successiTely 
from the first and third, there will arise 
30y ~ 332 = 78, 
,20y — 173=73. 
Or, by dividing the first of these two equations by 3, and 
then multiplying the result by 2, 

20y — 233 = 53, 
20y — 173 — 73, 
Whence, by subtracting the former of these from the latter, 
we have 5e = 30, or s = 4. 

And, consequently, by substitution and reduction, 
y = 7, and a; = 3. 

3. Given a: H-y + 3 = 53, a; + 2y + Sz = 105, and ji + 3y+ 
4s = 134, to find the values of x, y, and z. 

Ans. a; = 24, y = 6, and z = 23. 

4. Given a: + ^y + ^^=32, ia: + iy = g3= 15, and 

-a; + -y + -3 = 12, (o find the values of x, y, and z. 

Ana. ai = 12,y = 20, «=30. 

5. Given 7ik + Sy + 33 = 79, 8a; + 7y + 9^ = 122, and 
a- 4- 4y 4- 5^ ^ 55, to find the values of *, y, and 3. 

Ana. !r = 4, y = 9, 3 = 3. 

6. Given x + t/ = a, x + s = b, and y + a = c, to find the 
values of x, y, and 3. 

a-J+c a+h-c b~a+c 

Ans. y = -^^-, . = — ^— , and 3 = ^^— 

r.Giveo|+| + J^63,| + | + ; = 47,and|+| + ? 

= 38, to find X, y, and s. 

Ans. a; = 24, y = 60, and s = 120. 

8. Given s + y = jr + 100, y ~ 2k = 32 — 100, and 3 + 
100 = 3a,' 4- 3y, to find a:, y, and 3. 

Ans. X ^ 9-^, y = 45 1\, and z ~ ^.^tV- 

9. Given j; + « + 3 = 7, 2a: — 3 = y + 3s, and 5a; + 53 
= 3y + 19, to find a;, y, and a. Ans. a;^^4,y =:2ands=]. 

10. Given 3j + 5y — 4z = 35, 5a; — 3y + 33 = 46, and 
3y + 5s — IT = 62, to liad a;, y, and s. 

Ans. it = 7, y = 8, and x = 9 
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U. *Given a; + y + 2=13, ic + y+u=17, ic + s-fa 
:r; 18, and y+3 + ii = 31,lo find a;, y, s, and «. 

Ans, X ^2, y = 5, z = 6, and u = 10. 

MISCELLANEOUS QUESTIONS, 



The usual method of resolving algebraical questions, is 
first to denote the quantities, that are to be found, by a:, y, or 
some of the other final letters of the alphabet ; then, having 
properly examined the state of the question, perform with 
these letters, and the known quantities, by means of the com- 
mon signs, the same operations and reasonings, that it would 
be necessary to make if the quantities were known, and it 
was required to verify ihem, and the conclusion will give the 
result sought. 

Or, it is generality best, when it can he done, lo denoi« 
only one of the unknown quantities by a: or y, and then to 
determine the expression for the others from the uature of the 
question ; after which the same method of reasoning may be 
followed, &■* above And, in some cases, the substituting for 
the sums and differences of quantities, or availing ourselves of 
any other mode than a proper consideration of the question, 
may suggest, will greath facilitate the solution. 

1. What number is that whose third part exceeds its 
fourth part by 16 ? 

Let a =: the number required. 

Then its - part will be -sc, and its - part -a. 

And therefore ~x — 7^ = l^j by the question, 

3 
That is, a: — - »: = 48, or ix — 3x = 1^3, 

Hence x = 192, the number required. 

2. It is required to find two numbers such, that their sum 
shall be 40 and their difference 16. 

Let x denote the least of the two niimbers required. 
Then wiU a; + 16 = the greater number, 
And a; + a + 16 = 40, by the question, 

» This can be resolved by proceeding after tJie same manner as equa- 
tions involving three ankaown quantities; but the resolution of it may 
be greally fiicililaiedy by introducing into the calculation, beside the 
principal unlcnown quantities, a new unknown quaniity arbitrarily 
assumed, such as, for example, the sum of all the rest ; and when a 
little practised in such calculations, they become ea^. 
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34 
That is, 2i = 40 — IS, oi-jr = — -= 13 ~ leasfjiumber. 

And j; + 16=12 + 16 = 28=l±Le greater number required. 

3. Divide 10001 between a, b, and c, so that a shall havo 
72/. more than b, and c 100/. more than x. 

■Let X ^ b's share of the given sunij 
Then will ic + 73 = a's share, 

And 3! + 172 = c's share, 
Hence their Bum hx + !c + 72+a: + 172, 
Or 3a; + 244 = 1000, by the question. 
That is, 3x = 1000 — 244 = 756, 

756 
Or a: = -^ = 252/. = B.'a share, 

Hence a: + 73 = 334/. = a's share. 
And a; + 173 =434/. — c's share, 
Also, as above, 252/. — b's share. 

Sum of all = 1000/. the proof. 

4. It is required to divide 1000/, between two peraons, so 
that their shares of it shall be in the proportion of 7 to 9 

Let a; = the first person's share. 
Then will 1000 — a; = second person's share, 
And !s : 1000 — * : : 7 : 9, by the question. 
That is, 9x = (1000 — a')x7 = 7000 — Tx, 
7000 
Or9a;-i-7a!=7000, or3!=-~r- = 437/. 10s. = 1st share, 

and 1000 — a: = 1000 — 437/. 10.5. = 562/. lOs. = 2d share. 

5. The paving of a square court with stones, at 2s. a yard, 
■will cost as much as the enclosing it with pallisades, at 5*. a 
yard ; required the side of the square. 

Let a: = length of the side of the square sought. 
Then 4a; ^= riumher of yards of enclosure. 
And a^ ^ number of yards of pavement. 
Hence 4a! X 5 ^ 20x = price of enclosing it, 
And ar* X 3 = 2a;^ = the price of the paving, 
Therefore 2a;" ~ 20a;, by the question. 

Or, 2a; := 30, and x = 10, the length of the side required. 

6. Out of a cask of wine, which had leaked away a third 
part, 31 gallons were afterwards drawn, and the cask being 
then gauged, appeared to be half full ; how much did it hold ? 

Let X = the number of gallons the cask is supposed to have 
held. 

Then it would have leaked away -x gallons. 
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Whence there had been taken out of it, altogether, 
21 -I- I:, gallons. 

And therefore 21 + ~x ~ -xhy the question. 

That is, 63 + J! = -x, or 126 + 2a; = Bx. 

Consequently, 3* — 2a' ^ 126, or a: = 126, the number of 
gallons required. 

7. What fraction Is tkat, to the numerator of which if 1 be 



added, its value will be -, but if 1 be added to the denomi- 

Let the fraction required be represented -, 

Then = - and = -, by the question. 

y 3' y + 1 4 

Hence 3^ + 3 = y, and 4* = y + 1 , or a = , 

Therefore 3 (l::^\ + 3 = y, or 3ji + 3 + 13 = 4y. 

J/ + 1 16 + 1 16 

That is, y == 15, and a = ■i^'— == — ^^_= T = 4, 

'^ 4 4 4 

4 

Whence the fraction that was to be found is -— ■ 

8. A market-woman bought in a certain number of egga at 
2 a penny, and as many others at 3 a penny, and having sold 
them out again, altogether, at the rate 5 for 2d., found she had 
lost id. ; how many eggs had she ? 

Let X = the number of eggs of each sort. 

Then will - a; = the price of the first sort, 

And - 3; = the price of the second sort. 

But 5 L 2 ; : SiT (the whole number of eggs) ; -r-. 

Whence — ■ = the price of both sorts, when mixed together 
at the rate of 5 for 2d 
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And consequently -x + ^x :- = 4, by the question. 

That is, 15a; + ID.! - 34a: = 120, or a; = 120, the number 
if eggs of each sort, as required. 

9. If A can perform a piece of work in 10 daya, and b in 
3 ; in what time will they finish it, if they are both set about 
t together ? 

Let the time sought be denoted by x. 

Then — - =: the part done by a in one day. 
And — ^ the part done by b in one day. 



That is. 13a; + lOo; = 130, or 233; = 130. 

130 15 

Whence a; = -^ ^ ^ 9? uays, the time required. 

10. If one agent a, alone, can produce an effect e, in the 
lime a, and another agent b, alone in the time b ; in what 
time will both of them together produce the same effect ? 

Let the lime sought be denoted by x. 
Then a ; e r ; a: : ^ = part of the effect produced by a. 

And b : e :: a; ; y- = part of the effect produced by B. 

Hence— -1 — r =^ e, (the whole effect) by the question. 
Or — ]- , = 1 by dividing each side by e. 
Therefore, x + — ~ a, ot Ix -\- ax = ai. 
Consequently, m = — — -. = time required. 

1 1. How much rye, at 4^, 6d. abushel, must be mixed with 
50 bushels of wheat, at 6s. a busheJ, so that the mixture may 
be worth 5!. a bushel ? 

Let a; = the number of bushels required. 
Then 9a; is the price. of the rye in sixpences. 
And 600 the prices of the wheat in, ditto. 
Also (50 + a-), X 10 the price of the wheat in ditto. 
Whence Qx + 600 — 500 + 10a;, by the question. 
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Or, by transpoaiiion, 10k — 9* = 600 — 500. 

Conseqwcniiy !c ^ 100, the number of bushels required. 

12. A labourer engaged to serve for 40 days, on condition 
that for every day he worked he should receive 20d., but 
for every day he was absent he should forfeit 8d. : now, at the 
end of thetime he had to receive II. lis. Bd.i how many 
days did he work, and how many was he idle ? 

Let the number of days that he worked be denoted by x. 

Then will 40 — a: be the number of days he was idle, 

Also 20j; the sum earned, and (40 — ic) X 8, 
Or 320 — 8* the sum forfeited, 

Whence 20:7; - (330 - 8x) = 380d. ( = 1/. Us. 8d.), by 
the question. 

That is 203^ - 330 + 831 = 380, 
Or 38a; = 380 + 330 -— 700, 

Consequently, a; = — - = 25, the nvmber of days he work- 
ed, and 40 — a; ^= 40 — ■ 25 = 15, the number of days he 



1. It is required to divide a line, of 15 inches in length, 
into two such parts, that one may be three fourths of the other. 

Ans. 8f and 6^. 

2. My purse and money together are worth 20^'., and the 
money is worth 7 times as much as the purse, how much is 
there in it? Ans. 175. 61^. 

3. A shepherd being asked how many sheep he had in his 
flock, said, if I had asi many more, half as many more, and 7 
sheep and a half, I should have just 500; how many had he? 

Ans. 197. 

4. A post IS one fourth of its length in the mud, one third 
in the water, and 10 feet above the water, what is its whole 
length? Ans. 24 feet. 

5. After paying away - of my money, and then - of the 

remainder, I had 72 guineas left ; what had I at first? 

Ans. 120 guineas. 

6. It is required to divide 3001. between a, b, and c, so that 
A may have twice as much as b, and c as much as a. and b 
together. Ans. a lOOZ., b 50/., c 1501. 

7. A person, at the time lie was married, was 3 times as 
old as his wife : but after they had lived together 15 years, he 
was only twice as old ; what were their ages on the wedding- 
dav? Ans. Bride's age 15, bridegroom, 45. 

10 
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8. What number is that from which, if 5 be subtracted, two 
thirds of the remainder will be 40 ? Ana. 65. 

9. At a certain election, 129G persons voted, and the suc- 
cessful candidate had a majority of 130 ; how many voted. for 
each ? Ans. 708 for one, and 588 for the other. 

10. A's age is double of b's, and b's is triple of c's, and the 
sum of all their ages is 140 ; what is the age of each ? 

Ans.", a's 84, b's 42, and c's 14 

11. Two persons, a and b, lay out equal sums of money in 
trade ; i gains 126i., and c loses 87^., and a's money is now 
double of b's ; what did each lay out ! Ana, 300i. 

13. A person bought a cliaise, horse, and harness for 601. ; 

the horse came to twice the price of the harness, and the 

chaise to twice the price of the horse and harness ; what did 

he give for each? Ans. 131. 6s. 8d. for the horse, 61. 13s. 4d. 

for the harness, and 402. for the chaise. 

13. A person was desirous of giving 3d, a piece to some 
beggars, but found he had not money enough in his pocket by 
8d.. he therefore gave them each 2d., and had tlien 3^. remain- 
ing; required the number of beggars ? Ans. 11. 

14. A servant agreed to live with his master (or 81. a year, 
and a livery, but was turned away at the end of seven months, 
and received only 21. 13s. 4d. and his livery ; what was its 
value ? Ans. 4t. 16s. 

15. A person left 5601. between his son and daughter, in 
such a manner, that for every half crown the son should Iwive, 
the daughter was to have a shilling ; what were their re- 
spective shares ? Ans, Son 4001., daughter 1601. 

16. There is a certain number, consisting of two places of 
figures, which is equal to fonr times the sum of its digits ; and 
if 18 be added to it, the digits will be inverted ; what is the 
number ? Ans. 34, 

17. Two persons, a and b, have both the same income ; 
A saves a fifth of his yearly, but b, by spending 50/. per an- 
num more than A, at the end of four years finds himself 100/, 
in debt ; what was their income 1 Ans. 1251. 

18. When a company at a tavern came to pay their reck- 
oning, they found, that if there had been three persons more, 
they would have had a shilling apiece less to pay, and if there 
had been two less, they would have had a shilling apiece 
more to pay ; required the number of persons, and the quota 
of each. Ans. 12 persons, quota of each 5s. 

19. A person at a tavern bonowed as much money as he 
had about him, and out of the whole spent 1*. ; he then went 
to a second tavern, where he also borrowed as much as he 
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had now about him, and out of the whole spent Is.; and 
going on, in this manner, to a thiid and fourth tavern, he 
fonnd, after spending his shilling at the latter, that he had 
nothing left ; how much money had he at first 1 

Am. n^d. 

30. It is required to divide the Eumber 75 into -tvio such 
parts, that three times the greater shall exceed seven times 
the less by 15. Ans. 64 iind 31. 

31. In a mixture of British spirits and water, i of the 
whole pliis 25 gallons "was spirits, and -J part minus 5 gallons 
was water ; how many gallons were there in each 1 

Ans. 85 of wine, 35 of water 

22. A bill of 130i. was paid in guineas and moidores, and 

the number of pieces of both sorts that were used were just 

100 i how many were there of each, reckoning the guineas 

at 21s., and the moidores at 27s.? Ans. 50. 

33. Two travellers set out at the same time from London 
and York, whose distance is 197 miles : one of them goes 14 
miles a day, and the other 16 ; in what time will they meet 1 

Ans. 6 days 13^ hours. 

34. There is a fish whose tiil weighs 9^., his head weighs 
as much as his tail and half his body, and his body weighs as 
much as his head and his tail ; what is the whole weight of 
the fish 1, Ans. 72;*. 

35. It is seqnired to divide the number 10 into three such 
parts, that if the first be multiplied by 2, the second by 3, and 
the third by 4, the three products shall be all equal. 

Ans. 4yV 3-,!j, 2^\. 

26. It is required to divide tlie number 36 into three such 
parts, that i the first, ^ of the second, and ^ of the third, shall 
be all equal to each other. Ans. The parts are 8, 12, and I6. 

37. A person has two horses, and a saddle, which of itself 
is worth 50?. ; now, if the saddle be put on the back of die first 
horse, it will make his value double that of the second, and 
if it be put on the back of the second, it will make his value 
triple thai of the first ; what is the value of each horse 1 

Ans. One 30i. and the other 40;. 

28. If A give B 5s. of his money, b will have twice as 
much as the other has left ; and if b give a 5s. of his money, 
A will have three times as much as the other has left : how 
much has each? Ans. a 13s. and b. lis. 

29. "What two numbers are those whose difference, sum, 
and product, are to each other, as the numbers 2, 3, and 5 
respectively! Ans. 10 and 3. 

30. A person in play lost a fourth of his money, and then 
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won back 3s., after ivliich lie lost a Ihird of what lie now had, 
and then won back. 3s. ; lastly, he lost a seventh of what he 
then had, and after this found he had but 12s. remaming; 
what'hadhe at first? Ana. 20s. 

31. A hare is 50 leaps before a greyhound, and takes 4 
leaps to- the greyhound's 3, but 2 of the greyhound's leaps ace 
as much as 3 of the hare's ; how many leaps must the grey- 
hound take to catch the hare 1 Aiis. 30O. 

32. It is required to divide the number 90 into four such 
parts, that if the first part be increased by 2, the second 
diminished by 3, the third multiplied by 2, and the fourth 
divided by 2, the sum, diiTerence, product, and quotient, shall 
be all equal? Ans, The parts are 18, 33, 10, and 40. 

33. There are three numbers whose difleronces are equal, 
(that is, the second exceeds the first as much as the third ex- 
ceeds the second), and the first is to the third as 5 to 7 ; also 
the sum of the three numbers is 324 ; what are those num- 
bers 1 Ans. 90, 108, and 13G. 

34. A man and his wife usually drank out a cask of beer in 
12 days, but when the man was from home it lasted the wo- 
man 30 days ; how many days would the man alone be in 
drinking it ? Ans. 30 days. 

35. A general, ranging his army in the form of a solid 
square, finds he has 384 men to spare, but increasing the aide 
by one man, he wants 25 to fill up the square.; how many 
soldiers had he ? Ans. 24000. 

36. If A and B together can perform a piece of work in 8 
days, A aJid c together in 9 days, and b and c io 10 days, 
how many days will it talce each person lo perform the same 
woikalone. Ans, Al4f^ days, b 17ff, and c SSa',. 

QUADRATIC EQUATIONS. 

A QuADBATic EftOATioN, fls before observed, is that in 

which the unknown quantity is of two dimensions, or which 

rises to tho second power, and is generally divided into sim 

pie or pure, and compound or adfected. 

A simple or pure quadratic equation, is that which contains 
only the square, or second power, of the unknown quantity, as, 
b b 

aar = 6, or a,'' =: - ; where a: = •/-, 

A compound or adfected quadratic equation, is that which 
contains both the first and second power of tho unknown 
quantity, as, 
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In wMch case it is to be observed, tliat every equation of 
tliis kind, having any real positive root, will fall under one or 
other of the three foOowing forms : — 

1. *a^^ + ao; = S . . . where !B =: — - ± y (— + M. 
■I. x — ax — h... where a^ = + - d= -/ /^ + ftV 
3. ij:=-cK=~6 .. where it == 4-"±^^ SV 

Or, if the second and last Mirms be taken either positively 
or negatively, as they may happen to be, the general equation 

oa;^±SjB=±c, or i)^±-« = ± -, 

which comprehends all the three cases above-mentioned, may 
be resolved by means of the following rule ; — 

RtTLE. — Transpose all the terms that involve the unknown 
quantity to one side of the equation, and the known terms to 

* It may be observed, with re 

Inthecasea^-j-a^;— * = o, i 
— VOa= + A), the first value of am 
is greater than V\a\ or its equa , . 
evidently be negative, because each of the terms of which ii 
posed is negative. 

2. Intheeaseafl— (M— * = D, wheTe3: = !io-|-v(ia2^i)or fat—V 
(laa-fi), ihe first value of k is manifestly positive, being the sum of 
two positive terms : and the second value will be negative, because V 
(iaai-i) is greater tlian Vii», or its equal is. 

3. InlhBcase:iS— flkE-|-i = o, wheren; = J!B + vyo2— i),oria — V 
(ios — J), both the values of a: will be positive, when ios is greater than 
6 i for its first value is then evidently positive, being composed of two 
positive terms ; and ils second value will also be positive ; because V 
(Jos— *J is less than Vio", or its equal ia. 

But if lo»j in this case, be less flian h, the solution of the proposed 
equation is impossible ; because the quantity Jas — h, under the radical, 
is then negative ; and consequently VCia' — *) will be imaginary, or of 
no assignable value. 

4. It may be also further observed, that there is a fourth case of the 
fovmas-f-aE+S=o, wherea: = — k+V(ins— i),orj; = — ia— V 
(ias — }), the two values of ^ will be both negative, or both imaginary, 
accordii^ as iaS is greater of less than i; the imaginary roots, 
when they occur, being here of the forms — (a'-f-e' V — Ij and — ■ 
(a' — cV— 1). 

Prom which it follows, that if all the terms of a quadratic equation, 
when brought to the lefthand side, be positive, its two roots will be both 
negative, or both imaginary ; and conversely, if each of the roots be 
negative, or each imaginary, the signs of all the terms will be positive. 

So that, of all qnadratic equations, which can have any real positive 
root, that of the third form, as — a.i!+A = D, istheonly one, where the 
solution for certain numeral values of a and h will becom6 impossible 
10* 
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the other ; observing to arrange them so that the term wMch 
contains the square of tlie unknown quantity may be positive, 
and stand first ia the equation. 

Then, if this square has any coefficient prefixed to it, let 
all tke rest of the terms be divided by it, and the equation will 
be brought to one of the three forms above-mentioned. 

In v^hich case, the value, of the unknown quantity x ia 
always equal to half the coefficient, or multiplier of x, in the 
second term of the equation, taken with a contrary sign, to- 
gether with ± the square root of the square of this number 
and the known quantity that forms the absolute or third term 
of llie pqualion." 

Note. — All equations, which have the index of the unknown 
quantity, in one of their terras, just double that of the other, 
are resolved lilte quadratics, by first finding the value of the 
square root of the first term, according to the method used in 
the above r%e, and then taking such a root, or power of the 
result, as is'denoted by the reduced index of the unknown 
quantity. 

Thus, if there be taken any general equation of this kind, as, 

■we shall have, by taking the square root of n^, and observing 
the latter part of the rule, 

» This rule, which is more commodious in ils practical application 
than (hat usually given, is founded upon the same principle ; being de- 
rived from the well-known property, that in any quadraiic, 

33±aK = ^A, if the square of half the coefficient a 
of the second term of the equation be added lo each of its sides, so as 
to render it of the form 

that side which contaias the nnknown quantity will then be a complete 
square i and, conBequenlly, by extracting the root of each side, we shall 

3:±Jrf = ±Vft«3^S),ori = ^jB±-t/Csas±i), 
■wMch is the same as the rule, tELkmg a and i in + or — as ihey may 



positive or Eegative, that, when multiplied by itself, will give a negative 
product. 

To this we may also further add, that from the constant occurrence 
of the double sign before the radical part of the ahove expression, it 
necessarily follows, that every quadratic equation must have two roots; 
which^re either both real, or both imaginary, according to the natare 
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'(:-+*>^ 



OS*. 



And if tlie equation, wliicli is to be resolved, be of the fol- 
lowing form, 

we shall necessarily liave, according to the same principle. 



1. Given x' + 'ix = 140, to find the value ol x. 
Here x^ + 4x= 140. by the question. 
Whence 3;=— 3±v'(4 4- 140), by the rule, 

Or which is the same thing, a: = — 2 ± V 144. 
Wherefore a — — 2 + 13 = 10, or — 3 ~ 12 = — 14, 
Where one of the values of * is positive and the other ne- 

2. Given ar* — iSa; + 30 = 3, to find the value of x. 
Here x" — 12x = 3 — 30 = ~~ 27, by transposition, 
Whence a^ = 6 ± V (36 — 27), by the rule. 

Or, which is the same thing, a; = 6 ± y 9. 
Therefore a; = 6 + 3 = 9, or = 6 — 3 = 3. 
Where it appears that x has two positive values. 

3. Given 3^= -1- 8a; — 20 = 70, to find the value of r. 
Here 3ar' + 8a; = 70 + 30 = 90, hy transposition. 
And ar' ■{- 4x--= 45, by dividing by 2, 

Whence ir = — 3^=^(4 + 45), by the rule, 
Or, which is the same thing, x = — 3 ± V 49. 
Therefore, a;=-3 4-7 = 5, or = -3 — 7i=- 9. 
Where one of the values of x is positive and the other 



4. Given 3a^ — 3a^ + 6 = 6J-, to find the value of i. 
2 
Here 83? — 3a; = 5^ — 6 = by transposition. 

3 
And a^ — a; = — by dividing by 3, 

Whenee x = ~dz vf ~\> by the rule. 

Or, by subtracting- from 4' "^ = « ^ ^ qfi' 
Tl,«,fore»„ !+! = "-, or = i-l = J, 
In which case a: has two positive values 
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5. Given -^c^ ~ -ce + 20^ =42^, to find the valuo of x. 

Here -a" — -x = 42f — 20^, = 33^, by transposition, 

„ 2 1 

And a;"— -^^ ^ 44^-, by dividing by-, or ii!iiltiplyingby2^ 

Whence we have x = ^± ^/ (~ + 44] \, by the rule, 

1 1 400 

Or, hy adding ~ and 44J- together, a; = - ± V -q-, 

Therefore a; = ^ + 6? = 7, or = x-^6«= -6^, 
Where one vahie of jo ia positive and the other negative. 

6. Given ai^ -\- ba:=- c, to find the value of a^. 
Hero x^ -i- -K =: -, by dividing eaeh side by a. 

Whence, by the rale, a; = — r— ± v'Itj "I — J' 

h ft^ + 4tzc 

Or, multiplying c and a by 4«, a; = — — i^ — tj — . 

Therefore »■ ^ - — ± — v' (*' + 4ae). 

7. Given ate' ~- bx ■}- c = d, lo find the value of a. 
Here ax' — ba: = d — c, by transposition, 

b d — c 
And !)? a; = ■, by dividing by a. 

Whence a =; — ± v" (-^^ H -„ ^ by the rule, 

2a \ a 'iir / 

Or, multgrf- cand oby la, a:=— ±— ^ ? 'ia(d-c)-^}y' \ , 

8. Given a* + ax' = b,to find the value of ic. 

Here k' + ax' ^ i, by the question, 

Or,,- = _?d=v(^+j) = -!±~V(«" + 4i), by 
he rule. 
Whence x^=-i;.^ 5 — -zb-v" (4J H- Q°) J by extraction 
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Here - a* k^ = , by the question, 

2 4 32 ' ^ ' 

And a° — - ar' = — — , by multiplying by 2. 

Whence a;' = --Tiz-^l-- -), =-, by tlie rule, 

4 \16 16/ 4^ •' 

1 2 1 

And consequently a; ■= V"t-:= %/- = -%/ 2. 

10. Given 2.i^ + 3x^ ^ 2, to find the value of x. 
Here 2x' + Za:" --^ 2, by the question, 
Andx' + -<«* = 1, by dividing by 2, 

Whence x 



■|-^(fe + ') = 



Therefore, x = l-p = ' or ( - 3}^ = - 8. 
11. Given x* — 13a= + 44fl^ — 48a: — 9009 (a), to find the 

This equation may be expressed as follows : — 
*{x^ ~ 6xf + 8{3?-6x) = a, 

* The biquadratic equation 

xi — 12xi-\-4iJS—4Sx = a 
;aii be easily esbibited under tlie form 

(.1:2—62)2+8 (e2 — 6^} = a 
IT Ihc following method : — 

zi^l2x5+44:>3—i8x{x3 — &c 



Consequenay, (la— 62>-l-e(aS — Ok) = n;i — ISis+'Ite — 483; = 
a; for since, in exlraciing the square root of any quantity, the square of 
the root thus found plus the remainder, is always equal to the proposed 
quantity. 

In a similar manner, the biquadratic equation a<+3o3;a + 5fl2zs 
4- 4a9 x = d, may be exhibited under the form 

(:c3 + o,t:> + *W (j*+ fl:i;) = d ! 
which can be resolved by the rule, page 13G, for resolving quadratic 

Hence it follows, thai if (he remainder, after having found the first 
two terms of the square root, according to the rule page 50, can be re- 
solved into two such factors, so that the lactor contaimag the unknown 
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"Whence a;" - 6a; = — 4 ± v' (16 + a), by the c 
And, byaseooiidoperation, a: = 3±v')9 — ■i±V(16 + a)J, 
Tberofore, by restoring tlie value of a, we have 

Or, by extraction of roots, x = 13, the Ans. 



1. 


Givena;=-.8i(:+10 = 19,t 


find the value of x. 

Ans. ± = 9. 


2. 


Given ^ — x — 40 = 170, 


to find lie value of x. 

Ans. Lc=:15. 


3. 


Givoa 3:c» + 2x - 9 = 76, 


to find the value of ic. 

Ans. ic = 5. 


4. 


Givetil^-5^ + 7| = 8, 


to find the value of a:. 




2 3' 


Ans. K^U. 


5. 


Given U-iV(^ = 22i,t 


find tho vaiiie of ^. 




3 3 


Ans. X = 49. 


6. 


tGiveiii + V{5;. + 10) = 


8, to fiitd the value of :s. 

Ans. a; = 3. 



quantity shall be equal tolie terms of the root thus found ; the proposed 
biquadratic may be always reduced to a qoadratio form, as above. See 
Ryan's Algebra, page 396.— Ed. 

* The unknown qnanlilyjn each of the following eiraiples, as well 
as in those given above, has always two values, as appears from the 
common rule ; bat Ihe negative and imaginary roots being, in general, 
bnt seldom n&ed in practical qneslions ofihis kind, as here suppressed, 

+ In some quadratic equations involving radical quantities of the form 
VCaK+S), both the values of x, found t>y the ordinary process, will 
not answer the proposed equation, except we lake the radical quantity 
with the double sign d:. In resolving the above eiample, two values 
of 3;, that is 18 and 3 are found : but it appears, that 18 does not answer 
the condition of the equation, except we take the radical quantity 
V (Si -j- 10) with ihe sign — . 

Now, since these two values of a; are found from the resolution of the 
ion as — Sla; = — 54; it necessarily follows that each of them, 

siUistitutedfora;, must satisfy that equation; wluchmiy be veri- 
fied thus ; in the first place, by subslituling 18 for t., in the equation 
sS — 31a:=— 54.wehave(18)s — 11X18=— 54,Or334— 378 = — 54, 
that is, — 54 = — 54, or, by transposition, = 0. 

Again, substituting 3 for a, we have (3)4- 21X3 = — 54, or 
9_§3=-54, .-.54— 54 = 0, orO = 0. 

And as the equation as — 313: = — 54, maybe deduced ftom the equa- 
tion -}-V(5i:-j-in) = 8 — z, or— V(53;-|-10) = 8 — ^; Wis evident 
that the radical quantity v (5:^+ 10) must be taken with the double sign 
i, in the primitive equation, iu order thai it would be satisfied by the 
values, 18 and 3, of x, found above ; that is, 18 answers to the sign 
— , and 3 to the sign -^. See Ryan's Elementary Treatise on 
Algebra, Theoretical and Practical, where this subject is clearly 
illustialed.— Ed. 



X 
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7. Given ^{10 + w)—V (IQ +cr)=:2, to find the value 
of it. Ans. fl:=^ 6. 

8. Given 2x' — x^ + 96 = 93, to find the value of :e. 

Ans. ic^-v^B. 

9. Given »* + 20^ — 1 = 59, to find tho value of x. 

Ans. 3;^V3. 

10. Given 31=" — 2*" -f 3 = 11, to find the value of ^. 

Ans. a,- =V 2. 

11. Given SVa^ — 3 v'a = 1--, to find itie value of a;. 

81 81 

12. Given ? * v' (3 + 2^) = ^ + |^', to findAsvalueof x. 

Ans. ■» = i v'(-3 + 3v'2). 

13. Given* V f- -^= ——, to find the value of ». 

Ans. .r-V(H-^v/3). 

14. Given - V (1 — a""") ~ a', to find the value of a;. 

15. Givena; v'(-— l) = V(j^=— S'), to find the value 
"^'^- Ans. * = ic + iv(8&= + a=) 

16. Given ■/(! + a: - «") ~ 2(1 + a - r") = ^, to find 

the value ol x. , 1.1,,, 

Ans. « = g+^g^41 

17. Given •/ f ^ ) "1"^ (^ ) = ^. t» fii'I 'lie value 

ofa;. Ans. a:== J + i-V5. 

18. Given a:'" — 2s?'^ + a:" = 6, to find the value of a;. 

Ans. a:=V(i-t-iv'13). 

19. GiveTia:'-3x= + » = a, to find the value ofa^. 
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120 UUADSATIC EQUATIOKS. 

"VVlien there are more equations and unltnowa quanfities 
than one, a single equation, involving only one of the unknown 
quantities, may someliniea be obtained by the rules befoire 
laid dowu for the solution of simple equations ; and, in this 
case, one of th j un! no vn qi intitios beng determined, the 
others may be found by a bslituting its Aalue in the remain- 
ing equations 



1 . Given ) '^ "^ ^^ Z 38 J '" ^"'^ ''^^ values of a: and y. 
Here, from the second equation, we have y ^= — ■ ; and 

784 
by substituting this in the first, !^-\ — -5- = 65, or sc" — Qbx^ 

= - 784. 

Whence, by the common rule before given, we have 
, , (65 /4225 ^„ , i. 

Or, by reducing the parts under tlie last radical, and es- 
/65 33\ 
ttacting the loot, cc = ± V I -— ± —j = 7, or — 4, and con- 

28 28 

sequently, y = — , or — ^ = 4, or — 7. 

Or the solution, in cases oi this kind, may often be more 
readily obtained by some of the atlifices frequently made use 
of upon these occasions ; which can only be learned from 
experience: thus, taking, as before, (1.) «■ + !/'— 65, 
(2.) ay = 28, we shall have, as m the former method, by 
multiplying by 2, 2xy = 56, and, by adding this equation to 
the first, and subtracting it from thp same, 3? + 3icy ■\- y^ = 
121, and s? — 2xy -{- y^ ^z^ 9 Whence, by extracting the 
square roots of each of these last equations, there wiil arise 
a;-]-y= ± 11, and a; — y= =fc 3, and consequently, by adding 
and subtracting these, we shall ha^e Si ^ ± 14, or i = 7", 
or — 7, and y = 4, or — 4. It will also sometimes facilitate 
the operations, by substituting for one of the unknown quan- 
tities the product of the other, and a third unknown quantity ; 
which method may be applied with advantage whenever the 
eum of the dimensions of the unknown quantities is the same 
in every term of the equation. 

2. Given J "J^ 2^~ fiO S '^ ^^'^ '^*' values of x and y. 
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Here, agreeably to the itbove observation, let a = vy, 
then e^y" + vif = 56, and vif + 3y^ = 60, wlience, from the 

first of these equations, y^ = ~2~T~" • ^"■'^ ^'''*™ '^^ second, y' 

60 



60u^ + 60« = 56u + 112. And, by transposing 56u, and 

1 38 

dividing the result by 60, "^ + T^ " = TT- Hence, by the 

1 / 1 

common rule for quadratics, we have v~ — ~ ± V KoKn 

28\ 1 41 4 

+ —1 = — ^ + ojj ^ q- -A^ncl' consequently, by the former 

GO 60 

partof the process, / = ^—-^= -r---g=: IS, or y = •/ 

(ie) = 3v/3, and a: = «i/ = ^X 3v'3 = 4V3. The work 

may also be sometimes shortened, by substituting for the un- 
known quantities, the sum and difference of two other quan- 
tities ; which method may be used when the unknown quan- 
tises, in each equation, are similarly involved. 

3. Given \ y x ~ f '•' ''"t' ^^^'^ values of x and y. 

Hero, according to the above observation, let there be 
assumed a = s + u, and y=s — v. Then, by addhig these 
two equations together, we shall have k -1- y =: 2a = 12, or 
s = 6, also, since x=.Q + v, y ■=& —v, and by the first equa- 
tion a;' -|- ^ r= 1 83^, we shall obtain, by substitution, (6 -J- «)' 
+ (6 ~ 11}' = 18 (6 -i- v) (6 — v), or, by involving the two 
parts of the first member, and multiplying those of the se- 
cond, 433 -J- 36ti^ = 648 — 19i;^, whence, by transposilion, 

316 
54i;' = 316; and by division, v" =1 — - = 4 ; or u = ± 3. 

And therefore, by the first assuraption, and the first part of 
the process, we have a; = a -]- « = 6 ± 2 = 8, or 4, and 
y = 2-« = 6±2 = 4,or 8. 
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m QUADIUTIC EaUATIONS. 

QUESTIONS PRODUCING QUADRATIC 
EQUATIONS. 
The methods of expressing the conditions of questions of 
this kind, and the consequent reduction of thera, lill ttey are 
brought to a quadratic equation, involving only one unknown 
quantity and ita square, are the same as those abeady given 
for simple equations. 

1 . To find two numbers such that iheir difference shall be 
8, and their product 240. 

Let a; equal the least number. 
Then will a; + 8 — . the greater. 
And x{x + 8)^x'' + 8x = 240, by the question, 
Whence a: ^ — 4 + ^(16 + 240) = - 4 + v'SSe by the 
common rule, before given, 
Therefore a; ^ 16 — 4 =: 13, the less number, 
and K + 8 = 12 + 8 = 20, the greater. 
3. It is required to divide the number 60 into two suell 
parts, that their product shall be 864. 

Let a; =i the greater part, 
Then will 60 — a ^= the less. 
And X (60 —a;) — 60x —x' = 864, by the question, 
Or, by changing the signs on both sides of tlie equation, 

ic' — 60a!z= — 864, 
Whence « = 30 ± ^(900 — 864) ~ 30 ± ^Z 36 = 30 ±6, 

by the rule, 

And consequently, ^ = 30 + 6 = 30, or 30 — 6 = 24, the two 

parts sought. 

3. It is required to find two numbers such, that their sum 

shall be 10 (a), and the sum of their squares 58 (b). 

Let w =t the greater of tlie two numbers, 

Then will a — a; = the less, 

And a^ + (a — k)' = 2j^ — 2ax + a' = i, by the question, 

Or 2a^ — 2a3: =: 6 — a^, by transposition. 

And x' — ax— —z — , by division. 

mence^ = ?± vQV— ^-I^^N^iafi-a^. 

by the rule. 
And if 10 be put for a, and 58 for h, we shall have 

« = \-~ ■/ (116 — 100) = 7, the greater number, 

And I0-a: = ^^ -V(li6- 100) = 3, the less. 
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4 Having sold a piece of cloth, for 3A2., I gained as much 
per cent, as it cost me ; wiiat was the price of the cloth ? 
Let X = pounds the cloth cost, 
Then will 34 — a: = the whole gain, 
But 100 : a; : : « : 24 — I, by the question, 
Or, ar" = 100 (24 — x) = 2400 — IOOj:, 
That is ic" + lOOa; = 2400, 
Whence a; = - 50 + V (2500 + 2400) = - 50 + 70 = 20, 
by the rule. 
And consequently, 20?. == price of the cloth. 
5. A person bought a number of sheep for 80?., and if he 
had bought four more for the same money, he would have 
paid \l. less for each ; how many did he buy ? 
Let X represent the number of sheep, 

80 
Then will — be the price of each. 

And = price of each, if a; + 4 cost 80/, 



Or, 80 = 1- X, by multiplication, 

a: + 4 

AEd 80a; + 320 = 80a; + a;^ + 4a;, by the same, 

Or, by leaving out 80a; on each side, a;' + 4a; = 320, 

Whence a;= — 3 + V(4 +330) = —2 + 18, by the rule, 

And consequently, x = 16, tlie number of sheep. 

6. It is required to find two numbers, such that their sum, 

product, and difference of their squares, shall.be all equal to 

each other. 

Let a; = the greater number and y = the less. 
rhenj*^^^^^_ J J by the question. 

Hence 1 = ~= x~y,orx = t/ f-l, by 3d equation. 

And (y + 1) + y = y (y + l)j by 1st equation. 
That is, 2y + I = / + y ; / 4 y = 1. 

Whence, y = - + y/{- +1 J= - +- V5, by the rule, 
Therefore, y = ^ + i V-5 = 1.6180 . . . 

Anda; = y + I = ^ + ^V5 = 2.6180 . . . 
Where . . . denotes tltat the decimal does not end. 



osted by Google 



!24 QUADRATIC EQUATIONS. 

7. It is reiniitfid to find four numbers in arithmetical pro- 
gression, such that the product of lite two extremes shall be 
45, and the product of the moans 77. 

Let a; = least extreme, and y = common difference, 
'Hien x,x-i-y,x! + 2y, and a + 3y, will be the four numbers, 

Hence \ f <!+ ^f T f ,+ ^^7^^ ^ ^ = ^^ ^ by the 
question, 

And 2f = 77 — 4a = 32, by subtraction, 
32 
Or, j/' = — = 16 by division, and 31 ~ V 16 = 4. 

Therefore, 0^ + 3*y = txr' + 13a = 45, by the 1st equation, 

And consequently, a; ~ — 6 + V (36 + ■^5) = — 6 + 9 = 3, 

by the rule. 

Whence the numbers are 3, 7, 11, and 15. 

8. It is required to find three numbers in geometrical pro- 
gression, such that their sum shall be 14, and the sum of their 
squares 84. 

Let ic, y, and z, be the three numbers, 
Then, xz = y", by the nature of proportion, 

A"^ \ ^'+y^+ 7= 84 I ^y ^"^ question. 
Hence, k + a = 14 — y, by the second equation, 
And cc" -\-'Zzx -\- z^ = 196 — 2By -\- y', by squaring both sides, 
Or a^ -f- 3^ + 2y= = 196 — 28y + / by putting 2f for its 
equal 2xs!, 
That is, a= + j/^ -}- 3^ = 196 — 2By, by subtraction, 
Or, 196 — 2Sy = 84, by equality, 
196 — 84 
Hence y = — = 4, by transposition and divisian. 

16 
Again, xs =^y^ = 16, or « = — , by the 1st equaaon, 

16 
And IC +y + s= — -^ 4 + 3 = 14, by the 2d equation. 

Or, 16+43 + z^= 143, or z*^ — 10^= —16. 
"Whence 2= 5 ifc V(25 — 16} = 5±3= 8, or 2 by the nde. 
Therefore, the three numbers are 2, 4, and a. 

9. It is required W find two numbers, such that their sum 
shall be 13 {a), and the sura of their fourth powers 4721 {b). 

Let X = the difference of the two numbers sought, 



: the greater number^ 
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And -a x, or — r— - = the less, 

3 3 ' 3 

But ^^ / - -i-^- — -— = h, by the question, 

Or {a + xY + {a~ x)' — 166, by multiph cation. 

Or Za* -f- 120*3?' + 3a' = 16i, by involution and addition, 

And x* + 6a^3^ :=8b — a!', by transposition and division. 

Whence re' = -^ Stf + V(9o' + 86 — a') — — 3a^ + 

V 8 (o' + b), by tlie rule. 

And a: = V [— So' + 2 V 3 (u* + i-)], by extracting the root, 

Where, by substituting, 13 for a, and 4731 for 6, 

we shall have a; — 3, 

Therefore := — ■ :=B, the greater number, 

, , 13 — X 10 
And — ~— = —T = 5, the less number. 

The sum of which is 13, and 8' + 5' = 4721. 
10- Given the sum of two numbers equal s, and their product 
^ p, to find the sum of iheir squares, cubes, biquadrates, &c. 
Let to and y denote the two numbers ; then 

From the square of the first of these equations take twice the 
second, and we shall have 

(3.) x' + y^ = ^ — 2p^ sum of the squares. 
Multiply this by the 1st equation, and the product will bo 

x' + ccf + x^y + f = ^-2sp. 
From which subtract the product of the first and second 
equations, and there will remain 

(4.^ a? + y = 5° — 3sp = sum of the cubes. 
Multiply this likewise by the 1st, and the product will be 
a/' +x)^ + x''i/ + y*^s*— 3s^ ; from whichsubtract the product 
of the second and third equations, and there will remain 

(5.) jt* + y* ^ s* — 45^1 + 2^ = sum of the biquadrates. 
And, again multiplying this by the 1st equation and subtract- 
ing from the result the product of the second and fourth, wo 
BhkW have 

(6.) K* + y' — i'' — 5s^p + 5sp^ = sum of the fifth powers. 
And so on ; the expression for the sum of any powers ia 

m(m — 3) 
general being a:'" + y" = «"■ — ms"»-'p H -— s™'~'p' —■ 

^(^_4)(^-5 )^^_^, m{jn~6){m -G){ra-l) _ 
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s will terminate when 



I. It is required to divide the number 40 into two such 
parts, that the sum of their squares shall be 818. 

Ans. 33 and 17. 

3. To find a aumber such, that if you subtract it from 10, 

and then multiply the remainder by the nnraber itself, the 

product shall be 31 . Ans. 7 or 3. 

3. It is requited to divide the number 34 into two such 
parts, that their product shaO be equal to 35 times their dif- 
ference. Ana. 10 and 14. 

4. It is required to divide a line, of 30 inches in length, 
into two such parts that the rectangle of the whole and one of 
the parts shall be equal to the square of the other. 

Ana. 10^5 —10, and 30 — 10 V5. 

5. It is required to divide the number 60 into two such 
p&jts, that their product shall be to the sum of their squares 
in the ratio of 2 to 5. Ans. 30 and 40. 

6. It is required to divide the number 146 into two such 
parts, that the difference of their square roots shall be 6. 

Ans. 35 and 131. 

7. What two numbers are those whose sum is 20 and their 
product 36 ? Ans. 2 and 18. 

S. The sum of two numbers is 1^, and the sum of their 
reciprocal 3^- ; required the numbers. An&. -k and *. 

9. The diiferenoe of two numbers is 15, and half their 
product is equal to the cube of the less number; required the 
numbers. An*. 3 and 18. 

10. The difference of two numbers is 5, and the difference 
of their cubes 1685 ; required the numbers. Ans. 8 and 13. 

II, A person bought cloth for 33/, i5s., which he sold 
again at 2l. 8s. per piece, and gained by the bargain as much 
as one piece cost him ; required the number of pieces. 

12. What two numbers are those, whose sum, multiplied by 
the^eater, is'equal to 77, and whose difference, multiplied 
by taeiless, is equal to 13 ? Ans. 4 and 7. 

13. A grazier bought as many sheep as cost him 60/., and 
after reserving 15 out of the number, sold the remainder for 
54/., and gained 2s. a head by them ; how many sheep did he 
buy? Ans. 73, 

14. It is required to find two numbers, such that theii 
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product shall be equal to tile difference of their squares, and 

the sum of ihclr squares equal to the difference of their cubes. 

Ans, J v'S and ^ (5 + \/5). 

15. The difference of two numbers is 8, and the difference 
of their fourth powers is 14560 ; required the numbers.* 

Ana. 3 and 11. 

16. A company at a tavern had 81. 15s. to pay for their 
reckoning ; but before the bill was settled, two of them went 
away ; in consequence of which those who remained had 10s. 
apiece more to pay than before ; how many were there in 
company ? Ans. 7. 

17. A person ordered 71. 4s. to be distributed among some 
poor people ; but before the money was divided, there came 
in, unexpectedly, two claimants more, by which means tlie 
former received a shilling apiece less than they would Other- 
wise have done ; what was their number at first ? 

Ans. 16 persons. 

18. It is required to find four numbers in geometrical pro- 
gression such, that their sum shall be 15, and the sum of 
their squares 85, Ans. 1,3, 4, and 8. 

19. The sura of two numbers is 11, and the sum of their 
fifth powers is 17831 ; required the numbers. Ans. 4 and 7. 

20. It is required to find four numbers in arithmetical pro- 



* In solvmg this question, the reduced eq^uatlon, found by the uaua! 
methods of operation, will be of the form a^ -(- a^i = i ; which is a cubic 
equation, and therefore cannot be resolved by the ordinary rules of 
quadratics ; but such equations may sometimes he reduced to the form 
of a quadratic, and then resolved aoeordiuE to the rules already given. 
Wfeenever, in a cubic equation of the form .iS-J- as = *, 6 can be 
divided into two factors m and n, so that ma -|- o = m, then the cubic 
eqnotion can be resolved as a Quadratic ; thus, in Ihe cubic equation 
33-1-62 = 30, 20 = 3X10, and 2a-j-6 = 10, Now, multiplying both 
the sides of the equation by a:, we have s;* -]- 6^3 = 10 X Sr, adding (ar)a 
to both sides, xi 4- lOas = (3^)5 4- 10 (S.T;) ; ,-. completing the square, 

H+lOnS-i-^ =(js>-f 10(3^)4-25, 
and extracting the root, 33-|-5 =ai;4"^; .'. by transposition, x' — Zx, 
andn; = 2, or =0. 

nis method, as well as some other smila/r artifices, is of no utility 
when the divisor has not inlesral roots, and even then it can ho resolved 
more readilitj by Newtim's JWeWnd of Divisors. 

It is proper to observe, that cubic equations of the form x3-{-ax^-\- 
hx = c, may be also exhibited under the form of a quadratic, fhim which, 
by completing the square, the value of the unknown quantity will be de- 
termined. For instance, the cubic equation a94-9tMS-f-&aST!-^4a3 
= 0, maybe reduced to the form (sa-|-<i.lT)a-|-4os(i;a-|-oa:)=0; thus, 
multiply the given equation by a^ we have a«-f-3ai3 + 5i!S:ifl-]-4B3 
2 = 0; which may be readily exhibited under (he above form. See 
Ryan's Elementai7 Treatise on Akebra, Practical and Theoretical. 
(Art. 433,).— Ed. 
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gression, sucli, that theij comaion difierence shall bo 4, and 
liieir continued product 176985. Ans. 15, 19, 23, and 37, 

21. Two detachments of foot being ordered to a station at 
the distance of 39 miles from their present quarters, begin 
theiMnareh at the same time ; but one party, by travelling i 
of a mile an hour faster than the other, arrive there an hour 
sooner ; required their rates of marching. 

Ans. 3^ and 3 miles per hour. 

32. It is required to find two numberis, such, that the square 
of the first plus their product shall be 140, and the square of 
the second minus their product 78. Ans. 7 and 13. 

23. It is required to find two numbers, such tliat their dif- 
ference shall be 13^'^-, and the difference of their cube roots 
If, Ans. 15f, and 2^^. 

24. It is required to find three numbers in arithmetical pro- 
gression, such that the sum of their squares shall be 93 ; and 
if the first be multiplied by 3, the second by 4, and the third 
by 5, the sum of the products shall be 66. Ans. 2, 5, and 8. 

35. The sum of three numbers in harmonical proportion is 
191, and the product of the first and third is 4033 ; required 
their numbers. Ans. 72, 63, and 56. 

26. It is required to find four numbers in arithmetical pro- 
gression, such that if they are increased by 2, 4, 8, and 13 
respectively, the sums shall be in geometrical progression. 

Ans. 6, 8, 10, and 13. 

31". It is required to iind two numbers, such, that if their 
difference be multiplied into their sum, the product will be 5; 
but if the difference of their squares be multiplied into the 
sum of their squares, the product will be 65. Ans. 3 and 3. 

28. It is required to divide the number 10 into two such 
parts, that if the square root of the greater part be taken from 
the greater part, the remainder shall be equal to the square 
root of the less part added to the less part. 

Ans. S-l-IVlSandS — iVlS. 

29. It is required to find two numbers, such that if their 
product be added to their sum, it shall make 61 ; and if their 
sum be taken from the sum of their squares, it shall leave 88. 

Ans. 7 + V2 and 7- V2. 

30. It is required to find two numbers, such that their 
difference multiplied by the difference of their squares, shaU 
be 576 ; and their sum multiplied by the sum of their squares, 
shall be 2336. Ana. 5 and 11. 

31. It is required to find three numbers in continual pro- 
portion, whose sum shall be 30, and the sum of their squares 
140. Ans. 6J -)-V3,V, 6^, and 6f — V3tV 
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32. It is required to find two nnmbera whose product shall 
be 320, and the diiTerence of their cubes to the cube of their 
difference, as 61 is to unity. Ans. 20 and 16, 

33. The sum of 700 dollars was divided among four per- 
sons, A, B, c, and D, whose shares were in geometrical pro- 
gression ; and the difference between the greatest and least, 
was to the difference between the two means, as 37 to 12 
What were all the several shares ? 

Ans. 108, 144, 193, and 356 dollars. 

OF CUBIC EQUATIONS. 

A cubic equation is that in which the unknown quantity 
rises to three dimensions ; and, like quadratics, or those of the 
higher orders, is either siraple or compound. 
A simple or pure cuhic equation is of the form 
b h 

ax* ^ S, or n^ ^ -; where » ^V — j 

A compound cubic equation is of the form 

a^ -{- aic =: h, x' ■{- aa? =: b, OT !^ -i- 03? + bx ~ c, 
in each of which the known quantities a, i, c, may be either 

Or either of the two latter of these equations may be re- 
duced to the same form as the first, by taking away its second 
term ; which is done as follows : — 

Rule. — Take some new unknown quantity, and subjoin to it 
a third part of the coefficient of the second term of tlie equation 
with its sign clianged ; then, if this sum, or difference, as it 
may happen to be, be substituted for the original unknon-n 
quantity and its powers in the proposed equation, there will 
arise an equation wanting its second term 

Note. — The second term of any of the higher orders of 
equations may also be exterminated in a similar manner, by 
substituting for the unknown quantity some other unknown 
quantity, and the 4l3j, 5th, &c., pait of the coefficient of its 
second term, with the sign changed, according as the equation 
is of the 4th, 6lh, &c. power.* 

* Equations may be transformed inlo a variety of other new.eqna- 
tionsLtha principal of which ate as follows ; — 

1. The equation k4 — 4c3— 193S-4- lOGs— 120 = 0, the roots of which 
are 3, 3, 4, and -^, by chajiging the signs of the second nnd fourih 
terms, becomes i»+4as—19a:3— 1061—130 = 0, the roots of which 
areS, — 3, —3, and— 4. 

3. The equation aS + 33 — 10^:4-8 = 0, is transformed, by assuming 
a; = i; — 4inlo js— nya + 30j( = 0, or js— llj-f 30 = 0; therootsoi 
which are greater than those of the former by 4. 

3. Theequationa*— 6a3-l-9R;--l=0,mayb( 
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1. It is required to 
equation x' + Sua° = h 



f 3? = ^ — 3oa= + 3«=3 — 0? 
Then \ %ax^ = + 3as^ — Ga^a + 3o? 



Whonoo 3' — 33^3 + 2o= — 6 = 0, 
Or s^ — 3o=a = 5 — 3a=, 
in which equation the second power {z"), of the unknown 
quantity, is wanting. 

2. Let the equation a^ — 12*^ + Sa ^ " 16, he transformed 
into another that shall want the second terra. 
Herea^ = s + 4. 
( (a + 4}' = 2= + 13s= + 483 + 64 

Then \ — isfs + 4)= = — 123= — 96s — 193 
( + 3{^ + 4} ^ +3^ + 13 



Whence e= - 45s — 116 = -■ 16" 
Or, a' — 453 = 100 
which is an equation where z", ot the second term, is wanting, 
as before. 

3. Let the equation s' — 6a;^=I0, be transformed into 
another that sliali want the second term. 

Ans. 3= — 123 = 26. 

4. Let y' — 15i/^ + Sly ^ 343, be transformed into an 
equation that shall want the second term, 

Ans. 0^ + 63;=: 88. 



which shnll want the third term, by assuming 3; = 7/ -j- e, and In the re- 
sulting equiUiOG, !el Set — 13e-J-9> <*' ^ — 4e-|-3=:0, in which the 
values of e are J and 3; then assume j;=y + 3, or y + 1, and the re- 
snlling equation, will be^-|-3^ — I = 0, an equation wanting the ibitd 

4. The equation 6:k3 — Ilas-j-Cj — 1 = 0, by assuming « = -, may 
be trttusformed into yi — Gifl-^lly — 6=0; the roots of whidi are to 
be reciprocals of the former. 

5. The equation 3a3 — 13ia + 14i: + 16 = 0, by assuming :k = s-, may 
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fl. Let tlje equation a' 4- -ar'H — a; — — = 0, be transform- 
ed into another that shall want iho second term. 

6. Let the equation a:' + Bar* — 5^ + lOa^ — 4 = 0, be 
transformed into another, that shall want the second term. 

Ans. / - 20/ + 94y - 92 = 0. 

7. Let the equation x* — 3::^ + Sx^ — Sx ~2 = 0, be trans- 
formed into another, that shall want tho third term. 

Ans. y'+y — 4j( — 6 — 0. 

8. Let the equation Sa' — 2a: + 1 = Oi he transformed into 
another, whose roqls are the reciprocals of the former. 

Ans. / - 2y' + 3 = 0. 

9. Lei the equation, w* — ix'^ + ^n^ — ^a: + -y— ^= 0, ba 
transformed into another, in which the coefficient of the 
highest term shall be unity, and the remaining terms in- 
tegers. Ans. f — Sj'^ + 12/ — 163y + 72 = 0. 



OF THE SOLUTION OF CUBIC EQUATIONS. 

KuLE. — Take away the second term of the equation when 
necessary, as directed in the preceding rule. Then, if the 
numeral coefficients of the given equation, or of that arising 
from the reduction above-mentioned, be substituted for a and 
b in either of the following formulas, the result will give one 
of the roots, as required.* 



* If, instead of the regular method of redueiDg a cubic equation of 
the general form 

to another, wanting the second term, as pointed ont in the preceding 
article, Oierebepnt x=i{y — a), we shall have, l)y substitution and 
redacuon, js -]-(9S — 2ax)y = 9aS — 37i; — ^a»; ^?here, since Ihe value 
" — n 1^ determined by either of the formulfe given in this rule, the 



OfjCLUlb^ 



3 will also be inown, being x=i(_y-^a). And if S = 6, c 

the ordinal equation be of the following form, a3-[''"^+'^ = *'i*be re- 
duced equation will be ya — 3a^j = — 2a3 — 27c, where the value of j, 
being found asalrave, we shall have, as before, » = i{y — a), which 
formute, it may be observed, are more convenient, in some cases, than 
those resulting, from tlie precedii^ article ; as the coefficients, thus ol" 
lained, are always integers.; whereas, bythe former method, they are 
frequency fi'actions. 
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Wiiere, it is to be observed, ihat when the coefficient a, of 
the second term of the above equation, is negative, — , as 

also -, in the formula, will be negative ; and if the absolute 

term b be negative, - in the formula will also be negative ; 

but — will be positive* 



• This method of solving cubic equatioiis is usually ascribed to Car- 
dan, a celebrated Italian analyst of thelGth century; bat the authors 
of it were Scipio Ferrous and Nicholas Tartalea, who discovered it 
about the same time, independently of each other, a? is proved by 

Montnda, in bis Bistairs dcs Mallnwatiifiies, VoL I. p. 5'^° — '' 

at large in nation's itfaiiien " ' "' " ' ' "" 

The rule above given, ■«; 
demonstrated as follows; — 

Let the equation, whose root is required, bex3-]-ax =^1/, 
And assuiney+2 = fl:, and%a;= — a. 

Then, by substituting these values in the given equalion, we shall have 

And if, from (he square of this last equation, there be taken 4 times 
the cube of the equalion yx = — ta, we shall have tfi — ^j!'zs-\-st 
— 6^-\-^ a", or j(3— aasVCSJ-t-J^as). 



of this equation and ys-\-z3 — b, is ^i = b-\--)/(bi-^ 
■^ a3), and their difference is Ss-a = S — VCi" +tV "^i i wlience j = V 

From which it appears, that y-j-a, or its eqiml ^ is = 
theorem; 

Or, .ince^v,— |-,i.wlllb, !,+« = ,-^ » i = 
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and — is greater than -, or ■ia' greater thaD 276^ the solu- 
tion of it cannot be obtained by tlie above rule ; as the ques- 
tion, in this instance, fails under what is usually called tho 
Irreducible Case of cubic equations.* 



I. Given 2x' - IZa^ + 36r — 44, to find the value of a:. 
Here k= — 6^ + 18»/ ~ 32, by diriding by 2. 
And, in order to exterminate the second term, 



] (s+2f = ^ + 6s''+12s + 8 I 

— 6 (s + 3)' = — 63= — 24s —24 = 22, 
I 18(3 + 3) = I8a + 36 { 



Whence z= + 62 + 20 = 22, or s^ + 63 = 2, 
And consequently, by substituting 6 for a and 2 for b, ir 
first formula, we shall have 

,,(2 /4 316\> (3 /4 216\) 



• It may here be farther observed as a remarkable d 
the history of this science, that the solution of the Irreducible Case 
above-mentioned, except by means of a table of sines, or by infinite 
series, has hitherto bafiied thenniled effortsoftbe most celebrated Ma- 
thematicians in Enrope; allhougli it is well known that all the three roots 
of the equation are, m this case, lea] ; whereas in those that ara resolv- 
able by the above formula, only one of the roots is real; so that, in f*cl, 
the rule is only applicable W such cubics as have two equal, or two im- 
possihla roots. 

The reason why the assumptions, made in the note to the former part 
of this article with respect tothe solution of the equation ss — ax = b, 

■e found to iiiil in the case in question {and it does not appear that any 



— , and yi-\-s^^i, cannot lake place together ; being in- 

with each otb.er. 

For the greatest product tliat can be formed of the two quantities 
p3-[-33 is when they are all equal to each other; or since ij^-^z^ = J, 
when eadi of these =i4i in which case their product is =}i3. 

But, as above shown, j/a23=--by the question; therefore, when -£> 
~, thetwocondilionsareincompalible with each other; and conequently 
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V[H- V(l +8)j + V[l - V(l + 8)]= V(l + V9) + 
V(l-V9)= V(l+3)+V(l-3)= V4-V3. 
Therefore ,t — ^ + 2 = ^4 — V3 + 3 = 3 + 1.587401 — 
1.259921 = 2.33748, the answer. 
3. Given of' — Gee = 12, to find the value of x. 
Here a being equal to — 6, aad b equal to 12, we shall 
have, by the formula, 



V (6 + 5.2915) + 

- — ~—^ - = V{11.3915)+ ■ — =3.3435 + 

V(6 + 5.39I5) ^^ ■'^ V(ll-2915) ^ 

3 
--— - = 2.3435 + .8957 = 3.1393, 

Therefore ir = 3.1393, the answer. 
3. Given a^ — Sa; = — 4, to find the value of i, 
Here a being = —2, and fi = — 4, wo shall have, by the 
formula, 

^ = V S - 3 + V (4 - ^)| + V S - 3 - V (4 - ^)] , OH 

10 10 

by reduction, V{-- 2 + -g-'^^) " V (2 + -5- V3) = 

VC— 3 + 1.9245)— V(3 + 1.9245)= V( — .0755 — 
V3.9245= — .41326 — 1.5773= - 1.9999, or -3; 

Therefore a; = — 2, the answer.* 
Note. — When one of the roots of a cubic equation has been 
found, by the common formula as above, or iri any other way, 
the other Iwo roots may be determined as follows :— 

■Let the known root be denoted by r, and put all the terms 
of the equation, when brought to the Icfihand side, =; 0; then, 
if the equation, so formed, be divided by j; ± r according as r 
is positive or negative, there will arise a quadratic equation, 

• When the root of the given equalion is a ivhole number, this 
melbod only determines it by an Epproximation of 9s, in the decimal 
part, which saffidently indicates the entire integer ; but in most in- 
stances of this kind, its value may be readily found, by a few triaJs, 
ft'om the equation itself. 

Or if, as in the above example, the rooo, or numeral values of V 

C — 3 + — V3), and — V(3 + -5 V3), be determined according to 

the rule laid down in Surds, Case 12, the result will be found equal to 
— 3 as U ought. 
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tlie roots of which will be the other" two ijoots of the given 
cubic equation. 

4. Given a' — I5x = 4, to find the three roots or values 

of IB. 

Here m is readily found, by a few trials, to be equal to 4, 
and therefore 

» - 4) a^ — 15a: - 4(^ + 4ii + 1 
x=-4a^ 

4a-' - 15k 



Wheflce, aocording to the note already given, 
a^ + 4k -i- 1 = 0, or a? + 4a; = — 1 ; 
the two roots of which quadratic are — 2 + V 3 aad — 2 — 
V 3 ; and consequently 

4, —2 + V3, and — 2 — V3, 
are the three roots of the proposed equation. 



1. Given ^ + 3x^~6x — 8, to fiad the root of the equa- 
tion, or the valuo of x. Ana. a; = 3. 

2. Given sc' -^x^ = 500, to find the root of the equation, or 
the value of a:. Ans. a = 7.616789. 

3. Given a;' — 3a;^ = 5, to find the root of the equation, or 
the value of K. Ans. a; = 3.425101. 

4. Given af' — 6a; = 6, to find the root of the equation, or 
the value of x. Ans. V 4 + V 3. 

5. Given a? + 9a: = 6, to find the root of the equation, or 
tho value of a;. Ans. 'i/9 — i/3. 

6. Given a^ + 2i' — 23a; = 70, to find tho root of thee qua- 
tion, or the value of a', Ana. re ^= 5.134599. 

7. Given a? — 17k= + 54a: = 350, to find the root of Ihe 
equation, or the value of x. Ans. x = 14.954068. 

8. Given a^ ~ 6a; i= 4, to find the three roots of the equa- 
tion, or the three values of x. 

Ans. — 2, 1 + V3, and 1 — V3. 

9. Given a;' — 5a;= + 2a; r= — 13, to find the three roots of 
the equation, or the three values of x. 

Ans. -3,1 + V5, audi- V3. 
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OP THE SOLUTION OF CUBIC EQUATIONS, 
BY CONVERGING SERIES. 

This method, wWch, in some cases, will be found more 
convenient in practice than the former, consists in substi- 
luting the numeral parts of the given equation, in the place of 
the literal, in one of the following general formiilte, according 
to which it may be found to belong, and then collecting as 
many terms of the series as are sufficient for determining the 
value of the unknown quantity, to the degree of exactness 
required* 

1. x^ + aT=ih.-\ 
'"' ^14.^ / 27 ^ \ 2.5.8.11 



' V [2(376= +4o^)]* 



* The meihod laid down in this aii:icl«, of solving enbie equations 
by means of series, was first given by Nicole, in the Memai/n of (4e 
Atadeiay of Sciences, an. 1738, p. S9 ; and afterwards, at greater length, 
1^ CmitAUT in his Eieineni d'Al^ebre. 

+ With respect to the determination of the roots of cubic equationa 
by means of series, let there be given, as above, the equation x^-\-ax 
=J, where the roof by transposing the terms of each of the two branches 

^=VJvCifci+^V*'> + ^!-Vf V(iis+sV«^)-5^};orby 
putting, for the sake of greater simplicity, v (li^ -f- g-y oa) = s^ and re- 
dncing the eipression, a = s' I VCl+g-)— VC* — ^)| ■ 

Hence, eitracting the roots of Uie righthand member of this eqnation 
by thebinomialtlieorem.lhere will arise V(H — Wl-I-J^—^— — 
/ b\s , 3.5/i\S 2.5.8 /* \' 

V(^ + ^)— <i)-34(i)-a(i)-3-*H. 

And consequently, if the latter of these two senes be taken from the 
former, the result, by making the first term of the remainder a mul- 
liplier, will give 

where, since. = v(ii^+ST^j,weshall have [^-) - g^j;:^. 

Whence, also, by sulwlilulion, we have the above formnla 
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37S' y 3.5,8.11.14.17 / 276= 
7V + 4(r'/ 6.9.12.15.18.31 1; 



>27i= + 4aV 
'^6?9\3' 



~ V [2(276^ 4- 4o^)] * ^ 6.9\37i= + 4"^/ ^ 1205 
/ 27i^ V 14.17 / 37i^ \ 20.23 

l3W+l^/ ^ "*" 12.31 \37F+4^/ ° '^ 24.27 
/ 27P \ 

In which case, as well as in all the following ones. A, B, c, 
&c., denote the terms immediately preceding those in which 
they are first fojlnd. 

2. or'— ax= -i:h, where iV is supposed to be greater than 
^a\ or 37i= > 4a=. 

_ 6 . 2 276=-4a3 2.5.8 276= - 40= 

*— ^'s I ' "" 3^' 376" -'"3.6.9^2^ 27i' ' 

2.5.8.11,14 ,376= - 4a\, 



3.6.9.12.15.18 27^' 



-}' 



!1"-1 17.20 276^-4..° ^^ 



15.18 27A= -^ 21.24^ 276= 

In which case the upper sign must he taken when 6 is 

' The root, as foi/md by the common formula , when properly reduced, is 

the last case, - \/ {ibi — ^\ a^), or ils equal 

shall haYea^iVg^VC 1 + + V(l-=)^ 
ing the rools of the righthandmeniber of this equation, 

there will arise V(l+0 = l + l'—ggS' + g-^^-sXgTra"'''' 

■ 3 S , 5 3 ,5 , 8 

&e. Va-0 = l-b-3;^^-3:63^-376Xl2''-'''^- 

And, consequently, by adding the two series together, and taking Uie 1st 
lennoftt-.eresaltasamaltipiier,weshalIhave a; = ±3 Vg i*- — ^'^ 
_ ^-^-Q 2,5 a 11.14 

S.&aja*^ 3,H,9, ,.3.15.1 
for its equal s, we get the above expression. 
12^ 




> . , , . /27i!'— 4b5'i 
&c.JOr,bysubstilutmgl — ^;^^ ^ 
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positive, and tliB undfir sign when it is negative ; and the 
same for the first root in the two following cases : — 

where ^i' is supposed to be less thaji j^, a', or 27b^ < 4:a\ 

, 2.5.8.11.14 ia>-ti7b^.^ * ?, n 

4, [ 1 3 _ &c. i * Or, 

3.6.9.12.15.18^ 27i^ S 

» This expression isoblained from the last series, by barely changing 
the signs of the numerator and denominator in each, of its terms ; wMcli 
does not alter their value. 

Hence, in order to delermine the other two roots of the equation, let 

that above fonnd, or its equivalent eipreasion, V )!* + V[i4^^^''')j 

• Then, according to the formula that has bean before given for these 
roots inlheformerpartofthepresentartiele, weshaJlhave s = =p - ± 

y^ [V[li + V C!6s „ ^-, aO] - V [*i - V 0S= - ,^ ^)-] \ ■ Or, 

3 , S , 

putting-- vCjI"— 5~ o3) = i, and reducing the expression, s = izp-ih 

2 S V (1 + s) — V U — «) J ■ Whence, extracting the cube 



Is of the r^hthand memher of this equation, there will a 
__ 95.8_ 
3.6.9.13'" 



va+=)=i+i'-T-»"+S»--5i;x,»+'' 



VCl !) 1 b gg^ 3gg5» 3.6,9.12" ' ■ 

s ftofa the former, 









ie values be substituted for their equals, in lie last 
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^ 15,18^ 27*' r 31.24I 376" r^' 
which series answers to the irreducible case, and must be 
used when 3a= is less than 27*". 

And if the root thus found be put — r, the other two roots 
may be expressed as follows :— 

^3 9V2i' t ~ 6~9l 374= ) ' e.9.13.15 

, ^a^~2n\ _ 2.5.8.11. 14,17 / 4fl^ - 27*^ v 3 , . ^ 

V 27i= / 3.6.9.13.15.Te:3ll 274" } +' ^''- \- 

Or, 
= !; , v^(4^_^37*=) ( S.5/4o'— 27i=\ 8.11 

"^3 9V2i' K ~C9\ 376= Z''"'' 1215 

/ 4o' - 274° . ^ U.17 /4o' — 274^ 20.33 /4^~2W\ 

V 274^ ) ^ 18:31 \ 274= J "^ "^ 24^V~T74^ / 
r — , &c. 

Where — ^r, or + ^r, must be taken according as h is 
positive or negative ; and the double signs ± must be con- 
sidered as + in one case, and — in the other, as usual. 

4. ^-aa = ±4, 
where |i= is stiii supposed to be less than A,a', or 274= 
< 4a^. 

X -^ ± ^^ U-^-^ I '^^' 1 + 

V [2(4a ~ 274')] ( 6.9 Ua=-274V ^ 

'■i-5.8.11 / 274= y _ 3.5.8.11.14.17 / 375° .. ^ 
6.9 12.15 W^274=] "6.9,13.15.18:21 \4a'-27'4=J "^ 
&c. f. *0r, 

♦ By transposing the terms of the common formula, as in Qie first case, 
we shall have ai= v| vai'~^,o3) + *4j — y {vO^^— iVfl^) 

— *i 5 , Or, bj putting', for the sake of simphcity as before, V (i*' 

— i,as) = s, anil reducing the equation s= %/s \ Vt^ + gJ )— %/ 



«'('+4)-+€)-£(4)'+£a)'-s5SiO'+. 
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_ 2J ( 3.5 376' 8.11 

* ~ v/[3(4a'-276=)] < ^ ~ 6^ *4^ - 27i"' "^ ''' 12.15 
27^" _ ^ *-^''' 276' 2Q.23 S7i' 

i(!'-37/>' ^ ~ 18.21 Mo' - 276"' "^ 24.27 W- 276^' 

■*^l &/^ Has/ 3.eWsr 3.G.9IW* 3.6.9.13\3sr ' 
&c. 

And consequently, by taking the latter of these series from the former, 
and caaking Ine first term of the resalt a multiplier, we shall have 

-^\j^?:^(i\ 2-5-S.n /i\ S.5,8-1I,U. 17 /i\ 

&C.J. BiitEinees = V(i&s—^i-,ffia), we shall have (o )'=^=t— r^ 
27*2 /S\ / 976! \ . ,2isl 2b 



Whence, if tieiie values be snbsiituted for their equals in the la^ 
series, there will arise the above expression for the ftcst root of the equa- 
tion. And ifweput the root thus found, or its equivalent expression 

we shall have, according to the formula before given for the otlier two 
^= =pI ±—~\^^lV(^- i^<i^) + ib]+ ^^[V(.ii^- ^^ai) 
— JS] j- Or, taking,asbefore, v(!*i— /,is) = s, and simplifying 



&c, 

s A t)-i ±(^\ 2/'*\, 3.5/'*\,_ S-S-S /*N ,_ 

W' 2s/-' n3s/~3.6W sreU,* 3.6.9.I2UJ 

And, consequently, if the latter of these series be added to the former, 
we shall have, hy making the first term of the result a multiplier, 

* " ^ 3 J 3.6 ( 3^'^ 3.a9.13 *• Ss-* 3;fi.9,13.15.19 

(|)6-,&c. But since ,=V«*^,^.^0=(^^)*. "« ^ 
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D — , &c., which series also answers to the irreducible case, 
and must be used when 2a' is greater than 27b'. And if 
the root thus found, be put = r, as before, the other two 

roots may be expressed thus: x= np^^ ■/ J i -|- 



3.6^4(t'— 376^' 3.6.9.12 Ma=— 276=' ' 3.6.9.12.15.18 

^""^2 '^ 4 l *^3.6W-27i''* 9.12 

27i' 11.14 , 276^ 17.20 , 276^ 

Qo>_376"' ^ ■'" i5j8 ^40^ _ 276=' ° 21 .24 4a= — 276^' 
D +, &c. 
Where the signs are to be taken as in the latter part of ihe 



= -; and 



1 Given a^ + 630 = 2, to find the value of i 
Here a = 6, and J ^= 2, whence 

27V _ 27 X 4 I_ 

27i" + 4a= " 271<T+TX216 ~ 1+8 



V[2(376= + 4a')] V [2{4 X ^7 + 4 X 216)] 
4 4 2V81 V648 ^ 

— — ■ ;= Consequently, 



3 V(37 + 8 X 27) 6 ^9 27 

by formula 1, we shall have 

1 1.0000000 (a) 

|5x-J. .020=761 W 

agxio .0000782W 

also have { ~)^ = 7^, = j ^-i and consequent 

1 ' , c. 5 /4a3— 37K 

Hence, if these values be sabstiluted for their equals in the above 
series, the resuU will give (he above expressions for the two remaiiiing 
rools of the equation. 
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.0000062 (e) 
X~2 .0000005(7} 

1.0217787 

Log. 1.0217787 0.0093570 

Log. V648 0.9371916 

Cotog. 27 8.5686362 



TheiefoToa;=. 3274801 

3, Givea a:' ~ 9ki == 12, lo find the real value of a. 
Here a=9 and &=^ 12; 

27i=-4<r' 27X144—4X37' 



U4 _ 108 



CoDsequendy, by formula 3, we shall have 

1 1.0000000 (a) 

~S-x- (a) —.0377778 (b) 
3.6 4^ ' ^ ' 

_£:? X^ (b) ■-.0035720 (c) 

—rAip) -.0003667 („) 

-2T5iXi(°' -.0000619 (.) 

-SroXjCl -.OO00U4(., 

-SxjO -.0000023 (.) 

Sum -.0307920 
Comp. .9692080 



Log. 96930S —1.9864137 

, Ckx")i^[c 



CUBIC EQUATIONS. 
Log. 2 VS.""^ I'Og. V48 
No. 3.522334 



0.5604137 



.5478274 
therefore * = 3.522334. 
3, Given ar' — 13a: = i6, to iind the three values of a. 
Here a = 12 and i = 15 ; 
„,.^ 15 . „„ . 40^ — 376' 



"^"^ ^ 2~ Y 


^ 276= 


4.12= -27.15= 256-225 


31 


27.15= 225 


■ 335' 


Consequently, by formula 3, 


we shall have 


1 


+ 1.0000000 (a) 


2 31 
'^3:6^235'* 


+ 0,0133086 (b) 


5. 8 31 
~9J2^325" 


-0.0007812 (c) 


11.14 -31 




^15.18^235 


+0.0000614 (o) 


17.20 31 


-0.0000057 (e) 


21.24 2S5 


23.26 3! 
27.30 225 


+0.0000006 (p) 


Sum of + Terms 


+ 1.0153706 


Sum of — Terms 


-.0007809 


Difference 


1.0146837 


Log. 1;014837 


.0062880 


Log. V 60 


.6927171 



No. 3.971962 .5J90051 

Therefore the affirmative value of 3; or first r 
3.971962. 

^/(4^ - 2 76°) _ _V 837 _ ^(9x93 ) _ 



Again 



9V36" 
7b' _ 31^ 
276^ 225' 

+1 
2.5 31 

'~6^'^335 



OVISO 9^450 3V450 



1.0000000 (a) 
-.0355144 (b) 
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_I4.17 ^ 

20.23 31 
+24.27^335" 

26.29 „ £1 
~ 30.33 325 ^ 



4- .0017186(c) 
— .0001490(d) 
+.0000145 (t.) 
-.0000014 (f) 



Sum 


.9760683 


Log. 9760683 

Log. vm 

Colog. V 450 
Colog. 3 


— 1.9894802 
0.984341 
9.1155958 
9.5228787 


No. .4099445 


-1.0131964 


Also -^ 
Last No 


-1.9859810 
±0,4099445 



ResiUt -1.5760365 

Or -2.3959355 

Wlience the ttree roots or vaiucs of x are 3,971962 

~ 1.5760365, and -2.3959355. 



4. Given a? - 



■ 6x^ 



o find the throe values of x, 



■ V [3(4.6= - 37.4)] 

2 3^/49 37*= 



4.6= -27.4 8-1 7' 

Hence, by tlie fonmila 4, ^ 



6.9^7^ 

^12.15^^7 
14.17 1 



J shall have 

1.0000000 (a) 

- 0264550 (b) 
4-.0018476 (c) 
—.0001662(d) 



osted by Google 



CUBIC EaUATlONS. 



+ .0000168 (E) 
—.0000018 (f) 



Log. .9752414 
Log. 2 
L. V49 

Colog. 21 

No. 329870 



0.3010300 
0.5633987 
8.6777807 



Therefore one of the negative roots or vali 
- .339870 — — r. 

4(^ — 27i^ 4.6= ~ 27.4 



V(6=-27) = V 



3.6 7 


6. 8 1 
~5T3^7^ 


■ 11.14 1 


17,30 1 
21.24^7" 


23.26 1 
+27.30><7^ 


Sum 


Log. 1.0150952 


Log. V 189 


No. 2.431741 


Therefore -- 



1.0000000 (a) 
+0.0158730 (b) 

—.0008393 (c) 

+.0000684 (d) 

—.0000066 (e) 

+.0000003 (f) 

1.0150952 

.0065070 
.3794103 

.3859173 
+.169935 
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Last number ±3.431741 

Result +2.601676 

Or —2.261806 

And consequentty, +2.601676, —2.261806, and —.339870, 

are the three toots required. 

ESAMPLE3 FOR PRACTICE. 

1. Given it' + 9w = 30, to find the root of the equation, or 
the value of a-. Ans. a; = 2.180849. 

3. Given s' — 2» = 5, to find the root of the equation, or 
the value of a;. Ans. a; = 3.0945615 

3. Given ar" — 3« — 3, to And the root of the equation, oi 
the value of a. Ans. 2.103803 

4. Given a^ — 37j!^=36, to find the three roots or values 
of*. Ans 5.765732, — 4.320684, and — 1.445038. 

5. Given ar* — iSa^ = — 200, to iiud the root of the equa- 
tion, or the value of a;. Ans. 47.9138. 

6. Given a? — 32* ^= 24, to find the root of the equation, 
or the value of «. Ans. 5.1622*"' 



OF BIQUADRATIC EQUATIONS. 

A hiqaadratic equation, as before observed, is one that rises 
to the fourth power, or which is of the general form — 
x'fase' + b:t^ + c:e + d== 0. 

The root of which may be determined by means of the 
following formula ; substituting the numbers of the given 
equation, with their proper signs, in the places of the literal 
coefKcients, a, h, c, d. 

Rdlb 1." — Find the value of z in the cubic equation 2' + 



* This melkod is that given bv Simpson, p. 130 of his Algebra, which 
consists in supposing She givenliiqaacliatic to be formed by taking the 
difference of two complete squares, bsiag the same in principle as that 
of Jiferran. 

Thus, let the proposed equatiou be of the form «» +<!,r3 + i.TS+ e:j +(i 
=0(1), having all its terms complete; and assume {a'S+i«s+p)s — 
(qx+ryt-xi + aei+bzi + cx^d. 

Then, i£si3 + iii.r+p and q^-{-r he actually involved, we shaHhave 

And coiKequently, 1^ equating the homolc^ous terms, there will arise 
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by one of the former rules ; and let the root, thus determmed, 
be denoted by /. Then find the two values of x in each of the 
following quadratic equations ;— 

^ + 4<■ + ^|J«'^-2('■-5')J)• = -('+5») + ^/{(■■ 

and they will be the font roots of the biquadratic required, 

3. ap — 2qr = c\ot \ap — c . ^Sjr 

3. pi — n =d I pi—d =n 

■where, since the product of die first and last of the absolute terms of 
these equations is evidedlly equal to 1 of the square of the second, we 
shall have 

Sps + G 
Or, by bring ^ 
knowa to the right, aad then dividing by 2, 

From which last equation p can be determined by ihe rules before 
given for cubics. 

And since, from the preceding equations, it appears that 
S = V(2j.+iBa— ^)ocd^=:^^^ or V(p'— ^), 

It is evident that the severiilvaluesof a- can be obtained from the quan- 
tities thus found. 

For, beeau^ x*-{^axi-\-i3:i-\-i:x-\-il, or its equal (a'-f-Ja.'C-l-y)!— 
(ffE-|-r)a = 0, it is plain that (sf + iax-j-py={gx + r)i. And, 
therefore, by extracting the roots of each side of this equation, there 
will arise 

as+ior+p^^E+r; ot x^-\-(ia — q)x = r—p. 
Whence, by substitutiag the above values of p, q, and r, for their 
equals, and transposing the terms, we shall have 

for the case where op — i; is positive ; and 

ais+^iazp V apH-ios—i) I a-i-p±v(pi — d)^0, 
for the case where ap — e is negative : which two quadratics give the 
four roots of the proposed equation. 
b 
And by putting p = 3+-;, in the reducing equation (S), in order to 
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1. Given the equalion x" — \Qx' + Z^x" — fiOa: + 24 = 0, lo 
find its roots. 

Here a = — 10, 6 = 35, c— -~ 50. and d ~ 34. 
Whence, by substituting these numbers in the cubic equation, 

■ ^ '■4 13 ' 108 8^ ' 24 ^ 

8(f), we sliall have the following reduced etiuatioii, 
,_13^^ 35 
12 "^ 108' 
which, being resolved according to the rule before laid down 
for that purpose, gives 

3 = ^W(35 + 18V-3)4-V(35-18v--3)?. 

But, by the rule for binomial surds, given in the former 
part of the work, 

V(35 + 18V-3)=^ + ^V- 3, and V (35 — 18 V -3) 
= 7-iv-3 

And if this number be substituted for r, — 10 for o, 35 for i, 
and 24 for ff, in the two quadratic equations, 

they will become, after reducing them to their most simple 

a^ — 3a = -- 3, and 3? — lx=^ — 12 : 
from the ficsJ of which a;== '--±V-^;-±--=^2, orl, and 
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Or, when its second term is taken away, it will be of the 
form 

x^ + hi^ + cx-i-d= 0, 
to which it can always be reduced ; and in that case, its so- 
lution may be obtained by the following, rule :— 

KuLE 2.— Find the value of s in the cubic equation 

and let the root thus determined be denoted by r. 

Then find the two values of « in each of the following 
quadratic equatioiiB : — 

and they will be tlie four roots of the biquadratic equation 
required.* 

» The method of solving biquadratic equations was first discovered 
by Louis Ferrari, a disciple of the celebrated Cardan before men- 
tioned ; but the above rule is derived from iJiat given by Descartes, in 
his Geovietry, published in 1637, the truth of which may be shown as 
follows : — 
Let the given or proposed equation be 

st-j-Bas + 6a;+c = 0, 
produced by the mintiplication of the two quadratics 



there will arise, by taking their product, 
1 eonaeqi 



■eeach =0, 



And consequently, by equaling the homologous terms of this last 
'""'"""' e four following equations, 

?-|-y = (I ; Ji! -|- JJ" = S ; 33 = c ; 



as + 3flipa+p4 =4js, or ie; or jH+SajM-f (as— 4e)pa = ia. 

Where the value of j) may be found by the rule before given for cubic 



Hence, also, since s-{-ii — a-\-p\ and s — q= -, there will ai 

addition and subtraction, 

1 , 1 , i 1,1 6 
S:=— (j4- — fl3J ; o=i — iS-H -o9 ■ \ 
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Or ike four roots of the given equation, in lllis last case, 
will be as follows ; — 

, = -,V|2(r-ls)j+v'j-.^ + |+V[(r + i4)--J]| 

«=+lVj2(r-ls)j-v|-2— 5-V[(r + lsr-i]5 
3. Givep cc* + 1335 — 17 = 0, to find tlie four roots of the 

Here = 0, i=0, c = 12, and 1^= — 17; 
Whence, by substituting theso numbers in the cubic 
equation, 

12 ' 108 8 3 ' 

we shall have, after simplifying the results, 
^-1-172= 18, 

Where it is evident, by inspection, that z = \. 

And if this number be substituted for r, for b, and — 17 
for (I in the two quadratic equations in the above rule, their 
solution will give 

a= ~iv3+V(-4+ I- 18)= -iV2 + V(— i + 3V2) 
a;=-iV3-V(~i + v'18)=-iV2 — V(— i + 3V2) 
^=+lV2+V(— i— V18)=: +iV3 + V(-l — 3V3) 
K=-i-iV3 — V(— i — V18)=;4-SV2~V(--* — 3V3) 
Which are the four roots of the proposed equation ; the first 
two being real, and the last two imaginary. 

Rule" 3. — The roots of any biquadratic equation of the 
form 0!^ + oa^ + 6a; + fi = 0, may also be determined by the 

ratic3,aa-[-p?;4-J = 0,andis+'^ + i = 0,orilsequalas — ps+i — 
we shall hare 

x = —ip±VQip^—q); 3:=Sp± V(l?«— s); 
which expression, when taken in -|- and — , give the four roots of the 
proposed niguadratic as was required. 

* This method, which dlSers considerably from either of the former, 
consiste in sapposing the root of the given equation, 

to be of the following trinomial surd form 

jT^Vp + Vs + Vf; 
where p, q, i; denote the roots of the cubic equation 

of which the coefficients/, g, andtlie abwlute lerm A, are the unknown 
quantities that are lo he determineci. 
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loUowitig general fonnulEe first given by Euler ; which ar. 
remarkable for their elegance and simplicity. 

Find the three roots of the cubic equation a^ + 2a3^ -| 
[<^ — 4c} 2 = ^, by one of the former rules before given fo 
this purpose ; and let them be denoted by /, r", and r'" 



Then, agreeably to the theory of equations before g 

' '/■',}--• - 

irmnla 

Or, ty substilating / ,. , ^ , , 

terra, so obtained, to the other side of the equation 

Also, by again squaring eacb side of this last ei:pressiori, we shall 
ba.vexi-}-Sfs:^-^fi = 4fq^4pr-{-4p--\-fiv'i/^gT-{-SVqyr-j-8yr^, 
Or, substituting 4g- for its equal 'lpg-\-^r-\-i<ir, and bringing Sie 
. term to the other side as before, 

But since, from what bas been above laid down, we have 



Vp + Vq-^-Vr^a;, and I/??!' 
It for tneir eqnals in the last equatic 



equals in the last equation, it will become, by 

ie given equation, 
tnere win arise 

^f = a■, —SVh-b;fi — ig=Lc; or, 

And coosennenily, by subslituling these values in the assnmed cubic 
equation (2), we shall have 

the three rootsof which last equation, when substituted forp, q, andr, 
in the formula x = Vp-\-Vr-\-V q, will give, by taWirg each terra of 
the eijiression both in -f- and — , all Uie four values of x. 

Or, in order to render this result more cotmnodious in practice, by 
freeing it from fractions, let y — \g. Then, by substitution and re- 
duction, we shall have the corresponding I "- 

za-|-2a2S + (HS— 4(;)2: 
the three roots of which are eaj3h, evider , , . . . 
former. Hence, using this instead of equation (3), and denoting its 
roots by r', s'', r", the last mentioned formula, taking each of its terms 
in -|- and — -, as before, will give the values of x, as- in the above 

Noie. — If we were to take all the possible changes of the signs, in this 
case, which the terms of the assnmed formula admit of, it would appear 
that z should have eight different values ; but it is to be observed, that, 
according to tbe first part of the above investigation, the product Vp X 
VqX V = V*., or 14; and consequently, (hat when* is positive,either 
all the three radicals must be taken in 4-, or two in — , and one in -|- [ 
and when b is negative, they must either be all — , or two + and one — -, 
which considerations reduce tbe number of roots to four. 
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When 


h is positive, 1 


- -/ 


' + v'r' 


-f Vr" 


-HV''-^/^' 


+ v'/" 


+ ■// 


2 


~^r"-\ 




2 


1 



ihall have, 

When h is negative, 
4- v'^-' + v''-" + ■/'■'" 



2 


-^/." 


2 


'-V"' 




' + \//" 



iVofe.-— If the three roots t\ /', ?■'", of the auxiliary cinnt; 
equation be gjl real and positive, t!ie four roots of the proposed 
c<iuatio!i will also be real ; and if one of these roots be posi- 
tive and the other two imaginary, or both of them negative 
and equal to each other, two of the roots of the given equa- 
tion will be real, and tVo imaginary ; which are the only 
cases that produce real results. 

3. Given 3^ ~ 35a^ + 60w — 36 = 0, to find the four roots 
of the equation. 

Here o = - 35, S = 60, and c = - 36 ; 
Whence, by substituting these values for their equals in 
the cubic equation above given, we shall have y* ~ 2 X 25 
s' + (25= + 4 X 36) 3 = 60", or 2= — 50s' + 769 « = 3600 : 
the three roots of which last equation, as found'by trial, or 
by one of the former rules, are 9, 16, and 25, respectively ; 
whence 
a: = -i-(-v'9 — v'J6-^/25) = i(-3-4-5) = -6 
aT=--.i(-V9 + V16+^/2S)--=iC-3+4 + 5)=+.3 
it=:J-(-|-V9-^16 + v'35) = -J(+3-4-i-5)=:+3 
a; = i ( + ^/ 9 + v/ 1 6 - -/ 251 = i^ ( + 3 + 4 - 5) = -i- 1 
And consequently the four roots of the proposed equation 
are 1,2, 3, and — 6. 



- 17*:" - 



EXAMPLES F 

1. Given it' — 65,)^ — SOk + 504 = 0, to find the four 
roots, or valuesof k. Ans. 3, 7, — 4, and — 6, 

3. Given k* + 3^ — 7i»" — 81 = — 13, to find the four 
,2,-3, and — 2. 
find the four roots, 
3 + v'5, 3 — V5 
, 1+V3, 1- V3. 
to find the four roots, 
2+V7, 2-V7 
34. V2, — 2 — V3. 



roots, or values of x.. Ans. 

3. Given a;* - 8x^ + 14a^ + 4^; = 8, 
or values of , 

4. Given 
or values of 



Ans. 
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ir values of j:. Ans. 5 



RESOLUTION OF EQUATIONS BY APPROXIMA'nON. ifi3 

5. Given, x^ — Sn^ — 4a^ =; 3, to find the four roots, or 
i i+i-%' 13, 1 — ^V 13 
i-i+i^-S, -i-iV- 3. 

6. Givenir*—19jr'H-133«'— 302a: + 200 = 0, tofindthefour 
4.27768, .80955 

\ +6.956377,d::V(— 0.3686). 

Y. Given a^ - 27ar' + 162k= + 356* - 1200 = 0, to find 

. . , c * ( 2.05608, — 3,00000 

lhefourroots,orvaluesofa;. A^^- J 13.153O6, U.79086 

8. Given x* — ISa' + 123; — 3 =0, to find tlie four roots, 
, , , J .606018, - 3,907378 

or values ot a. Ans. ^ ggggoga, ,443377. 

9. Given ^ — 36a^ + 723) — 36 = 0, to find the four roots, 
, , , i 0,8729836, 1.2679494 

or values ot x. Ans. ^ 4 7330506, — 6.8729836. 

10. Given a;' — 13»:^ + 4^0^ — 73j: + 36 = 0, to find the 
loots, or valnea of x. Ans. 1,3,3, and 6. 

11. Given a:* +24*' — 114x" — 343! + 1 = 0, to find the 

. ( +V197-14, a + V5 
roots, or values ol x. Ans. J _ y jgy _ 14 2 — V5. 

13. Given V - Gx^ - SSar" — 114if - 11 ^ 0, to find the 
roots, or values of ai. 

Ans. ±fv'3+|-±v/(17±^i V3). 



OF THE RESOLUTION OF EQUATIONS BY 
APPROXIMATION. 

E(iiiATioNS of the fiflh power, and those of higher dimen- 
sions, cannot be resolved by any rule or algebraic formula 
that has yet been discovered ; except in some particular cases 
where certain relations subsist between the coefiicieats of 
their several terms, or when the roots are rational ; a!nd, for 
that reason, can be easily found by means of a few trials. 

In these cases, therefore, recourse must be had to some of 
the usual methods of approximation ; among which, tha,l com- 
monly employed is the following, which is universally ap- 
plic^le to all kinds of numeral equations, whatever may be 
the number of their dimensions, and, though not strictly 
accurate, will give the value of the root sought to any required 

Rule. — Find by trials, .a number nearly equal to the root 
sought, which call r ; and let z be made to denote the dif- 
ference between this assumed root, and ths true root x. 

Then, instead of x, in the given equation, substitute its 
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equal ?■ ± s, and there will wise a new equation involving 
only z, and known quantities. 

Reject all the terms of this equation in which z is of two 
or more dimensions ; and the approximate value oi' s may 
then be deterniined by means of a simple equation. 

And if the value, thus found, be added to, or subtracted 
from, that of r, according as r was assumed too little or too 
great, it ^yilt give a near value of the root required. 

But as this approximation will seldom be sufficiently exact, 
the operation must be repeated, by substituting the number 
thus found for t in the abridged equation exhibiting the value 
of z ; when a second correction of e will be obtained, which, 
being added to, or subtracted from, t, will give a nearer value 
of the root than the former. 

And by again, substituting this last number for r, in the 
abovementioned equation, and repeating the same process as 
often as may be thought necessary, a value of ic may be found 
to any degree of accuracy required. 

Note. — The decimal part of the root, as found both by this 
and the next rule, will, in general, about double itself at each 
operation ; and lietefore it would be useless, as well as 
troublesome, to use a much greater number of figures than 
those in the several substitutions for the values of t.* 

EXAMPLES. 

I. Given a^ + (c^ -f- iC = 90, to find the value of a: by approx- 
imation. 

Here the root, as found by a few trials, is nearly equal to 4, 
Let, tlierefore, 4 == r, and r ■^z=lx. 
I ^ = r» + Sr's + Zrz^ + s' I 
Then a' = ?^ + 2)>a -|- s' = 90. 

And by rejecting the terms s', 3ra^, and e^, as small in com- 
parison with j3, we shall have 

r' + 7^ + r + 3r^2 + Irs -}- a, = 90 ; 

* It may here be observed, lliat if any of Che roots of an equation be 
whole numbers, they may be determined by sulstitntuig 1, 2, 3, 4, &c., 
successively, both m pius and in ■m.imm, for the unknown guantiiy, till 
a result is oblained equal to that in the question ; when those that are 
found to succeed, wili be the roots required. 

" '- e the last term of any equation is alwaj^ ec""'' '- "" 

luct of all its roots, the number of these trials n 
, by finding all the divisors of that term, a 
Lg them both ill pius andminisi, as before, for the unknown quantity, 
when Uiose that give the proper result will he the rational roots soi^ht; 
but if none of them are fonna to succeed, it may be concluded that the 
equation cannot be resolved by this method ; the roots, in that case, 
being either irrational or imagmary, 
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90 -r'-r^-r 90-64-16-4 6 

Whence z= = — 1= — — .10, 

3r' + 2r + l 48-|-8 + ! 57 

And consequently, x = 4.1, nearly. 
Again, if 4.1 be substituted in the place of r, in tlie last 
equation, we shall have 

QO-r' — r'-T 00-68.921-16.81 — 4.1 „„ „„ 

x = — — ■ -= —-—=.00283; 

3P + 2r + l =« .^ , CO , . 

And consequently, a: 
approximat ion . 

And if the first four figures, 4,103, of this number be agaia 
substituted foi' r, in the same equation, a still nearer value of 
the root will be obtained ; and bo on, as far as raay be thought 
necessary. 

3. Given a? + 2Qx = 100, to find the value of x by ap- 
proximation. Ans. 3^ = 4.1421356. 

3. Given x' + 9x' + ix = 80, to find the value of a; by 
approximation. Ans. x=3.4T21359. 

4. Given x^ — aSar' + 210a' + 538»: + 289 = 0, to find the 
value of a: by approximation. Ans. a; = 30.53565375. 

5. Given x^ + Ga*~ 1(P — lJ3a'- 207iE + 110 = 0, to find 
the value of a! by approximation. Ans. 4.46410161. 

The roots of equations, of all orders, can also be determined, 
to any degree of exactness, by means of the following easy 
rule of double position ; which, though it has not been gene- 
rally employed for this purpose, will be found in some 
respects superior to the former, as it can be applied, at once 
to any unroduced equation consisting of surds, or compound 
quantities, as readily as if it had been brought to its usual form 

Rule 2. — Find, by trial, two numbers ks near the true root 
as possible, and substitute them in the given equation instead 
of the unknown quantity, noting the results that are obtained 
from each. 

Then, as the difference of these results is to the difference 
of the two assumed numbers; so is the difference between the 
true result, given by .the question, and either of the former, 
to the correction of the number belonging to the residt used ; 
which correction being added to that number when it is too 
little, or subtracted from it when it is too great, will give the 
root required nearly. 

And if the number thus determined, and the nearest of the 
two former, or any other that appears to be more accurate, be 
now taken as the assumed roots, and the operation be repeated 
as before, a new value of the unknown quantity will bo ob- 
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tained still more correct than the first ; and so on, proceeding 
in tills manner as far as may be judged necessary.* 



1. Given »;' + 11^+ «= lOO, lo find an approjamale value ol 
Here it is soon found by a few trials, that the value of a: 

lies between 4 and 5. 

Hence, by taking these as the two assumed numbers, the 

operation will stand as follows : — 



First Sup. Second Sup. 



; 1 ; : 16 : .225 

And consequently k = 4 + .235 = .4.325, nearly. 



* Tho above rule for Double Position, which is much more simple 
and commodioQS than tlie one commonly employed for this purpose, is 
(hesameasthatwhichwasfirst givenat p. 3il of the octavo edition of 
mvArithmetic, published in 1810. 

To this we may further add, that when one of tlie roots of an equa- 
tion has been found, either by this method or the former, the rest may 
be deiermitied. as follows ; — 

Bring all the terms to the leftbaiid side of the equation, and divide 
the whole expression, so formed, by the difference between the unknown 
quantity (.r) and the root fiist found; and the resuhing equation will 
then l>e depressed by a degree lower than the given one. 

Find a root of this equation, by approximation, as in the first in- 
stance, and the number so obtained wdl be a second root of the original 

Then by means of this root, and the unknown quantity, depress the 
second equation a degree lower, andlhence find a third root; and so on, 
till the equation is reduced to a qaadraiic ; when the two roots of this, 
together with the former, will be the roots of the equation required. 

Thus in the equation la — 15*i + 633 = 50, the first root is found by 
approiinu^ion to be 1.03804. Hence, 
1—1.09804)33— 15i3-!- 63:^^50(22— 13.971953; -1-49.63627=0. 

And .(he two roots of the miadratie equation, xf — 13,971952 — — 
48.63627, found in the usual way, are 6.57653 and 7.39M3, 

So that the three roots of the given cubic equation S3 — 15^^-{-G3x = 
50, are 1.03804, 6.57653, and 7.39543, their sum being = 15, tlie co- 
efficient of the second term of the equation, as it ought to be when Ihey 
are right. 
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o assumed number 



Again, if 4,2 and 4.3 be taken 

the operation will stand thus :— ■ 

First Sup. 



Second Sup, 



95.928 Results 

J03.297 . . 4.3 . 

Therefore 95.93S . . 4.3 . 



e.369 
And consequently, ; 



3.S97 

4.264, nearly. 



Again, let 4.264 and 4.265 be the two assumed numberB ; 
then 

Second Sup. 



First Sup. 
4.264 

18.181696 . 
77,526752 . 



^ . 



4.265 
. 18. J 90335 
. 77.581310 



9.972448 Results 100.036535 
Therefore, 
100.036535 4.365 100 
99.972448 4.364 99.972448 



.064087 : .001 ; : .037552 : 0004399 
And consequently, 
a = 4.2G4 + .0004299 = 4. 3 6442 9 9,. very nearly. 
3. Given {}*? — 15)" + x^/x = 90, to find an approximate 
value of X. 

Here, by a few trials, it will be soon found, that the value 
of ^ lies between 10 and II ; which let, therefore, be the two 
assumed numbers, agreeably to the directions given in the rule. 
Then, 
First Sup. Second Sup. 

25 . . (ia^~15f . . 84.64 
31.638 . xVic . . 36.482 

56.632 Results 



64.5 ; 1 :; 

And consequently, a:= 11 — 
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Again, let 10.5 and 10.6 be tho two assumed numbers 

Then, 

First Sup. Second Sitp. 

49.7035 . . (V - 15)' . . 55,830784 

34.0239 . . x^/a: . . 34.511099 



83.7264 


Results 
Honce, 


90.341883 


90.341883 . 


. . 10.6 . 


, 90,341883 


83.7204 


. . 10.5 . 


. 90 



6.615483 . .1 :: .341883 : .0051679 

And consequently, 
; 10.6 - .0051679 = 10.5948321, vtrij nearly. 



1. Given x? + lOic' + 5!c = 3600, tg find a near approxi- 
mate value Ola:. Ans. x^ 11.00673. 

2. Given 2x'' ~ 16a^ + 40»)' - SOu + 1 = 0, to tind a neat 
value of X. Ans. ^ = 1.284724. 

3. Given x^ + 2a^ + 3aP + Ax' + 5x^ 54331, to find the 
value of a:. Avis. S.4I4455. 

4. Given V (^^ -H 4a^) -|- y' (20ar' — lOji) = 28, to find the 
value ofx. Ans. 4.510661. 

5. Given yf[lU^P-{:>^ + 20f] + y/[\&r>^ ~(x' +2iY] 
= 114, to find the value of a. Ans. 7.123883. 

OF EXPONENTIAL EQUATIONS. 

An exponential quantity is that which is to be raised to 
some unknown power, or which has a variable qtanUty for 
its index; as. 

And on exponential equation is that which is formed between 
any expression of this kind and some other quantity whose 
value is known ; as, 

Where it is to be observed, that the first of these equations, 
when converted into logarithms, is the same as 

X log. a'^ b.oix= — '—; and the second equation af =: a 

log. « 
is the same as x log. x — log, a. 

In the latter of which cases, the value of the unltnown 



osted by Google 



EXPONENTIAL EaUATIONS. 59 

quantity x may bo determined, to any degree of exactness, by 
the method of double position, as follows ; — 

Rule. — Find, by trial, aa in the rule before laid down, iwo 
numbers as near the number sought as possible, and substi- 
tute them in the given equation 

a: log. X = log. c. 
instead of the unknown quantity, noting the results obtained 
from each. 

Then, as the difference of these results is to the difference 
of the two assumed numbers, so is the difference between 
the true result, given in the question, and either of the former, 
to the correction of the number, belonging to the result used ; 
which correction, being added to that number when it is too 
Utile, or subtracted from it when it is too great, will give the 
root required, nearly. 

And if the number thus deteriuined, and the nearest of the 
two former, or any other that appears to be nearer, be taken 
as the assumed roots, and the operation be repeated as before, 
a new value of the unknown quantity will be obtained still 
more correct than the first ; and so on, proceeding in this 
manner as far as may be thought necessary. 



1. Given ** ^ 100 to find an approximate value of x. 
Here, by the abovo formula, we have 
a; log. X = log. 100 = 2. 
And since x is readily found, by a few trials, to be nearly 
in the middle between 3 and 4, but rather nearer the laitet 
than the former, let 3.5 and 3,6 be taken for the two assumed 
numbers. 

Then log. 3.5 = .5440680, which, being multiplied by 3.5, 
gives 1.904238= first result; 

And log. 3.6 = .5563035, which, being multiplied by 3.6, 
gives 2.002689 for the second result. 
Whence, 
2.002689 . . 3.6 . . 2.002689 
1.904338 . . 3.5 . . 2. 

.098451 : .1 : : .002689 : .00373 
for the first correction ; which, taken from 3.6, leaves 
IX = 3.597^7, nearly. 

And as this value is found, by trial, to be rather too small, 
let 3.59727 and 3.59728 be taken as the two assumed numbers 

Then log. 3.59728 = 0.555974343134677 to 15 places. 

The log. 3.59727 = 0.55S973035847267 to 15 places. 
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which logaritlims, multiplied by their respective numbers, 
give the following products :— 

Therefore, the errors are 4974650488 
and 14877337702 
and the difference of errors 9902681314 
Now, since only 6 additional figures are to be obtained, we 
may omit the three last figures in these errors ; and state 
thus : as difference of errors 9902681 : diflerence- of sup. 
I : : error 4974656 ; the correction 503354, wliich, united to 
3,59738, gives us the true value of a: = 3,59728502354.* 
3. Given x" ^ 3000, to find an approximate value of x. 

Ans. 0^ = 4.82782363. 

3. Given (6a;}* = 96, to find the apptosimate value of x. 

Ans. X-- 1.8826432. 

4. Given 37* = 123456789; to find the value of w. 

Ans. 8.6400268. 



OF THE BINOMIAL THEOREM. 

The binomial theorem is a general algebraical expression, 
or formula, by which any power, or root of a given quantity, 
consisting of two terms, is expanded into a series ; the form 
of which, as it was first proposed by Newton, being aa 
follows : — 



Or, 
^ ^ m m~n m — 'Zn 

(P + PQ) -P + ^*« + -3— 1"*+-^;^" ''*■'" 

Ht — 3» ^ &c 
An ' 

When p is the first term of the binomial, q, the second 

a, — . 

• The correct answer to this question has been first given by Doetor 
Adirain, in his edition of Hutton's Matkeinalics, who plainly proves 
tbat Hnllon's answer, which is the sams as BonnyeasUe's, is incorrect. 
iSm moon's Mathematics, VoL I. p. 363, N. Y. EdUim.—Eo. 
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term divided by the first, — the index of the power, or root, 

and A, B, c, &c,, the terms immediately preceding those in 
which they are first found, including their signs + or — . 

Which theorem may be readily applied to any particular 
case, by substituting the numbers, or letters, in the given 
example, for p, q, m, and ii, in either of the above form.ul€e, 
and then finding llie result according to the rule.* 



1. ll is required to convert (a^ + xf into an infinite s 
Here p = a', q, — —^^- =; -, or m = 1, and » = 3 ; 
vhonce 



» This celabrated theorem, which is of the most citensive use in 
algebra aad various other branches of analysis, may be otherwise 
expressed as follows : — ' 



Or, (»+,)- = 
Or, (« + :.)» = 

&c 

It may here also be observed, that if m be made to represent any 
whole, or fractional number, whether positive or negative, the first of 
these eipressions may be exhibited in a more simple form, 
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Therefore (o= + a:)* = 
a: a^ 3a^ 3.5a;' 3.5,7a;= 

" *^ 2a ~ 2.40^ 2.4.6a' ~ 2.4.6.8a^ "*" 2.4.6.8.1 Oa« "■' *'' 
Where the law of formatimi of the several terms of tho 
series is sufficiently eviilenl. 

2. It is required to convert , or its equal [a + J)-", 

intp an infinite series. 

Here p = a, q= -, and - = — 3, or m=— 3, and n = \\ 
wheace 



3« ^'^ 
OT — 3n 

&c. 


„2 - 
~ 3 

-2- 
~ 4' 


-"x""x'-- 

~X-yX; = 


4t= 
56' 
&c. 


= B, 


Consequently, - 


1 


1 25 36= 


46^ 


+=^,- 


3. It is required to convert -, or 

i° — a;) ^ , into an infinite series. 
Here 


its 


equal c 


^=0^, «=_ 


i,»d. 


» 2 ''''^"'~ 


-l,and» = 2 
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whence 

,?=(„-)J=(aV=i.-=i, 



1 


1 '^ _ a; 






X 








2 


a^ 1= ~ 20* ' 






— 


1—2 X 


X 


3^ 




4 2? ~ 




2.40^ ''■ 


_ - 


. 1 _ 4 Sif" 




X 3.53^ 




6 ^ 2.4a= ^ 




a= 3.4.6a'' 


— 1 ~ 


■ 6 3.5^' 


X 


Z.5.7x'> 


8 


\aSu^ ^ 


T^' 


2.4,6.8a" 




&c. 




&c. 



Therefore, 



1 1 1 /x\ 3 /^r'x 3.5 /ar»\ 3.5.7 

(ij) +, fa. 

And 
(a=-a)* 2\a/ 2.4 \ aV ^3.4.6^0 ^2.4.6.8 



4. It is required to ci 
an infinite series. 


anvert V9, 


or its equal {8 + 1)9, into 


Here p = 


8,, = J 

J- 


and ^ = : 
Whence 


^, or m = 1 and n = 3 ; 


P"=(8)"^= 


8 =3- 


:A, 




^Aq = ix 


= 3^""^' 




m — 2n 
m-3n 


6 3.3" '^ 2= 
1-6 1 
' 9 ^ 3.6.2*^ 
1-9 5 
L2 ^ 3.6.9,2' ^ 
1-12 5.8 
15 "^ 3.6.9.13. 


1 _ 

3-6.2' ~ '^' 

1 5 

2' 3.6.9,2' "' 

1 5.8 


tn-4n 


2" 3.6.9.13.3"' 
1 5.8,11 




2" ^ 2= 3.6.9.12.15.3'^ 



osted by Google 



BINOMIAL THEOREM. 

Therefore, V 9 = 
1 5 ''■^ r ^-^-^^ 

" sTe^' "^ 3.6.9.2'' ~ 3.6.9.13.2" 3.6.i).12.15.2'=' 

v'3, or its equal ^"(1 + I), 

l__]_, _3_ _ 3.5 3.a.7 

"''2 2.4 2.4.6 3.4.6,8 2.4.6.8.10' "^^ 
6. It is required to convert V7, or its equal (8— 1)3> 
into an infinite series. 

J^ 1 __5_ 5^ ^^ 

"^' 3.3^ 3.6.2* 3.6.9.2'' 3.6.9.12.2'° ' 

t V240, or its equal (243 — 3}^ 

1 4 4.9 4.9.14 

" 5^3* ~ 5.10.3' ~ 67l"ori5.3" ~ 5.10.15.20 



&,C. 



. It is required to convert [a d= si) ' ii 

If V ^ ^J 



infmilo series. 

9. It is required to convert (a ± J)^ into an infinite series, 
if , 6 . 2i= 3.5*' 2.5.8J' , -J 

^ 3a 3.6a= 3.6.9a= 3.6.9.13a' ' S 

-10. It is required to convert {a — b)* into an infinite series. 
aC 6 3S' 3.76^ 3.7.11S' ) 

"^' "' P ~ 4^ ~ OS "~ 4.S.12^ "~ 4.8.12.160' ""' "' I 
I 

11. It is required to convert (a + x) into an infinite series. 

12. It is required to convert (1 — a;)* into an infinite series. 

,2o! 2.33;^ 2.3.83r' 2.3.8.13a;' 

S. 1 - _ _ ___ - — -^^ - giQig^ -• &C. 

1 

13. It is required to convert r, or its equal 

(.±.,. 

(a ± k) into an infinite series. 

. 1 C »• 3a;" 3,5*' 3.5.73;' , ) 
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14. It is requited to convert -,, or its equal 

(ad: w) , into an infinite series. 

s( a; ix" 4.73^ 4.7,10^' „ > 



3a 3.60" "^ 3.6.9«' 3.6.9.12a'"' 
1 
J5. It is required 



(1- 



■^5.10 5.10.J5 5.10.15.20 



16. It ia required to convert f-^^)''. « its equal 

-i 
(a + *) {a' — a°) , into an infinite series. 

it a= 0? 3fl;* 3ar' 5.t« , 5a:'' , 



OF THE INDETERMINATE ANALYSIS. 

In the common rnles of Algebra, such questions are usually- 
proposed as require some certain or definite answer ; in 
which case it is necessary that there should be as many in- 
dependent equations, expressing their conditions, as there are 
unknown quantities to be determined ; or otherwise the 
problem would not.be limited. 

But in other branches of the science, questions frequently 
arise that involve a greater number of unknown quantities 
tkan there are equations to express them ; in which instances 
they ate called indeterminate or unlimited problems, being 
such as usually admit of an indefinite number of solutions ; 
although, when the question is proposed in integers, and the 
answers are required only in whole positive numbers, they 
are, in some cases, confined within cettain limits, and in 
otiiers the problem may become impossible. 

Pkobleh 1. — To find the integral values of the unknown 
quantities a; and 3/ in the equation 

oa; — iy = i c, or oa; + 6y = c. 

Where a and b are supposed to be given whole numbers, 
which admit of no common divisor, except when it is also 3 
divisor of c. 
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Rule 1. — Let wk denote a whole, or integral number ; and 
reduce the equation to the form 

'&y ± c c — hy 

3. Throw all whole numbers out of tiiat of these two 
expressions, to which'lhe question belongs, so that the num- 
bers d and e, in the remairiing parts, may be oach less than 

3. Take such a multiple of one of these last formula;, cor- 
responding with that abovementioned, as will make the 
coefficient of y nearly equal to a, and throw the whole num- 
bers out of it as before. 

Or, find the sum or difference of — , anij the expression 

above used, or any multiple of it that comes near — , and the 

result, in either of these cases, will still be = v>h, a whole 
number. 

4. Proceed in the same manner with this last result ; and 
so on, till the coefficient of y becomes = 1 , and the remainder 
=: some number r ; then 

— = wk, =p, and y =: ap zf. r. 

Where p may be 0, or any integral number whatever that 
makes y positive ; and, as the value of y is now known, that 
of a; may be found from the given equation, when the equation 
is possible,* 

Note.— ^Any indeterminate equation of the form 
a* - 6y = ± c, 
in which a and b are prime to each other, is always possible, 
and will admit of an infinite number of answers in whole 
numbers. 

But if the proposed equation be of the form 
ax + ly = c, 
the number of answers will always be limited; and, in- some 
cases, the question is impossible ; both of which circum- 



* This rnle is founded on the obvious principle, that the sum, dif- 
ference, or product of any two. whole numbers, is a whole number; 
and that if a number divides Ihe whole of any other number and a part 
of it, it will also divide the remaining part. 
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Stances may be readily discovered from tile mode of solut 
above given.* 



1. Given 19»: — 14y ^ 11, to find a; and y in whole numbers. 

Here x ^ — - ■ ■ ■ — ^ leh., and also -~ =: tv/i. 

19?/ 14,/+ 11 5y- 11 
Whence, by subtraction, — — — — -■ ■ — vjh. 

5,1—11 30v — 44 y — 6 

And, by rejecting y — 2, wliicli is a wliole number, 

-- = ./,,=,. 

Whence we have y = 19p + 6. 
Uy + 11 14(19o + 6) + 11 2G6n + 95 
And ^ = —3^—= ^g ^____— ^ 

14;, + 5. 
Whence, if^ be taken = 0, we shall have a; ^ 5 and y = 6, 
for their least values ; the number of solutions being obviously- 
indefinite. 

2, Given 'Zx + 3y=: 25, to determine x and y in whole 
positive numbers. 

25 — 3v 1— y 

Here a:= ^= 12--!/+ ^. 

2 -^ 2 

Hence, since i must be a whole number, it follows tiiat 

must also be a whole number. 



* That the coefficients a and t, when these two formulie are possible, 
ahould have no common divisor, which ia not at ihe same lime a divisor 
ofe, isevitlenl:; [oiifa = md, and b ^ me, v.-e shaW have ax ± by ^ 
mifc ± wsEji =: « I and consequently, i;^ + CT/ = -. Butrf, e, ^, y, being 

supposed to he whole nnmbeis, — must also be a whole number, which 
it cannot be except when m is a divisor of c. 

Hence, ifil were required tojiaylOOJ, in guineas and moidores only, 
the quesiion would be impossible; since, in the equiUion 31.e + 27^ = 
2000, which represents the conditions of the problem, the coefficients, 
91 and 27, are each divisible by 3, whilst the absolute term 3000 is not 
divisible by it. See my Treatise on At^ebra, for the meihod of lesolv- 
ing questions of this kind by means olConliinaed Fraclvmi,. 
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Let, therfifnre, — — =;«i/j.=^; 
Then 1 — ij~2p, oc y ^ I — 2p. 

X~12~i/ + ~-^=^ 12 — (1 —2p)+p = l2 +3;>— 1, 

We shall have iK = II -(- 3p, and y = 1 — 3p ; 
Where^ maybe any whole nupiber whatever, that will reader 
the values of ar and y in these two equations positive. 

But it is evident, from the value of y, thai p must be either 
or negative ; and consequently, from that of a;, that it must 
be 0, - 1, -a, or — 3, 

Whence, if p~0, p = — 1, p = — 2, p — — 3, 

}y = l, y=^3,y = D,y = 7. 
Which are all the answers in whole positive numbers that 
the question admits of. 

3. Given 3a: = 8y — 16, to find the values of x and y in 
whole numbers. 

8y- 16 2w-l , 3y-l 

Here a; = — = 2y — 5 + ^-- — = wh. ; pr — ~ — =v;h. 

2y — 1 „ . 4y — 2 y — 2 

Also, -^ X 3 = -^ g— = y + ^-Y- = "'^• 

Or, by rejecting y, which is a whole number, there will 

remam-'— — =toA.^p. 

Therefore, y = 3;) + 2, 



_8{3p +2)- 16 _ 24p _ 



Where, if p be put =; 1, wo shall have x ^=S and y ^ 5 for 
their least values ; the number of answers being, as in the 
first question, indefinite. 

4. Given 31a + 17y = 2000, to find all the possible values 
of a: and y in whole numbers. 

SOOO— 17v „, 5 — 17y 
Here* = _^^^ ^ ^ 95 + _— JC =. „A. ; 
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And, by subtraction, — = =: - — — = ic/i. = p ; 

■' 21 21 21 ^ 

Whence j/^: 21jj + 4, 

And . = ^°°°-" i = ^°°° -"'="? + 1 1 = 92 - 17,. 
21 21 -^ 

"Where, 'if ^ be put = 0, we shall ha^e the least value of 
y := 4, and the corresponding or greatest value of a; = 92. 

And the rest of the answers will be found by axlding 21 
continually to the least value of y, and subtracting 17 from 
the greatest value of x ; which being done, we shall obcaia 
the six following results :-^ 

it = 92 I 75 j 58 I 41 ] 24 I 7 
y = 4 I 25 I 46 I 67 I 88 I 109 
These being all the solutions, in whole numbers, that the 
question admits of. 

Noie 1. — When there are three or more unknown quantities, 
and oifly one equation by which they can be determined, as 

ax + l>y + cz = <i, 
it will be proper first to find the limit of the qtiantity that has 
the greatest coefficient, and then to ascertain the different 
values of the former, from 1 up to that extent, aa in. the fol- 
lowing question : — 

5. Given Sa; + 5y + 73 = 100, to find all the dilTerent 
values of x, y, and in whole ntimbers." 

Here each of -the least integer values of k and y are 1, by 
the question ; whence it follows, that 

100 — 5-3 _ 100 — 8 92 _ 

Consequently, z cannot be greater than 13, which is also 
tlie limit of the number of .answers ; though they msv be con- 
siderably less. 



* If any [ii determinate equation, of the Idncl above given, hna one or 
more of its coeSicieius, asc, negative, tJie equation may he put under 
the form 

in whicU ease it is evident that an indefinite number of values may be 
^ven lo the second side of the equation by means of the indefinite quan- 
tity ji; and consequently, also, to a; anil ij in the first. And if the 
coefficients a, b, c, in any such equation, have a common divisor, while 
d has not, the qaestioa, as in ihe first CEise, becomes impossible. 
15 
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By proceeding, therefore, as in tlie former rule, 
_]00 — 5y — 7s_ ^ \ — %y — i 



And, by rejecting 33 — 
3y l—'Zy- 

Whencel^ir^: 



Andy = 3j) + 3—1. 

And consequently, putting p~0, we shall have the least 

value of y = s — 1 ; wtere a may be any number, from 1 up 

to 13, that will answer the conditions of the question. 

When, therefore, a = 2, we have y =1, 

^ , 100-19 ^^ 

And a; = ■ = 27. 

3 
Hence, by taking ^ = 2, 3, 4, 5, &c., the corresponding 
values of x and y, togetiier with those ofz, will be found to be 
as below : — 

3= 21 31 4j 5| 6|7|8 
y= 1 2 3 4 667 
a: = 27 I 23 I 19 15 I n ) 7 1 3 
Which are all the integral values of x, y, and z, that can be 
obtained from the given equation. 

Note 2. — If there be three unknown quantities, and only 
two equations for determining them, as 

ax -^ hy -^ cz = d, and ex -^fy +gz = k, 
exterminate one of these quantities in the usual way, and find 
the values of the other two from the resulting equation, as 
before. 

Then, if the values, thus found, be separately substituted in 
either of the given equations, the corresponding values of the 
remaining quantities will likewise be determined : thus : — 

6. Let there be given s: — 2y + s ^^ 5, and 2x!-\-y — z = 7, 
to find the values of ar, y, and z. 

Here, by multiplying the first of these equations by 3, and 
sdjlracting from the second the product, we shall have 
3 + 5y 3y 

3js — 5y = 3, or 3 = — ^ — =, i -j. y + — = ,tiA ; 

3y 2y _ y 



Whence y = Zp. 
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And, by taking p= 1,3,3, 4, &.c., we shall have y = 3, 6, 
9, 13, 15, &c , iiid a = 6, 11, 16, 21, 26, &c. 

But from the first of the two given equations 
x=.5 + 2y-z; 
whence, by substituting the above values for y and- *, tlie 
re<iulls will gne k =.5, 6, 7, 8, 9,.&c. 

And therefore the first six values of x, y, and ?, are as 

a; = 5 I 6 I 7 I 8 I 9 1 10 
y = i\ (i 9 12 15 18 
s= 6 I 11 I 16 { 21 ) 36 I 31 
Where the law by which they can be continued is suffi- 
ciently obvious. 



1. Given 3a; = 8y — 16, to find the least values of k and y 
in whole numbers. Ans. b = 8, y ■= 5. 

3. Given 14a; = 5y + 7, to find the least values of o! and y 
in whole numbers. Ans. a = 3, y =; 7. 

3. Given 37^; = 1600 — 16y, to find the least values of x 
and y in whole numbers. Ans. x = 48, y = 19, 

4. It is required to divide 100 into two such parts, that one 
ofthemmay be divisible by 7, and the other by li. 

Ans. The only parts aie 56 and 44. 

5. Given 9a; + 13y ■= 3000, to find the greatest value of x, 
and the least value of y in whole numbers, 

Ans. a; = 31 5, y ^: 5. 

6. Given lla; + 5y == 254, to find all the possible values of 
a; and y in whole numbers. 

Ans. x = 19, 14, 9, 4 ; y •■= 9, 30, 31, 42. 

7. Given 17* + i9y + Sis = 400, to find all the ans^vers 
in whole numbers which the question admits of. 

Ans. 10 difFoxent answers. 

8. Given 5a; -f- 7y + lis = 334, to find all the possible 
values X, y, and z, in whole positive numbers. 

Ans. The number of answers is 59. 

9. It is required to find in how many different ways it is 
possible to pay 30/, in half-guineas and half-crowns, without 
using any other sort of coin. Ans. 1 diiFerent ways. 

10. I owe my friend a shilling, and have nothing about rne 
but guineas, and he has nothing but louis-d'ors ; how must I 
contrive to acquit myself of the debt, the louis being valued 
at 17i'. apiece, and the guineas at 2\s. 1 

Ans. I must give him 13 guineas, and he must 
give me 16 louis. 
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11, How many gallons of British spirits, at 12s., 15*., and 
18*. a gallon, must a rectifier of compounds talie to make a 
mixture of 1000 gallons that shall be worth 17*. a gallon ? 

Ans. llUatlS*.; inj-atl5s.; and 7775 at 18s. 

Proslem 2. — To find such a whole number as, being 
divided by other given numbers, shall leave given remainders. 

Rule 1. — Call the number that is to be determined w, the 
numbers by which it ia lo be divided a, b, c, &c., and the 
given remainders^ g, fi, &c. 

2. Subtract each of the remainders from x, and divide the 
differences by a, h, c, &c., and there will arise 

—J — ~-^ , &c., ^^ whole number.';. 

3. Put the first of these fractions ■ ^^p, and substiluto 

the value of w, as found in terms of p, from this equation, in 
the place of a, in the second fraction. 

4. Find the least value of jj in this second fraction, by the 
last problem, which put .-=: r, and substitute the value of a:, as 
found in terms of r, in the place of cc in the third fraction. 

Find, ia like manner, the least value of r, in this third 
fraction, which put = s. and substitute the value of s:, as 
found in the terms of s, in the fourth fraction as before. 

Proceed in the same way with the next following fraction, 
and so on to the last; when the value of x, thus det 
will give the whole number required. 



l.It is required to find the least whole number, which, 
being divided by 17, shall leave a remainder of 7, and when 
divided by 36, shall leave a remainder of 13. 
Let X = the number required. 

Then and ^ whole numbers. 

17 26 

a— -7 
And, putting = p, we shall have a:~\7p + 7. 

Which value of a;, being substituted in the second fraction, 
17p+ 7-13 I7p- 6 
gives — ^ -^Q— - wh. 

2Qp 
But it is obvious that —^ is also =: v!k. 
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p4-6 27p-|-18 p + 18 

2e -'■■ = '■ 

Therefore, ;?) = 26r - 18; 
Hence, if r be taken, =; 1, wo shall have ^ = 8. 
And consequently, x = lip +7=17 X S + 7 = 143, the 
jiHmbet sought. 

2. It is required to find the least whole number, which, 
being divided by 11, 19, and 29, shall leave the remainders 3, 
6, 10 respectively. 

Let a- i= the number required. 
_, K — 3 x-5 ,B- 10 , , , 

i hen — •— J ■ -^ and — rx— = whole numbers. 

And, putting — — ~^, we shall have x r= Up + 3. 
Which value of x, being substituted in the second fraction, 

-.-"J'-'' ... 



And, by rejecting p, there will remain - 
Aiso, by rauhiplication, -^~ X 6 =- 



But — ^ is likewise — wk. 

19p 18p-5 p + 5 
Whence ~ ~ — = —^ = wL, which put = r. 

Then we shall have 
p= 19r — 5, 3ndiB= 11 (19»- ~- 5) + 3 = 209r — 52. 
And if this value be substituted for w in the third fraction, 
there will arise 

Or, by neglecting 7r — 2, we shall have the remaining part 
■ Gr-4 , 
of the expression —^^ = "'"•; 
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But, by multiplication, 
6r — 4 r^^^^~^^^ r~20_ 
—^— X •> — — gg •~r+ —■— 

r — 20 
Or, by rejecting r, there will remain -— -- — = vih., which 

Then r = 39? + 30 ; whero, by taking j = 0, we shall 
.have r = 20. 

And consequently, 
a: = 209^ — 52 = 209 X 20 — 53 = 4128, 
tlie number required. 

3. To find a number, which, being divided by 6, shall leave 
the remainder 2, and when divided by 13, shall leave the 
remainder 3. Ans. 68. 

4. It is required to find a number, which, being divided by 
7, shall leave 5 for a remainder, and if divided by 9, the re- 
maindef shall be 2. Ans. 47, 110, &c. 

5. It is required to find the least whole number, which, 
being divided by 39, shall leave the remainder 16, and when 
divided by 56, the remainder shall be 27. Ans, 1147. 

6. It is required to find the least whole number, which, 
being divided by 7, 8, and 9, respectively, shall leave the 
remainders 5, 7, and 8. Ans. 215. 

7. It is required to find the least whole number, which, 
being divided by each of the nine digits, 1, 2, 3, 4, 5, 6, 7, 8, 
9, slmll leave no remainders. Ans. 3530. 

8. A person receiving a box of oranges observed, that when 
he fold them out by 2, 3, 4, 5, and 6 at a time, he had none 
remaining ; but when he told them out by 7 at a time, there 
remained 5 ; how many oranges were therein the box ? 

Ans. 180. 

OF THE DIOPHANTINE ANALYSIS. 

Tins branch of Algebra, which is so called from its in- 
. ventor, Diophantus, a Greek mathematician of Alexandria in 
Egypt, who flourished in or about the third century after 
Christ, relates chiefiy to the finding of square and cube num- 
bers, or to the rendering certain compound expressions free 
from surds : the method of doing which is by making such 
substitutions for the unknown quantity, as will reduce the 
resulting equation to a simple one, and then finding the value 
of that quantity in terms of the rest. 

It b to be observed, however, that questions of this kind do 
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not always admit of answers in rational numbers, and that 
when tliey aro resolvable in this way, no rule can be given, 
ttiat will apply in all the cases that may occur ; but as far as 
respects a particular class of tkese problems relating to 
squares, they may generally be determined by means of soiro 
of the rules derived from the following formula : — 

Problem 1, — To find such values of a; as will make 
V {ax^ + bx -]- c) rational, or ax^ + Sa: + c =^ .a square* 

Rule 1.— ^Whea the first term of the formula is wanting, 
or a=:0, put the side of the square sought =n; then 
bx+c = «'. 

And consequently, by transposing c, and dividing by the 

coefficient h, we sliall have x := — r — ; where n maybe any 
number taken at pleasure. 

2. When tlie last term is wanting, or c = 0, pat the side 
ot [he square sought = no:, or, for the sake of greater gene- 
rality = — ; then, in this case, we shall have aa^ -\- bx ^^ 



And consequently, by multiplying by n", and dividing by 
X, there will arise an'x + bn' = m'x, and x = —^ ^, whore 

m and », both in this and the following cases, may be any 
whole numbers whatever, that will gife positive answers.! 

3, When the coefficient a, of the first term, is a square 
niimber, put it ^ J", and assume the side of the square sought 

= d-c + ^; then, tPa^ + bx + c = ip!e' + ^^ <e + ~ 

And consequently, by cancelling ^x^, and multiplying by 



* The coefficients a, b, of the uobnomn. quantities, as well as the 
absolute term c, are here supposed to be all integers; for if they were 
fractions, they could be readily reduced to a common square denomina- 
tor; whidi, Deing afterwards rejected, will not alter the nature of the 
question ; since any square number, when multiplied or divided by a 
square number, is still a sqtiare. 

t The uoknown quantity x, in this case, can always be found in in- 
tegers when ft is positive; and, in Case 4, neit following, its integral 
value can always be determined, whether A be positive or negative. 
See Vol. II. of Bonnycasfle's Treatise on A^bra, Art. (H.) 
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: shall have bii'x + ct^ = 2dmnx + "^S and x =; 



4, When the last term c is a square number, put it - 



e the side of the square si 



jequently, by 



r4-- 



3. When the given formula, or general expression, 

can be divided into two factors of the form /a: +^ and Aa! + i, 
which h always can when 4^ — 4ac is a square, let there 

be taken O + ^) X (S^ + *) = ^, (^ + Sf '• ^^n, by re- 
duction, we sliall have x = %-~ -— ; where it maybe 

krv' —fnr 
observed, that if the square root of Ifi — 4ae, when rational, 
be ^Ht = 'f, the two factors abovementioned, will be 



And, consequently, by substituting them in the place of the 
fotmor. we shall have, 

6. When the formula, last mentioned, can be separated 
into two parts, one of which is a square, and the other the 
product of two factors, its solution may be obtained by putting 
the sum of the square and the product so formed, equal 

to the square of the sum of its roots, and — times one of the 



• These factors are found by patting the given formnla aiiS-j-i.r+c = 
Oj and then determining it3 roots; which, by the rule for qoadraties, are 

Whence, if ft! — 4ac be a square, of which the root is i, we shall have o, 

x-h X- — jr-, and 1+ ^+ =— , for the divuJors of oafl-l-i2 + e, or 
' 3a 2a' . ' as ' 3a 

ax-{- —s—} and a:+ ~- , for iis two factors, as in the alJOve r;:le. 
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factors, and then finding the vahies of it as in the former 
instances. 

1. These being all the cases of the general formula that 
are resolvable by any direct rule, it only remains to observe, 
that, either in these, or other instances of a different kind, if 
we can find, by tciab, any one simple value of the unknown 
quantity which satisfies the condition of the question, an 
ej^preesion may be derived froia this that will furnish as many 
other values of it as we please. 

Thus, let^, in the gireji formula aa? -\-1jx + c, be a value 
of X so found, and make ap^ -^bp -\- c = q^. 

Then, by putting ik^ij -|-p, we shall have as? -^ bx -\- c =^ 
a{y+pf+b(y-^p) + c = af + {-Sap+b)y^af + bp-\-e, 
or aa? -^ bx -\- e = ai/ + {2ap ri-b)y + q^. 

From which latter expression, the values of y, and conse- 
quently those of s, may be found aa in Case 4. 

Or, because e^ q' — hp — ap", if this value be substituted 
for c, in the original formula ax' + bx + c, it will become 
a(.^~p') + b{x~.p) + g',OT 

f + {x~p) X (oa; + "i" 4- i) = a square ; 
which last expression can be resolved by Case 6. 

It may here, also, be farther observed, that by putting the 

given formula, aa' -j- ia -{- c = ^ , and taking k =^—- — ; we 

shall have, by substituting this value for x in the former of 
those expressions, and then multiplying by 4a, and transpos- 
ing the terms a'f ,+ '^^x — 4ac) = a^ ; or putting, for the sake 
of greater simplicity, i' — 4ae = h' , this last expression may 
then be exhibited under the form ay^ ■\- V =y, where it is 
obvious, that if ay" + {6" — 4afl}, or its equal a^ + V, it can 
be made a square, oa^ -j- fia; -f- c wiE also be a square. 

And as the proposed ferraula can always be reduced 10 one 
of this kind, which consists only of two terms, the ptesibility 
or impossibility of resolving the question, ia this state of it, 
can be more easily perceived.* 

• K may here be observed, that an infinite number of expressions, of 
the kind oy5+(i2 — ac), or oirt-|-i'=2^,-here mcnlioned^ are wholly 
irresolvable ; among which we may reckon 

%s rfc 3, Bir' ± 6, 71)3 ± 5, &c. 
none of which can ever become squares, whatever number, either whole 
or frBctional, be substitwed for ij ; although there are a variety of in- 
staaeeain which the value of y may be found, even io mlegera, so as to 
render the formnla ajia -j- S = aa. 

For a further delajl of which circumstances, as well as for other par- 
ticulars relating to this part of the subject, see the second volume of 
£^Stor'j AXg^a, or the second volume of Bo?raj(ca!i2<'s MgiAra. 
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1, It is required to find a number, such that if it be multi- 
plied by 5 and then added to 19, the result shall be a square. 
Let X =^ the required number: then, as in Case 1, 5a; -|- 

19 = n", or x= — - — ; where it is evident that n may be 

any number whatever greater than V 19. 

Whence, if n be taken = 5, 6, 7, respectively, we shall 
_ 25 — 19 _ 36- 19 _ 49 - 19^ , 

the latter of which is th^ least vaiue of a;, in whole numbers, 
that will answer the conditions of the question ; and conse- 
qaently 5x + 19 ^ 5 X 6 + 19 = 30 + 19 = 49, a square 
number as was required. 

3. It is required to find an integral number, such that it 
shall be both a triangular number and a square. 

It is here to be observed, that all triangular numbers are 

of the form — - — ; and therefore the question is reduced to 

,. :l^ + x . ,2a;" + 2w 
the ma,kmg , or its equal —— , a square. 

Where, since the divisor 4 is a square number, it is the 
same as if it were required to malce 3a" + 2ii! a square. 

Ije(, therefore, 2x^ -^%x= I — V=— ^, agreeably to the 

method laid down in Case 2. 

Then, "by dividing by x, and multiplying the result by 
n°, the equation will become "Zr^w + 2re^ = n^x, or [n? ~ 2n') 



= — = 3d, which is tho least integral triangular number 
that is at the same time a square. 

3. It is required to find the least integral number, such that 
if 4 times its square bo added to 29, the result shall be a 
square. 

Here it is evident, that this is the same as to make ix' 
■f- 29 a square. 

And, as ti[e first term in the expression is a square, let 
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4ar' H- 29 = (2a; +-)"--= 4ii;^ -1 ■^ + ^ i agreeably 

Case 3. 

4m m" 4ni m' 

Tten, — a:+ —= 29, or — a: = 29 — ^ ; and con 

29n' - m" 
quently, a; = ; 

= 1, weshallhave3; = -^:^^-i = 7, and4i*'^-29 = 4x49^- 
39 = 225 = (15)", which is a square number, as was required. 

4. It is required to find such a value of x as will make 
7j^ — 5r -{- 1 a square. 

Here the last term 1 being a square, let there be taken, 
according to Case 4, 

W-5x + l = {-ai-iy=~a*- — x+l. 

Then, by rejecting the 1 on each aide of the equation, 

and dividing by a;, we shall have 7a; — 5 = ~3! , and 

2mn — 5n" 



onsequently, a; = — - 


- — -— ; where, if m and n be each 


iken = 1, the result i 


.vill give a = — — = - = i, or by talc- 


ig )i = 3, and m = 8. 


we shall have a; = ^J^ ^ 3, which 
64 — 63 



makes 7 X 3' — 5 X 3 + 1 = 49 = 7', as required. 

5. It is required to find such a value of x as will make 
8±= -I- Ua; + 6 a square. 

Here, by comparing this expression with the general for- 
mula, 03^ -i- bx -\- c, we shall have o = 8, 6 = 14, and c = 6. 

And, as neither a nor c, in the present instance, are 
squares, but U' — iae =: 196 — 193 = 4 is a square, the given 
expression can be resolved, by Case 5, into the two following 
factors, 8a; -J- 6 and a; + 1. 

Lot, therefore, 83:* + 14a; + 6 = (8a: + 6){x-|- I) = ~{a; 

+ 1)', agreeably to liie rule there laid down. 
Then there will arise, by dividing each side by a; 4- 1, 

8a; + 6 = ^(» + l). 

And consequently, by multiplication and reduction, we shall 
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m" — 6!J= 
have, in this case, x = -3— 3 ; where it appears that, in 

order to obtain a rational answer, —^ must be less than 8 and 

greater than 6. 

Whence, by tailing m= 5, and n — 3, we shall have x = 
26 - 1^4 1 8 U 400 /20\ 

^^-^^=^, wh=chi«.kes- + - + 6= — = (-j , as 

required. 

6. It is required to find such a Take of x as will make 
23^ — 2 a square. 

Here, by comparing this with the genera] formula ax' + 
bx + c, as before, we shajt have a—2,b = 0, and c — — 3. 

And, as neither a nor c are squares, but t^ — 4ae =: — 4ac 
r= — 4 (2 X —2) = 1 6 is a square, the root of which is 4, the 
given expression can be resolved, by Case 5, into the two 
factors 23^-3, and »: + 1, or 2 (a: - 1), and (x + 1), which 
is evident, indeed, in this case, from inspection. 

■Let, therefore, 3^1= — 2 = 2 (iC — 1) x'(x + 1) = -^{a^ +l)^ 

agreeably to the rule ; and there will arise, by division, 

3x — 2 ^ — J {.■« 4- !)■ And consequently, by multiplication, 

and reducing the result, we shall have x = r— ; -„ ; where, 

by taking m= 1, and m — 1, we shall have a; = 3, and 23!° — 
2 = 18 — 2 = 16 = (4)= ; or, taking n±= 3 and m = 3, the 
result will give x= ~ 17. 

But as X enters the problem only in its second power, 
+ n may ba taken instead of — 17 ; since either of them 
give 3ir= — 2 = 576 = (24)^ 

7. It is required to find such a value of x as will make 
5x^ -(- 36aj + 7 a- square. 

Here, by comparing the expression with the general for- 
mula, we shall have a = 5, i = 36, and c = 7. 

' And as neither a nor c are squares, but h' — 4ac = 1296 
— 140 = 1156 ~ {34)= is a square, it can be resolved, as in 
the last example, into the two factors, 53; + 1 , and x-\-7. 

\Vhence, putting 5a^ + 863; + 7 = {5x + 1) X (a + 7) = 

~ (j; + 7)', there will arise, by dividing, by a: -J- 7, 5a! + 1 = 
~(x + 7). 
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And conseauently, by multiplication, and reducing the 
Tm^ — n" 
resulting expression, we sliail have * = ^-^ ;; where, 

taking m = 8, and n = 1, the aubsCilution will give x = 

•^ ^~ - = 37, which makca 6 X (27)^ + 36 X 27 + 7 = 
4624 = (68)^ as required. 

8. It is required to find such a value of ^ as will make 
Gx" + \2x + 10 a square. 

Here, by comparing the given expression with the gen-eral 
formula ax'-\-hx-\- c, we Jiave a ^ 6, 6 = 13, and c ^ 10. 
And as neither a, c, nor t^ — iac, are squares, the question, 
if possible, can only be resolved by the method pointed out in 
Case 6. 

In order, therefore, to try it in this way, let the first simple 
square 4, be subtracted from it, and there will remain, in that 
case, 6a;^ + 133^ + 6. 

Thea since (13)^ — 4(6 X 6) = 169 — 144 = 25 is now a 
square, this part of the formula can be resolved, by Case 5,' 
into the two factors 

3x 4-3, and 2x + 3. 

Whence, by assuming, according to the rule, 6j^ -{- 13a; 

+ L0 = 4 + (3^ + 2)x(2a: + 3) = 52+^{3a; + 2)^==4+, 

-—(3a: + 2)+—^(3x + 2f, we shall have, by cancelling 
the 4 on each side, and dividing by 33: -J- 2, 2« -]- 3 = 
-^ + ^(3:^ + 3). 

And consequently, by multiplying by n°, and transposing 
the terms, wo have 2ii^x — 3m'* = 4mn + 2m" — 3n", or 
4mn + 2m' ~ 3n' 
~ 2«= — 3to= ■ 

Where, putting m = 2, and n= 3, the result will give a^ = 
24 + 6-27 ^5 ^^^^^^^„ 

18-13 6 

h _ 4 X 17 X 13 + 3 X (13)° - 3 X (1 7)' _ 355 _ 

^"^^ 2(17y~3(13)' 71 

Which makes 6 X (5)» -|- 13 X 5 + 10 = 225 = (I5)^ as 
required. 

9, It is required to find such a value of x as will make 
13a? + 15a + 7 a square. 

18 
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Here, by comparing this with ihe general formula, as 
before, we have a== 13, i= 15, and c = 7, And as neither 
a, b, nor b' — 4ac, are squares, the answer to the quesijon, if 
it ba resolvable, can only be obtained by Case 6. In order, 
therefore, to try it in that way, let (1 — xf or 1 — 2a + a' 
be subtracted from the given expression, and there will remain 
ISa;^ + 17ie + 6. 

And as (I7f — 4 (6 X 13), which is = 1, is now a squave, 
this part of tiie formiUa can be resolved by Case 5, into 
the two factors 4a: + 3 and ?a + 2. Whence, assuming 

™{3^ + 2)p=.(l-a)' + ^(l-:.)X(3s-|-2)+^(3a + 
2)^, we shall have, by cancelling (1 — tc)', and dividing by 
33: + 3, 4^; + 3 = —(1 — a:) + -^ (3a + 2); and consequent- 
ly, by multiplying by h", and transposing the terms, there will 
arise ^n'^ + imnx — Sm'x = 2mn + 2»i° ~ Sn', or a: =: 
2wm + 2 m' — 3«' 
4ii^ + 2mn - 3ra'' 

Where, putting m and n each := 1, we shall liave m = 
2+3—3 13 15 13 45 63 

ixr-^ = -^' "hi^'^ '^I'^s -H- + T + '^ = «■ -^ -5- + -5-= 



-ti> 



■e quired. 



10. It is required to find such a value of * as will make 
la? -7- 2 a square. 

Here it is easy to perceive that neither of the former rules 
will apply. 

But as the expression evidently becomes a square when 
a: — 1 , let, therefore, a; =: 1 + y, according to Case 7, and we 
shall have 

7a^ + 2 = 9 + 14y + 7/; 

Or, putting 9 -f- 14y + 7y°= (3 + ~ y)',accordingtotherule, 

and squaring the righthand side, 9 + 14y -|- 7y° = 9 + 



Hence, rejecting the 9s and dividing the remaining terms 
by y, we have li^y + 14n' = 6mn + jK'y ; and consequently, 
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Smn — Hft^ dmn — 14«° 

V =^ —z-i r-, and a: ^ I H =-; r- : where it is 

evident that m and n may be any positive or negative numbera 
whatever. 

If, for instance, m and n be each taken =; 1, we shall have 
4 1 

y = — - and !c^=: — -. Or, since the secondpower of aonly 

enters the formula, we may take, as in a former instanee, 
x = i, which value makes 73^ + 3 = ^ + 3 — f+Y = ^»^ 
a square. 

Or, if Ml = 3 and re = —1, we shall have a: = 17, and 7^ 
+, 3 = 7 X ( 17)° + 2 -= 3035 = (45 )^ a square as before. 

And by proceeding ia tins raanner, we may obtain as many 
other values of j; as we p ease. 

Problem 3. — To find such values of x as will make 

V (ax' + Sj^ -\- cx + d) rational, or ax^ + bx^ -i~ ex -}- d=^ a 
square. This problem is much more limited and difficult to 
be resolved than the former ; as there are but a few cases of 
it that admit of answers in rational numbers, and in these the 
rules for obtaining them are of a very confined nature, being 
mostly such as are subject to certain limitations, or that admit 
only of a few simple answers, which, in the instances hero 
mentioned, may be found as follows : — 

Rule 1. — When the third and fourth terms of the formula 
are wanting, or c and d are each = 0, put the side of tha 
square sought ^ nx, than aa? + ^^ = n^^- 

And consequently, by dividing each side of the equation by 
n'-b 
x", we shall have ax + b-= n^,or x^^ , where n may 

be any integral or fractional number whatever. 

3, When the last term (! is a square, put it = e^, and assume 

the side of the required square =e + -—x, and the proposed 

formula is e' -\- ex -^ bx^ + "*' = e' -j- ca: H j- 3?. 

.Whence, by expunging the terms e^ + ca;, which are com- 
mon, and dividing by a;^, we shall have iae'x + Abe' = c' ; 

and consequently, a; ^ — -—-5 — . 

Or if, the same, case, there be put e -| a:+—- — a? 

3e Se' 

for the side of the reqdred square, we shall have, fay squaring, 
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e" + ca: + bx' + ax' :=:^ e" + c^ + bw' + —-~^, -^ + 

— ^— *'. And, as the first three terms (c^ + ca; + bx^) 

64e* 
are now common, there will arise, hy expunging them, and 
then multiplying them by Sic^, G4aeV= 8ce=(46e^ — c^)»? + 
(44e^ - c'-jV. 

Whence, by dividing each side of this last equation by a?, 
and reducing the result, we shall have 

Ma^ — Scs^ libs' — c^) 
'^- (46e" - e^)' ' 

which last method gives anew value of x, different from that 
before obtained. 

It must be observed, however, that each of these forms fail 
when the second and third terms of tlje given formula are 
wanting, or i and c each = 0.* 

3. When neither of the above rules can bo applied to the 
question, the formula can be resolved, by first finding, by 
trial, as in the former pi-oblem, some value of the unknown 
quantity that makes the given expression a square : in which 
case other values of it may be determined from this, when 
they are possible, as follows : — 

Thus, let p be a value of x so, found, and make 
ap' + ^p" -\- '^p -\- li = ^ 'i 

Then, by putting x = y +p, we shall have ap' + i^^ + i^ 
+ d = alj,+pf + b(y+pf + o(y+p) + d = af + {3ap + 
b) y" 4- (3«p^ + 2ap ■\- c)y -\- ap' + hp" + cp -{■ d, or ax" + bxi 
J^cx + d=ay^ + (Sap + *) / + (3^ + Sap + e) y + <f. 

From which latter form, the value of y, and consequently 
that of x, may bo found 'by either of the methods given in 
Case 2. 

It may also be further remarked, that if the given formula, 

* Iq the first of these methods, the assumed root, e-\- ^x, is deter- 

mioed by first taking it in the form e-{-nx, and then eqaafing the seconii 
term of it, when squared, with the corresponding term of tho original 

formula ; when it will be found that n——. 

In like manner the assumed root f-\-a'^~\~ ' ~ a^ — :i:5, in the secoad 
method, is determined hv first taking it in the form e-^nz + tnX^, and 
then equating the second and third terms of it, when squared, with the 
corresponding terms of the given formula, when it will be found that 
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ill any case of this land, can be resolved into factors, such 
that one of tliem shall be a square, it will be sufficient to 
make the remaLning factor a square, in order to render the 
whole expression so ; since a square, multiplied or divided 
by a square, is atiU a square.* 



1. It is required to find such a value of w as will make 
lla^ + Sir" 3 square. 

Let the given expression llai' + 3x^ ■■= nV : agreeably to 
Case 1. 

Then, by dividing by a?, we shall have llx-^-S^n'; 

and consequently, a; =; ■ ■ - - ; where n may be any number, 

positive or negative, that is greater thao -/S. 

Taking, therefore, n = 3, 3, 4, 5, &c., respectively, we 

shall have, in this case, ai — ■—,'—, — , oi 3, the last of 

which is the least integral answer that the question admits of. 

2. It is required to find such values of x as will make 
»? — 'in' + 2»! + 1 a square. 

Here the last term 1, being a square, let 1 + 2a; — 3a^ + 
3^ — (1 + a)' = 1 +2x + x", agreeably to the first part of 
Case 3. 

Then, since the first two terras, on both sides of the 
equation, destroy each other, wo shall have os' — '2^ ^= a?, or 
b" = 3*', and consequently x=^; which, by substitution, 
makes l+3a; — 2a^ + a^= 1+6—18 +27 = 16 a square, 
as required. 

Again, by putting a; = j + 3, according to Case 3, we shall 

• The method of determining the factors of which an;r formula is 
composed, when it can ba done, is to put the given expression = 0, and 
fhen find the roots r, r', &e,, of Ihe equation so formed ; each of which 
will give a factor x — t,x — r', and these are generally easily dis- 
covered, as we here seek only Iba rational roots, which are always 
divisors of the absolute term, or of that which does not contain x. 

Thus the formula ics — aS — :k + 1 is resolvable into the factors 
(l-a:)X(l+a)X(l-s),or(l-ar>X(l-|-:t)! and by patting l+a: = 
»e, we have a; = ns — 1 ; where, if n be taksn equal to any number 
whatever, k3 — aS — i + l will be a square; though, by any other made 
ofsolnlion, it would be difficult to find even two or three values of i. 

It may here also be observed, there are but few questions in this prob- 
lem that can be determined in whole numbers. Several of them, like- 
wise, admit only of one answer, and others are totally irresolvable, 
'i integers or fractions. Thus, if iiw - '—' ' '— 



-la square, is impossible. 
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have 1 + 2x ~2x'' + :e'=l + 2(ij + 3)~2(!j + 3f + 
[y + 3f=16 + 17y,+ 7f + f. 

And consequently, by makmg 16 -J- 17y + 7y^ + 3/^^ 
(4 + — -y)"^ 16 + 17y + ■— - y^, agreeably to the first part of 

Case 2, by canceffing I6 + 17y, there will arise 7f + f== 
289 „ 289 

^/,ory + 7 = ~. 



Which number, being substituled in the original formula, 
, 429025 /Q5^\, 

makes 1 + Sa; — 2x-' -f ar = — ■ = I — - 1^ a square, as 

263144 V512/ ' ^ ' 
before. 

3. It is required to find sucli values of x as will maJte 
3a? — Sa:* + 6a: + 4 a square. 

Here, 4 beinga square, let 4 + 6a: — 5^ + 3a:' = (2-\-^x)' 
= 4 + 6.1; + ^ic2, as in the first part of Case 3. 

Then, since the first two terms on each side of the equa- 
tion destroy each other, we shall have SaP — 5x^=-^ii'>, or 

, - ,. 5 + -J 29 

3r — 5 = J, and consequently, in this case, x = — — -* =— . 

29 29 4^1 

Whence (3 + i X :f^> = {2 +^ Y = (-)= a squaie, as 

: Case, let 4 + 60; 
29 87 

— 5ic' + 3a!'=(3-l-?ir — Y^^)^=4 + 6w-5a;5--Yga:' + 

T-|; x' ; then, as the first three terms on each side of this 

841 87 

equation destioy each other, we shall have — ^a;'— rrra!^ 

841 87 

= 33?, or----a;- — = 3, or841a:-I393=768; and con- 
256 16 



841 841 ' 

of*, that, being substituted Id the original formula, will make 
it a square. 
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4. It is required to find such values of x as ■will make 
a;' + 3 a square. 

Here, it is evident that the expression is a sqiiare when 
ic = l. Let, therefore, x = l-\-T/, and we shall have 
3+^^ = 4 + % + %'^ + /. 

And, as the first part of this is a square, make, according to 
the first part of Case S, 4 + Sy + 3ya + y> = (a + ^yf = 
4 -[. 3y + -^yK Then, because the first two terms on each 
side of the equation destroy each other, we shall have 

y + 3y^-Ay=. or y + 3-A. 

9 9-48 39 , 39 

Whence3, = ^-3-=-^-=--,and^=l--= 

16-39 23 , . . . , , 

=L ; which iS a second value of a, 

16 16 

Again, let 4 -|- 3y -i- 3y= + y== (2+- y +^/r = 4 + 

Sy + Sy" 4- — - y' + ■ y', according to the second part of 

Case 3. 

Then, as the first three terms on each siJe of the equation 
, , , „ , "f521 , 117 , 

destroy each other, we shall have — — i/' 4 ?/' := «', oc 

■^ ' 4096 -^ 128 ■' ■^ ' 

1521 U7_ 

4096 ^ 128 ~ ■ 

1873 , . , 

- — — , .1.1 J ^ _ 1 T -= , which 

1531 1521 1521 

is a third value of x. 

And by proceeding in the same way with either of these 
new values of x as with the first, other values of it may be 
obtained; but the resalting fraction will become continually 
more complicated ia each operation. 

Phoblbm 3. — To find such values of x as will malte 
V (ax' + ba^ -^ ca^ + dx + e) rational, or ax" + h:^' + ca? + dx 
4- e = a square. 

The resolution of expressions of this kind, in whith the 
indeterminate, or unknown quantity, rises to the fourth power, 
is the utmost limit of the researches that have liithorto been 
made on the formula affected by the sign of the square root ; 
and in this problem, as well as in that last given, there are 
only a few particular cases that admit of answers in rational 
numbers ; the rest being either impossible, or such as alTord 



Whence, also, y = — — , and a; = I + -^ 
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one or two simple solutions ; which may generally be found 
as foUowR :* — - 

Rdlb 1. — When the last term e, of Ae given forrauls, is a 

square, put it =f, and make f^ + dx + ex' + ba!' + ai? = 

d Acf — d^ dUcP-d') 



(i^r-d") 



-gp-^l -J -r"^-rv^ -T- g^. 



^. 



-a^°-f ^^TTj a^- And consequenUy, hy 



64/" 

Then, by expunging the first three terms, which are com- 
mon to each side of the equation, there will remain 5a;' + 

, ^44^ -^ (4e/^ - d^ Y ^, 

^ 8f* 6if 

dividing by x', and reducing the result, we shall have x = 
G4bf - 8df {icf — fJ°) 
■ {icf - d'Y - 640/" ' 

which form fails when the coefficients c and d, or b and d, 
are each = 0. 

2. When the coefficient a, of the first term of ihe formula, is 
a square, put it ^ g", and make g'a^ -^ bx? + ex' + dx + e 

Then, dco-\-e = ^-^ -^ + \,, , ; and conse- 



lails under similar circumstances with the former. 

3. When the first and last terms of the formula are both 
squares, put a=-.gs, and e =p, and make f' + dx-]- ex" + 

i^+g'^' = (/+ ^^^x + g^^Y=f" + d..+ (2fg + ^\ + 

■J^'+ g-x'- Then, co^i + bx^ =. {2fg + ~) s= + y a^- 

And consequently, x = ■ ■-. — ■■ - — . 

Or, because g enters the given formula only in its second 

* As an instance of what is above said, .it may be observed, tliat the 
onlVTalueof s: that renders the formula 2i4 — 3i! + 3 a square, is I; 
and the formula ai — aS-t-1 can never be a square, ejtcEpt when 
a: = + l, or~l. 
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power, it may be taken either negatively or positively ; and 

consequently, we shall also have x^i — -- - ^ 

/(*/ + dg} 
So that this mode of solution furnishes two different answers. 
Also, if there be taken for another supposition fi + dx 

+ "- + b-+gV = if-i-~,+g,')'^p + ^, + Pfg 
+ j-^) ^= + Sa^ + g'x\ honce, by cancelling, dj:-i-c^= hfx 



sitg-V) 



4g. 

+ PA + J^)"'l "4 con.cqoonlly, » = p-,:^-^-^-^. 

And because _/" enters the given formula only in the second 

power, it may be taken either negatively or positively ; and 

consequently, we shall also have k =: ■ ,; ■■■■ " ■- , - / — -,. 

So that this sohttioij likewise furnishes two values for x, 
which are each different from the former. 

But these forms all fail under similar circumstances with 
those of the second Case. 

4. When neither the first nor the last terms are squares, 
the formula cannot be resolved in any other way than by first 
endeavouring to discover, by trials, some simple value of the 
unknown quantity that will answer the conditions of the ques- 
tion, and then finding other values of it according to the 
methods pointed out in the last two problems. 

Thus, let ^ be a value of x so found, and make ap^ + hp' -\- 
cp'i + dp +e~ q\ 

Then, by putting x:=i/ + p, we shall have ap' + bp" + cps 
+ dp + s= a(y + pf + b (y + pf + c{y + pf + d(y + p) 
+ e = ay* + lap + b)f + {eap^ + 3bp + c)f-\-{Aaf + 3/>p' 
+ 2cp 4- % + ap* + bp" + cf + dp + e, or aa? + hx' + en? 
+ Ar -t e = a/ + (op + S)/ + (6^ + Zip + c) f + (4fl/ 
-^ ^bp' -\- 2cp + d) y -^ ij^. From which last formula, the 
value of y, andconsequenlly that of a^, may be found by Case 1. 



1. It is required to find such a value of x as will malte 
1 — 2* + "Aa^ — 4»!' 4- 5a;' a square. 

Here, the first term 1 , being a squafe, let 1 — 2x + ^x"— 
4a? + 5rc^=(l— iE + 3^)9 = 1—23: + 33-1 — 3x' + ic', agree 
ably to the method in Case 1. 

Then we shall have ix' - 4i^ = .t* - ^x'. 

And consequently, 5a! — 4 = k — 3 ; whence « = -J^ == ^. 
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And consequently, 1 — S* + 3:ca — 4!b' + 6a' = 1 — 1 + f 
5 9 

— ■^ + -^ = 7^1 which is a square number, as was required- 

2. It is required to find such a value of x as will make 
41' — Sjr" — a;2 + 3i — 2 a square. 

Here, the first term being a square, let 4i^ — 2x° — x^ +■ 

16 16 256 

according to the method in Case 2. 

Then we shall have Zx — 2 — — x +■ — .orSa; — — ie=3 
16 356' 16 



+— . Whence 76S* - 80^ = 513 + 35 ; 


and 


513 + 35 537 
q.ently,._^gg._..-^_-gg 




Or, if we put 1 = -, the formula in that casi 


swill 



V y' y^ y 

And, therefore, mnltiplying this by y', which is a square, 
it will bo 4 — 3y — y« + 3/ -- 3/, Where the first term 
being now a square, if the expression, so transformed, be 

688 1 

resolved by Case 1, we shall have y = -^, and x— -=: 



3. It is required to find such values of x as will make 
1 + Sa; + 7ie' — 2x' + 4^:' a square. 

Here, both the first and last terms being squares, let 1 + 
Q 35 

3x + 7^ — 2!>P + 43^ ~ (l +^a:+3*i)*=l +83; + — 3;' + 

63? -}- 4a^, according to the method in Case 3. 
35 
Then, we shall have 6i>^ + — a:^ == 7»:a - Sar" ; or 6a + 2x 

35 , , . 3 

1= 7 — — ; and, by reduction, 0; = —-. 

And if we put the same formula, 1 + 3a! + Tar's — Si' + 4a;» 
— (1 + fic ~ 3a;'!)' = 1 + 3a! — Ja^ -- Gx' + 4a^, we shall 
have, by cancelling, 7^^ — 2cc'=— J-a* — 6ar' ; whence 6* — 
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And, in a similar manner, other yaluos of x may he foimd, 
by employing ihe method of substitution pointed out in the 
latter part of Case 3. 

4. It is required to find such values of a: as will make 
2^" — 1 a square. 

Here, 1 being an obvious value of x, let, according to Case 
4, ^=l+y. 

Then 3iB* - 1 = 2 (1 + y)* - 1 = 3 (1 + 4y + 6ys + if 
+ ;,') — 1 = 1 +8y+ ISys-f 83/^ + 2/. And since the 
first term of this last expression is now a square, we shall 
have, by Case I, 1 + 8y + 12ys + Sy + 3/ = (1 +4y — 
2j»)s = 1 + 83/ + 13/ — \&f + 4/. 

Whence, as the three first terms of the two members of 
this equation destroy each other, there will remain 4y' — 
16y^ = 2y* + 8y' ; or y ^ 13 ; and consequently a^ = 1 + y 
= 13; which value being substituted for a;, makes 23;* ~ 1 
= 57121 = (239)3, aa required. And if 13 be now taken as 
the known value of a;, and the operation be repeated as before, 
we shall obtain, for another value of x, the compUcated 
, . 10607469769 

fraction — ■. 

3447193159 

Problem 4. — To find such values of x as will make 
V(ai^ + hx'' -\- r,x-\- d) rational, or a^ + hx'i ■{- ex -^ d = 
a. cube. This formula, like the two latter of those relating to 
squares, cannot be resolved by any direct method, except in 
the cases where the first or last terms of the expression are 
cubes ; it being necessary, in all the rest, that some simple 
number answering the conditions of tlie qaestion, should be 
first found by trial before we can hope to obtain others , but 
when this can be done, the problem, in each of the cases here 
mentioned, maybe resolved as follows:— 

Rule 1. — When the last term d of the given formula 
is a cube, put it ^ e', and jnake e' -\' ex + &jfl •\- ax^ = 

* ^3e' '^ ^ ^^ ^37e" 

Then, by expunging the two first terras on each side of 
the equation, which are common, there will remain ax' + 

hxi -■= — e^ ■\' 5~3 ^ i whence, by division and reduction, we 

shall have 27a^"^ + 27be° = c'x + Scse', and consequently 

9eHMe — c^) 
^ = —^ — „_ - — i which form fails when the coefficients 6 

c' — 37a«" 
and e, or a and e, are each equal 0- 
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3. When die coefficients a of tlie first tern 



Then, by expunging the two first t 



s before, there ■will r 



*2 



o"r7s ; whence, by multiplying by 27f ° we shall liare 

27f'cx + 27df^-—9bH''!x + b\ and consequently, x~ 

H" - 21dp 
■ ^fs ,„ f3 — -nr i which form likewise fails when h and c, or 

h and d, are each =■ 0. 

3. When the first and last terms are both cubes, put a = 
f and d = e', and make e' + c^-{- bx" +f'a? = (e -j-fay = 

Then ca: + baf = Zfe'x -\- ^fea? ; 
Whence we shall have hx — 3/Vx = Zfe' — c, and conse- 
quently, (e t= ji^^ — — ^ ; which formula may also be resolved 

by either of the two first cases. 

4. When neither the first nor the last terms are cubes, let 
jj be a value of x, found by inspection or by trials, and make 
cp^ ^bp" -{- cp-\'d = tf. 

Then, by patting j; = y -)- «, we shall have ap^ + Sp' + cp 
■\-d=a{y-^pY + b [y+pf ^c(y^p) + d = mf + [Zap 
+ i) / + (3a/ + 2hp + c)y + ap^ -\-hf + cp -k- d, QJ ax' + 
hx' + cx-^d^^ af H- {3op + i) / + (3ap= + 2lp-\- c)y + if. 

From which latter form, the value of y, and consequently 
diat of a;, may be found as in Case 1. 



1. It is reqnired to find such a value of a; as will make 
a? + * + 1 a cube. 

Here, the last term being a cube, let the root of the cube 
sought = I + -Jjk according to Case 1. 

Then, by cubing, we shall have 1 +!c + a^ = 1 + »^ + ivj^ 

And since the two first terms on each side of this equation 
destroy each other, there will remain ce' = -^n^ + j'-j a?. 

Whence, dividing by a", we shall have ^ a; + i = 1, or 
(T +9 = 37; andconsequently, ai^ST — 9 = 18; which num- 
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ber, by substitution, makes l-fj:+.3^ = l + 18 + 324 = 343 
= T' a cube number, as was required. 

And if we now Cake this value of x, and proceed according 
to the method employed in Case 4, we shall obtain a; = — 
137836 

.„„ „ : which last number will also lesd, in liks manner, to 

50653 ' 
other now values. 

2. It is required Co find such a value of a; as will make 
fl!' + 3r' + 133 a cube. 

Here, the first term being a cube, let its root = 1+3;, ac- 
cording to Case 3. 

Then, by cubing, we shall have 133 + 3^ + a?= ( l + x)' 
= 1 + 3* + 3^:' + ir'. 

And since the two last terms of this equation destroy each 
other, there will remain 1 + 3a; = 133, or 3k = 133 - 1 = 

132; whence i»;=^ = 44, and 3;' + 31="+ 133 = 91125 

=: (45)', a cube number, as was required. 

And if 45 be now taken as a known value of a;, other values 
of it may be found, as in the last example, 

3. It b required to find such a value of ie as will malte 
8 4- 38a; + 89^ - 125a;' a cube. 

Here, let the root sought = 2 — Sa;, i-ccording to Case 3. 

Then, by cubing, we shall have 8 + 38a; + 89a;= — I^Sai? 
= (2 - 5a;)' = 8 - 60a; +-150a^ — 1251=. 

ind since the first and last terms of this equation destroy 
es h other, there will remain 28fl; + S9a? = — 60a; + 150i;=. 

Whence, by dividing by x, and transposing the terms, we 
sLall have 150a; — 89j; = 28 + 60, or 61a; = 88 ; and conse- 

88 
quently ^^ = ^■ 

And as this formula can also be resolved either by the first 
or second Case, other values of a; may be obtained, that will 
equally answer the condifions of the question. 

4. It is leqnired to find siich a value of a: as will make 
2^" - 3j; + 7 a cube. 

Here, — 1 being a value of x that is readily found, by in- 
spection, let a: = y — 1, agreeably to Case 4. 

Then, by substitution, we shall have Sar* — 3x -|-7 = 
2{y - 1)' - 3 (5^ - I) + 7 = 2^^ - 6y' -I- 3j^ 4- 8. 

And as the last tenri of this expression is a cube, let 

8 + 32, - 63,= + 2/ = (2 + 5 y)' = 8 + 3y + g y^ + -^f, 
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according to Case I. Then, by expunging the equal terms on 

1 
each side, there will remain 2y' — 6y^ ^= g y^ + — yl 

Whence, dividing by y', and reducing the terms, we shall 
have 138y-384 = y + 24, or 127y = 408 ; and onse- 

408 408 281 

quently, y = _, and « = — - 1 = ~. 

Which number, by substitution, makes 2a? — ^x + 7 = 
2X(281)' 281 45118016 /356v, 

And, by tailing this last as a new value of a, others may bo 
iletermined by the same method. 

Problem 5. — Of the resolutions ofdavble atud triple equalities 

When a single formula, containing. one or more unknown 
ijuantitios, is to be transformed into a perfect power, such as 
a square or a cube, this is called, in the Diophantine Analysis, 
a, simple equality ; and when two formula, containing ihe same 
unknown quantity or quantities, are to be each transformed to 
some perfect power, it is then called a double equality, and 
so on ; the methods of resolving which, in such cases as admit 
of any direct rule, are as follows ; — . 

Rule 1. — In the case where the unknown quantity does 
not exceed the first degree, as in the double equality, 

ax + b=n,^ni cx + d=a, 
let the first of these formidie ax -}- b =^ z", and the second 

Then, by equating the two values of x, as found from these 
equations, we shall have cxr' -\- ad — be = avy'. or acz' 
+ a {ad — be) ^= aW. 

And since the quantity on the righthand side of this equa- 
tion is now a square, it only remains to find such a value 
of 3 as will make, when the question is resolvable, acz' + 
a (ad — 6f) = D ; which being done, according to the method 

pointed out in Problem I, we shall have x ^ 

2. When the unknown quantity does not exceed the second 
degree, and is found in each of the terms of the two formula; ; 
as in the double equality 

ax' + bx=^a, and c^ + dx = D. 
Lei « = ^; then, by substitution, and multiplying each of 
flie resulting expressions by y", we shall have 
a-\-l^z=zD, and e + dy + D, 
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from which last formula;, the value of y, when the qunstion is 
possible, and corrsequently that of x, may be determined as in 
Caso 1. 

But if it were required to make the two general expressions 
ae' + bx + c = n,and<ir'+ea:+/=D, 
the solution could only be obtained in a few particular cases, 
as the resulting equality would rise to the fourth power. 
In the case of a triple equality, where it is required to make 
OK + 6y:= n, M + (/y= D, and ex+fy= a, 
let the first of them ax + by = «', the second ex + dy ^= v", 
and the thbd ex '\-fy ■■= vi". 

Then, by first eliminating a; iu each of tliese equations, and 
afterwards y in the two resulting equations, we shall have 
(o/— hey - (cf— de) u^ = {ad — bc)vfi 
or, putting v =:«2, and reducing the terms, the result will give 
af—be , cf—de if^ 

the simple equality — — ^ ir — ^ r- z= — , : where the 

* ^ 'ad — bc ad — be u^ 

righthand member being a square, it only remains to find a. 
value of s that will make the lefihand member a square ; 
which, when possible, may be done by Problem 1. 

Hence, having s, we have, as above, v = uz; and the first 
.„ . d-b^ ^ ^ ■ az'-c 
two equations will give x = -, - , - vr and y = —5 r- w , 

where m may be any whole or fractional number whatever. 

But if the three formulK, here proposed, contained only one 
variable quantity, the simple equality, to which it would bo 
necessary to reduce them, would rise, as in the last case, to 
h f h power, and be equally limited with respect to its 

I ther cases of this kind, all that can be done is to 

find s' ely by the f mer rules, several answers, when 

k own and f n her this nor any of the abovemen- 

tl dmds fa In nae found to succeed, the problem 

A s d -a on an only be determined by adopting same 

f sub u on 1 will fulfil one or more of the re- 

q d id ons and 1 n resolving the remaining formulfe, 

h h 1 a e po ble by the methods already delivered for 

dial purpose , but as no general precepts can be given, for 

obtaining the solution in this way, the proper raode of pro- 

ceedmg, in such cases, must cluefiy depend upon the skill 

and sagacity of the learner. 

EXAMPLES. 

1. It is required to find a number x, such that x + 128 and 
« -i- 193 shall be both squares. 
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Here, aceordingw C^e 1, let a: + 128 = w', aud a: + 192 

equating the result, we shall 
«i" + 64 = 3=. 

And as the quantity on the riglithand side of the equation 
is now a square, il only remains to make lo^ + 64 a sqiiare. 

For which purpose, put its root = m + n ; then lo" + 64 
= u? + 2nK> + n', or 2n!o -}• "' ^=: 64 ; and consequently, w = 
04- " 



2n 



i where, taking n, which ia arbitrary, = 2, we shall 



hare «i= — - — = -— = 15; andconsejiuently k — 


»=-12e 


= 15^— 128 ='225 — 128 = 97, the answer. 




2. It is required to find a number a;, such that a' 
%' — .T shall be both squares. 


' -|- a; and 



e 3, of the last Problem, let x = 



= a, and -a (I ~y)~a. 



Or, since a square number, when divided by a square 
mimber, is still a square, it is the same as to make 
1 +y= a, and 1 — y= □; 

For this purpose, therefore, let 1 + y — ■^^ or y = s^ — 1 ; 
theu 1 — y = 2 ~ z^ ; which is also, to be made a square. 

But as neither the first nor the last terms of this formula 
are squares, we must, in order to succeed, find some simple 
number that will answer the condition required ; which, it ia 
evident from inspection, wilt be the case when z = 1. 

Let, therefore, s ;= 1 — uj, agreeably to Problem 1, Case 7, 
and wo shall have 1— y = 2 — 3* = 2 — (1— w)''=;l + 
2u! — wr* ; , or y = u;^ — 2m ; 

Or, putting 1 — nw for the root of the former of these ex- 
pressions, there will arise, by squaring, 1 -|- 2m — ju^ = 1 — 
2n«i + k'w'. 

Whence, expunging the 1 on each side,. and dividing by w, 
we shall have 2 — to = — 2ra + n'w ; and consequently 

_2^_2 _ 1 .1 . _(»'+lf 

""^ n"^!' 'y~w'-2«, An - An^' 

where, in order to render the value of ai'positive, n may be 
talten equal to any proper fraction whatever. 
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Or if, for the sake of greater generality, — be substituted 
for n, we shall have 

^^ K + . T 

4mn (n° — m^)' 
where m and n may no\vbe taken equal to any integral num- 
bers whatever, provided u bo made greater than m. 

If, for instance, n = 2 and m = 1, we shall have x — — ; 

and if n = 3 and m = 2,x = ~~- ; and so on, for any other 

number. 

3. It is required to find three whole numbers in ajithmoti- 
cal progression, such, that the sum of every two of them 
should be a square. 

Let X, x-\- y, and x + 2)/, be the three numbers sought ; 
and put 2;c + y = u', 2x--[-2y= u°, and 2^; + 3y = vi', agree- 
ably to Case 3. 

Then, by eliminating x and y from each of these equations, 
we shall have v" — vr' = vf — v\ or 3u^ — u' = v!°. 

And if we now put v = tes, there will arise 'Zu^s' — u' = 

<u= ; or, by dividing by li', 3z^ — 1 = -j ; where the, righthand 

member being a square, it only remains to make 2b* — 1 a 
square, which it evidently is when 2 =^ 1. 

But as this value would be found not to answer the con- 
ditions of the question, let z= 1 —p; then 32" — 1 = 2 
(l„p)5_l^l_4;, + 2/- 

And consequently, if this last expression be put ^ (1 — 
npf, we shall have, by squaring, 1 — 4p + 2p^ = 1 — 3np + 
t^^y', or — 4.-\-2p= — 2!i + n'p ; whence 

3!i — 4 n^ — 2re + 3 



P'^Z 



— 2 !t= - 2 



Or if, for the salte of greater generality, ~ be substituted for 



m" — 2n' " 
And since, by the two first equations, y = u — w" r.: u'i 
-.■ = K_1)„', .nd i = i(.--s) = i(2_.')«',iti 
evident that z must be some number greater than !, and les 
than </2 

17* 
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If, therefore, m = 9 and n = 5, we stall have 
81 — 90 + 50 41 241 i*" , 720 „ 

81-50 31' 31' ^2 ^ 31= 

Or, taking u = 2 X 31, k = 483, and y = 2880, wo have 
a; = 482, x + i/ = 3362, and a; + 2y = 6242, which are the 
numbers required. 

4. It is required to divide a given square number into two 
such parts that each of them shall be a square.' 

Let a^ = given square number, and «!' and a? — x^ its two 
parts. Then, since oi^ is a square, it only remains to make 
a" — a^ a, square. 

For which purpose let its root ^^ nx — a, and we shall 
have <^ — a^=fnV — 2anw + i^, or — ic' = nV — 2aM ; 

whence, by reduction, a: — -fqj-. , ^^^ ™o* °^ '■^^ ^'^^^ P'"''' 

2a?i° an^ — ii , , , , 

and nx — a= — a = the root of the sHcond. 

n= -h 1 «^ + 1 

Therefore ( -^-r-V ^'"^ (—2 tY ^'^^ tli" P'^rts required ; 

where a and n may be any numbers taken at pleasure, pro- 
vided n be greater than 1. 

5. It is required to divide a given number, consisting of 
two known square numbers, into two other square numbers. 

Let o^ + 6' be the given numbers, and x', y', the two 
required numbers, whose sum, aj" + ^, is to be equal to 

Then it is evident, that if x be either greater or less than 
a, y will be accordingly less or greater than b. Let, therefore, 
3! = « + mz, and y ^h — ns, and we shall have a= + Sams 
+ n^^ + J^ - 2bm + n'z' = a" + 6'. 

Or, by transposition and rejecting the terms which are 
each side of the equation, mV + nV = 2bnz — 



* To this we may add the following useful property; — 

If sand J* be any two unequal numbers, of which r is the greater, it 

can then be readily shown, vfaa the nature of the problem, nial 
2rs, sn — rS, and sa-j-ra. 

will be the perpendicalar, base, and hypothenase of a right-angled 

Prom which expressions, two square numbers may be found, whose 
sum or difference shall be square numbers; for (^s'p-\-{Si — Ts)i = 
fss-t-rs)s,and(s2+rt>!— C3/s> = (ss— »^)s,or(sa-|-r5)a — (js — rsja — 
(3!-s)2j where s and r may be any numbers whatever, provided t be 
greater than s. 
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%amz, 01 nfs + n's = 3S" — 3anJ ; whence 

26re — lam _ %bmii -\-a{n' — m') _ Sam7i+6(w =— n') 

where ni and n may be any numbers, lalten at pleasure, pro- 
vided their asaumed values be such as will render the vahies 
of n:, y, and z, in the above expressions, all positive. 

6. It is required to find two square numbers, such that their 
difference shall be equal to a given number. 

Let d ^ the given difference ; wHch resolve into two 
factors a, h, making a the greater and b the less. 

Then, putting a; =: the side of the less square, and x + 
b = side of the greater, we shall have (oe + i)= — ica ^ a» -|- 
26jT + S3 — a"" = d =(oi), or 36ic + 6' = d = [ah). 

Whence, dividing each side i)f this equation, by 6, we shall 

have X ~ —~— = the side of the less square sought, and 



If, for instance, d — 60, take a X 6 = 30 X 2, and we shall 



havea;=:^_- = 14, and ic + 2="-^ = 16,or 16^- 14a 

= 356 — 196 = 60, the given difference. 

7, As an instance of the great use of resolving formula of 
this kind into factors, let it be proposed, in addition to what 
has been before said, to find two numbers, sc and y, such that 
the difference of their squares, x" — y\ shall be an integral 
square. 

Here the factors of cc^ — y\ being x-^-y and x — y, we 
shall have (so 4" y) X (a; — y) = i= — y^- And since this pro- 
duct is to be a square, it will evidently become so, by mailing 
each of its factors a square, or the same multiple of a square. 

Let there be taken, therefore, for this purpose, 
ic + y =^ mr", X — y ^ ms^. 

Then, by the question, we sh^l have (a; + y) X (ic — y) 
or its equal x^ ~ y'^^^m^s^; which is evidently a square, 
whatever may be ^e value of m, r. s.- 

But by addition and subtraction, the above equations give, 
when properly reduced, 

2 '-^ 2 

where, as above said, m, r, and s, may be assumed at pleasure. 
Thus, if we take m = 3, we shall have i: = r' +s^, and 
y = t^=:^, which expressions will obviously give integral 
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values of x and y, if r and s be taken =; any integral 

mimbers. 

8. It is rsquired to find two numbers, such that, if either of 
them be added to the square of the other, the sums shall bo 
squares. 

Let !c and y be the numbers sought ; and consequently 
3^ + j( and y^ -j- a^ the expressions that are to be transformed 
into squares. Then, if r — a: bo assumed for the side of the 
first square, we shall have a^ + y = r" — 2ra + a:", or y = j^ — 

Zrx; and consequently, x ^^—~ — -. 

And if s + y be taken for the side of the second square, we 
shall have y^ + ~^ ^ s' -i- 2sy 4- y^ ; or, by reducing the 
equation, r^ ^ y^ Arsy + 2rs^, and consequently, by re- 
r=-2rs^ , 3A + s^ , , 

duction, y = — , and x = ; where r and s may 

^ ■Sri--[-l' 4rsH-I ^ 

be any numbers, taken at pleasure, provided r be greater 
than 2s*. 

9. It is required to find two numbers, such that their sum 
and difference shall be both squares. 

Let X and a?" — a; be the two numbers sought ; then, since 
their sum is evidently a square, it only remains to make their 
difference, a;^ — 3j;, a square. 

For this purpose, therefore, put the root = a — r, and we 
shall have a^ — 3k = a^ — 'Zrx + r^ ; 

Or, by transposition, and cancelling x" on each side of the 
equation, Zrm — 2a; = r* : whence 

^ , , , / r* \, ^ 

■c =3 and It ^2x ~i{ — — ■ y — -; 

%T—% *\t—\) r— 1' 

, taken at pleasure, provided it 

10. It is required to find three numbers, such that not only 
the sum of all three of them, but also the sum of every two, 
shall be a square number. 

Let 4*, a:^ — 4a;, and 23;+l,be the three numbers sought; 
then, 4!»; + {a= - 4a:) = or", (ar" — 4a;) + (3i»; + 1 ) = a:^ "2a; + 1, 
and 4a; + {i= — 4a;) + {2a; + l) = a:'+2a; + l, being all 
squares, it only remains lo make As: + (2a; + 1), or its equal, 
6a! + 1, a square. For which purpose, let 6a; -[- 1 = k°, and 

we shall have, by transposition and division, a; = — - — ; 
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Iheir eqiiaJs ^ , and — 

numbers retiutred. 

Where n may be any number, taken at plea 
it be greater than 5. 



I. It is required to find a number x, such that « + 1 and 
a; ~ 1 shall be botb squares. Aiis. a; = f. 

3. It ia required lo find a number x, such that a; + 4 and 
a; + 7 shall be both squares. Ans. f}. 

3. It is required to find a number x, auch that 10 -[-■a and 
10 — a! shaU be both squares. Ans. k = 6. 

4. It is required to find a number a;, such that i^ -J- 1 and 
IK + 1 shall be both squares. Ans. ^^. 

5. It is required to find throe integral square numbers, sucli 
that the sum of every two of them sliall be squares. 

Ans. (528)=, (5796)=, and (6335)*. 

6. It is required to find two numbers, jo and y, such that 
a^ + ^ and y" + x shall be both squares. 

Ans. a; = ^, and y = Vfe. 

7. It is required to find three integral square numbers that 
shall be in harmonical proportion. Ans. 35, 49, and 1225, 

8. It is required to find three integral cube numbei^, ar", 
y', and ^, whose sum may bo equal to a cube. 

Ans. 3! ^ S, y = 4, s = 5. 

9. It is required to divide a given square number (100) into 
two such parts, that each of thern may be a square number. 

Ana. 64, and 36. 

10. It is required to find Iwo numbers, such that their dif- 
ference may be equal lo the difference of their squares, and 
that the sum of their squares shall be a square number. 

Ans. f and -^ 

II. To find two numbers, such that if each of them be 
added lo their product, the same shall be both squares. 

Ans. -f and f. 
13. To find three square numbers in arithmetical pro- 
gression. Ans. 1, 35, and 49. 

13. To find three numbers in arithmetical progression, "such 
that the sum of every two of them shall be a square number. 

Ans. 120i, S-lOi, and 1560,'-. 

14. To find three numbers, such that if to the square of 
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each, the sum of tlie other two be added, the tliree sums shall 
be all squares. Ans. 1, -f, and ^^\ 

15. To find twb numbers in proportion as 8 ia to 15, and 
such that the sura of their squares shall be a square number. 

Ans. 576 and 1080. 

16. To find two numbers, such that if the square of each bo 
added to their product, tho sums shall be both squares. 

Ans. 9 and 16. 

17. To find two whole numbers such, that the sum oi- 
difference of iheir squares, when diminished by unity, shall 
be a square. Ans. 8 and 9. 

13. It is required to resolre 4235, which is the square of 
65, into two other integral squares. Ans, 3704 and 1521. 

19. To find three numbers in geometrical proportion, such 
that each of them, when increased by a given number {19), 
shall be square numbers. Ans. 61, i; and , j^f- 

30. To find two numbers, such that if llieir product be 
added to the sum of their sqi;ares, the result shaU be a square 
number. ' Ans. 5 and 3, 8 and 7, 16 and 5, &c. 

3i. To find three whole numbers such, ihat if to the square 
of each the product of the other two be added, the three sums 
shaJl be all squares. Ans. 9, 73, and 338. 

23. To find three square nurabers, such that their sum, 
when added to each of their three sides, shall be all square 
numbers. Ans. g-^^^, ^*^^|-, and -ijf^= roots required. 

23. To find three numbers in geometrical progression, such, 
that if the mean be added to each of the extremes, the sums, 
in both cases, shall be squares. Ans. 5, 30, and 80. 

24. To find two numbers such, that not only each of them, 
but also their sum and their difi'ei'ence, when increased by 
unity, shall be all square numbers. Ans. 3034 and 5634. 

35. To find three numbers such, that whether their sum be 
added to, or subtracted from, the square of each of them, the 
numbers thence arising shall be all squares. 

Ans, ^JtA. \Y, and V/. 

26. To find three square irarobera such, that the sum of 
tkeir squares shall also be a square number. 

Ans. 9, 16, and ■^. 

27. To find three square numbers such, that the difference 
of every two of them shall be a square number. 

Ans. 485809, 34335, and 33409. 

38. To divide any given cube number (8), into three other 
cube numbers. Ans- l,f^, andV,^- 

39. To find three square numbers such, that the difference 
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between every two of thorn and the third shall be a square 
number. Ans. 149", 241^, and 2693. 

30. To find three cube numbers such, that if from each of 
them a given number (1) be subtracted, the sum of the 
remainders shall be a square number. 

Ans. %l^f, VsVk^i ^^^ S 

OF THE SUMMATION AND INTERPOLATION OF 
INFINITE SERIES. 

T 1 f I fm Series is a subject which has 

eng d h n f 1 greatest mathematicians, both of 

anc nd n d Ti m and when taken in its whole 

ext n p h p on of the most abstruse and diiEcult 

bra h b m h atics. 

To hnd the sum of a >eries, the number of the lenns of 
which is inexhaustible, or infinite, has been regarded by some 
as a paiadox, or a thing impossible to be done ; but this diffi- 
culty will be easily removed, by considering that every finite 
magnitude whatever is divisible in iafinitum, or consists of an 
indefinite number of parts, the aggregate, or sum of which, is 
equal to the quantity first proposed. 

A number actually infinite, is, indeed, a plain contradiction 
to all our ideas ; for any number that we can possibly con- 
ceive, or of which we have any notion, must filways be deter- 
minate and finite ; so that a greater may stiD be assigned, and 
a greater after this ; and so on, without a possibility of ever 
coming to an end of the increase or addition. 

This ineshaustibihty, therefore, in the nature of numbers, is 
all that we can distinctly, comprehend by their infinity: for 
though we can easily conceive that a finite quantity may 
become greater and greater without end, yet we are not, by 
that means, enabled to form any notion of the xiltiTnatum, or 
last magnitude, which is incapable of farther augmentation. 

Hence we cannot apply to an "infinite series the common 
notion of a sum, or of a collection of several particular num- 
bers, which are joined and added together, one after another; 
as this supposes that each of the numbers composing that 
sum, is known and determined. But as every series generally 
observes some regular law, and continually approaches towards 
a term, or limit, we can easily conceive it to be a whole of 
its own kind, and that it must have a certain real value, 
whether that value be determinable or not. 

Thus, in many series, a number is issignable, beyond which 
no niinibet of its terms can ever reach, or, indeed, be ever 
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perfectly equal lo it ; but yet may approach towards it in such 
a manner as to differ from it by less than any quantity that 
can be named. So that we may justly call this tlie value or 
sum of the series ; not as being a number found by iho com- 
mon method of addition, but such a Limitation of the value of 
the seri tak all ts infinite capacity, that, if it wero 

possible dd 11 h rms together, one after another, the 
sum wo lib q 1 hat number. 

In oth h contrary, the aggregate, or value of 

the seve 1 k colloctivoly, has no limitation; which 

stale of y b p ssed by saying, that the sum of the 

series i fl ly "t ; or, that it has no determinate or 
assignabi 1 b m y be carried on to such a length, that 
its snra h II d y given number whatever. 

Thus ai II 1 of tho first of these cases, it may 

be observ d h f b the ratio, g the greatest term, and 
I the least, of any decreasing geometric series, the sum, 
according to the common rule, will be {rg — i) -^ (r — 1) : and 
if we suppose the less extreme I to be diminished till it be- 
comes :=-0, the sum of the whole series will be fg-^ (r — 1) r 
for it is denlonstrable that the sum of no assignable number 
of terms of the series can ever be eqnal to that quotient ; and 
yet no number less than it will -ever be equal to the value of 
the series. 

Whatever consequences, therefore, follow from the' sup- 
position of rg--^ {/ — 1) being the true and adequate value of 
the series taken in all its infinite capacity, as if all the parts 
were actually determined, and added together, no assignable 
error can possibly arise from them, in any operation or de- 
monstration, where the sum is nsed in that sense ; because, 
if It should be said that the series exceeds that value, it can 
be proved, that this excess must be less than any assignable 
difierence ; which is, in effect, no difference at all ; whence 
the supposed error cannot exist, and consequently »"*'-;- (*■ — 1 ) 
may be looked upon as expressing the true value of the series, 
continued lo infinity. 

We are, also, farther satisfied of the reasonableness of 
this doctrine, by finding, in fact, that a finite qnantity is fre- 
quently convertible into an infinite series, as appears in 
die case of eirculalang decimals. Thus, two thirds ex- 
pressed decimally is ^ = .66666, &c., = A + t^ + tiVj 
-j_ yjg^s +, &c., continued od infimtum. But this is a geo- 
metric series, iVie first term of which is ^g, and the ratio -^^ ; 
and therefore the sum of all its terms, continued to infinity, 
will evidently be equal to f, or the number from which 



osted by Google 



SUMMATION OF INFIPnTE SERIES. 20S 

it was originally derived. And the same may be shown of 
many other series, and of all circulating decimals in general. 

With respect to the processes by which the summation of 
various liinds of iiifiniie series are nsnally obtained, one of 
the principal is by the method of differences pointed out and 
illustrated in Prolj. 4, next following. 

Another method is that first employed by James and John 
Bernoulli, which consists in resolving the given series into 
several others of which the summation is known ; or by sub- 
tracting from an assumed series, when put ^ s, the same 
fieties, deprived of some of its first terms ; , in which case a 
new series will arise, the sum of which will be known. 

A third method, which is that of Demoinre, consists in 
putting the sura of the series = s, and multiplying each side 
of the equation by some binomial or trinomial expression, 
which, involves the powers of Che unknoivn quantity x, and 
certain known coefficients ; then taking a;, after the process 
is performed, of such a value that the assumed binomial, &,c., 
shall become == 0, and transposing some of the first terms, a 
series will arise, the sum of which will be known as-before. 

Bach of which methods, modified so as to render it more 
oommodious in practice, together with several other artifices 
for the same purpose, vrill be found sufficiently elucidated 
in the miscellaneons questions succeeding the following 

Peoblem 1. — Any series being given to find its several 
orders of diflereiices. 

Rule I. — Take the first term from the. second, the second 
from the third, the third from the fourth, &c., and the re- 
mainders will form a new series, called the first order of 

2. TaJte the fii'st term of this last series from the second, 
the second from the third, the third from tlio fourth, &c., and 
the remainders will form another new series, called the secoTid 
order of differences. 

3. Proceed, in the same manner, for the third, fourth, fifth, 
&c., order of differences ; and so on till thoy U 
are carried as far as may be thought necessary.* 



* When the several terms of the series continually increase, the dif- 
ferencea will all be positive ; but vih.ga they decrease, the differences 
will be negative and positive alternately. 
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1, 4,9, 16, 25, 3fl, &c. 

3, 5, 7, 9, 11, &c., 1st diff. 

2, 3, 2, 2, &c., 2d diff. 

0, 0, 0, &c., 3d diff. 

2. Required the different orders of differences of the seriea 
1, 2=, 3', 4^ 5^ 6", &c. 

1, S, 27, 64," 125, 216, &c. 

7, 19, 37, 61, 91, &c., 1st diff. 

12, 18, 24, 30, &c., 2d diff. 

6, 6, 6, &c., 3d diff. 

0, 0, &c., 4tlidiff. 

3. Required the several orders of differences of. the eerios 
1, 3,6, 10, 15,21, &c. 

Alls. 1st, 2, 3, 4, 5, &c. ; 2d, 1, 1, 1, &c. 

4. Required the several orders of differences of the setiea 
1, 6, 20, 50, 105, 196, &c. 

Ans. 1st, 5, 14, 30, 55, 91, &c.; 2d, 9, 16, 25, 
36,' &c.; 3d, 7, 9, 11, &c.; 4th, 2, 2, &c. 

5. Required the several orders of differences of the seriea 

3' 4' 8' 16' 32 

11^ 111 

Ans. 1st, , — - ■ 

3d, ^^ -, Slc. ; 4th, ■^, &c. 

' 16' 32' 33 

Problem 2. — Any series a, b, c, d, e, &c., being given to 
find the first term of the nth order of differences. 

RtiLB.— Let i stand for the first term of the nth differences. 



Then will a — nb + n. —— c — n. 


_._.+.. 


n—l n — 3n — 3 
even number. 


i = i, when n is an 


AnJ-. + .S-».»-=:i. + ..»-^ 


.-.-..i^' 


^'■°^'.*-. »»+'""=' 


:, when n is an odd 


number.* 





• When the terms of the several orders of differences happen to be 
very great, it will be more convenient to taki; the logariihlos of the 
quantity concerned whose differences will be smaller; and when 
die operation is finished, the quantity answering to the last logarithm 
may be easily fonnd. 
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1. Required the first term of the third order of differences 
of the series 1, 5, 15, 35, 70, &c. 

Here a, b, c, d, e, &.C., = 1, 5, 15, 35, 70, &cc., and n= 3. 

n—1 n—1 rt — 2 

Wheace — a -[■ nb — n. ■ — — - c -^ n. ■. ■— r — li = — 

a + 3b ~ 3e -i- d = — 1 + 15 ~ i5 -i~ 35= i = the first 
term required. 

3. Required lie first term of the fourth order of differences 
of the series 1, 8, 27, 64, 125, &c. 

Hero a, b, e, d, e, fcc, = 1, 8, 37, 64, 125, &.C., and n — 4. 
n-l n~l n-2 , n-1 

^^.^P-e = a „4J+-6e -4(i + e = l - 32 + 162 - 

256 + 135 =0 ; so that the first term of the fourth order is 0. 

3. Required the first term of the eighth order of differences 
of the series 1, 3, 9, 37, 81, &c» Ans- 256. 

4. Required the first term of the fifth order of differences of 



' 2' 4' 8' 16' 32' 64' ' ' 32 

PR0BLE.M 3.— To find the nth term of the series o, b, c, d, 
e, &c., when the differences of any order become at last equal 
to each other. 

Role. — Let d', d". d'", d", &c., be the first of the several 
orders of differences, found as in the last problem. 

„_1 „_1 n—2 „, n — 1 n~% n — 3 

ThenwilU + -p^' + --.-^'^'+-y-.^-.^- 

d'" H -— , — — . — — .■ — — d", &.O., = mth term required. 



1. It is required to find the twelfth terra of the series, 2, 6, 
13, 20, 30, &c. 

2, 6, 12, 20, 30, &c. 

4, 6, 8, 10, &c. 

3, 2, 2, &e. 

0, 0, &.C. 

* The labour in questions of this kind may be often abridged, by 
putting ciphers for some of the terms at the beginning of the series; by 
which meims several of the differences will be equal W 0, and the answer, 
on tbaX aceoant, obtained in fewer terms. 
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re 4 and 2 are the first terms of their aifferencei 
Let, therefore, 4 = li', 2 ^= d", and u = 12. 



Theno, + ~^rf' + - 


p.-Y-rf"=2+ llrf'+ 55^=3 + 


44 + I10 = 156 = 12tlit 


erm, or the answer required. 


2. Required the twent 


ieth term of lie series 1, 3, 6, 10, 


IS, 21, &c. 




1,3,6,10, 


15, 2],&c. 


2,3, 4, 


5, 6, &c. 



0, 0, 0, &c. 
Here 3 and I aie the first terms of tho d 

Let, therefore, 2 =d', \= d", and n = 20. 
n—l n~ln—1 
Thena-f-Y-J'-l p-— g^ d'=l + 19:^'+ 171d"=l + 

38 + 171 =210 =20lh term required. 

3. Required the fifteentb term of the series 1, 4, 9, 16, 35, 
36, &c. Ans. 225. 

4. Required the twentieth, term of the series 1, 8, 27, 64, 
125, &e. Ans. 8000. 

5. Required the thirtietli tenii of the series 1, ^, p, ttt, -—, 

TV *"■ ^"- S5- 

PftOBLBiH 4.* — To find the sum of n terms of tlie series a, 
h, e, d, e, &c., when the differences of any order become al 
last equal to each other. 

Rule. — Let d', d'', d'", d", &c., be tho first of the several 
orders of differences. 

"Ill 2:z1a'"^ !^ 'izl ^z£ !i:zl7iv *c 

3-4 ^"'2 '3 -4 ^o,«.. = 

to the sum of re terms of the series. 



• When the differences in this or the former rule are finally = 0, 
any term, or the sum of any number of the terms, may be accurately 
determined; but if the difference do not vanish, the ref!ult is only an. 
approximation; which, however, may be often very usefully applied in 
resolving various questions that may occur in this branch of the sub- 
ject, and which will become continually nearer the truth as the dif- 
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1, Required the sum of n terms of tlie series, 1, 2, 3, 4, 5, 
6, &.C. 

Here 1,2, 3, 4,6, 6, &c. 
1, 1, I, 1, I, &,c. 
0, 0, 0, 0, &c. 
Wkere I and are the first terras of the differences 
Let, therefore, n = 1, d' = L, and d" i=0. 

„_-! n'-n n'+n 
Thtia-wai na +11..--— d' =n-i ~ = — — = sum 

of ra terms, as required. 

2. Required the sumofn terms of the series 1=, 2=, 3=, 4". 
5=, &c., or 1, 4, 9, 16, 25, &c. 

Here 1, 4, 9, 16, 35, &c. 

3, 5, 7, 9, &c. 

2, 3, 2, &c. 

0, 0, &c. 

Wheie-3 and 3 are ihe first terms of the differ 

Let, therefore, a = l, J^3, and d" ^ 



Then willno + n.- 
-1 n- 



-1 , 



-^+» 



n-1 : 



.n + S 



— g— -l-2n. 

._ «X(«+1)'"X(2» + 1) 

6 — sum 01 n T n 

3. Required the sum of n terms of the se 
5=, &c., or 1, 8, 27, 64, 125, &c. 

Here 1, 8, 27, 64, 135, &c. 

7, 19, 37, 61, &c. 

13, 18, 24, &.C. 

6, 6, &c. 

0, &c. 

Where the first terms of the ctifferences a 



s required. 
3 1= 2', 3', 4 



7, 12, and 6. 



Let, therefore, u =^ I, d' = 7, (f ' = 12, and d 

n-l n~-l n-2 «-l 

Then will no + n.—^ii' + ».-^.—^(^"+ n.—^' 

n _ 2 jt ~ 3 „ 



-d"' 



n~2 i 



= n + 7n.Z + 12n.- 

3 
-3 7n= — 7n. 



- + 6n. 



- + 3/1= — en" + 4» + 
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tX(» + l)X(n + 2) 



n of jj terms of the series 1, 3, 6, 10, 
„ „ + l n+Z 

, of n terms of the series 1 , 4, 10, 20, 

ft n + l n + 2 « + 3 

■ "®' 1 ■ 3 • 3 ■ 

s of the series 1% 2\ 3', 4* 



required. 

4. Required the si 

30, &c. 

b. Keqiiired the s 
13, &c. 

G. Required the BV 
35, &LC. 

7. Required the si 
&c., or 1, 16, 81, 35i 

8, Required the si 
5^ &c. 

Problem 5.— The series a, I, c, d, e, 
whoso terms are a unit's distance from each other, to find 
any intermediate terra by interpolation. 

Rule. — Let a; be the distance of any term y, that is to he 
interpolated from the first term, and (Z', d", 3!", he, the iirst 
terms of the differences. 

a: — I a;— 1 0^—3 „„ x—l 

Then will a-^xd'+ m—~ J' + a; .—- .— ^ S" + «. — --. 



■of» 

&c. Ans. -+2" + 

I of n terms of the series 1=, 2^ 3', 4', 
Ans. ^ + S" + TT ~ 



12 



I. Given the logarithmic sines of 1° 0", 1° 1', 1° 3', 
1° 3', to find the log. sine of 1° 1' 40". 



Here 1° 0' 1° 1 

Sines 8.2418553 8.3490332 8.3560943 

71779 70G11 

-nes 



1° 3' 

8.2G30424 

60481 

— 1130 

38 

Whence the first terms of the diff'erences are 71779, ~ 

1168, and 38. 

Let, therefore, a; = 1= 1' 40"— I*^ 0" = 1' 40" = I ^ = dis 
tanco of y, the term to be interpolated.; and <f = 71779, 
d" = — 1168, and if" = 38. 
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Then win y = a + xd' -i- X .—■— d" + s:.—^.~Y''d"'=a + 

-d' + -d" ~ ~ d"'=: 8.24:1855^ + .0119631 +0000694 — 

.0000002 = 8.2538233 = sine of 1° 1' 40", as was required. 

11111 

S, Given tie series ■— -, —-, — -, tz, tti &c., to find the term 

50' 51' 53' 53' 54 

which stands in the middle between the two terms — and 

3. Given the natural tangents of 88° 54', 86° 55', 88° 56', 

88" 57', 88° 58', 88° 59', to Jiad the tangent of 88° 58'18". 

Ans. 55.711144. 

Problem 6. — Having given a series of equidistant terms, 
a, h, c, d, e, &c., whose first differences are small, to .find any 
intermediate term by interpolation. 

Rule. — Find the values of the nnlinown quantity in the 
equation which stands against the given number of terms, in 
the following table, and it will give the term required t — * 

1. a - 1 = 0. 

2. a~2b +c = 0. 

3. a — 3b + 3c — d = 0. 

4. a — 4J 4- 6c — 4rf + e = 0. 

5. a — 5b-]- 10c — lOd + 5e — /= 0. 
- 6J + 15c --20ii + 15e - 6f+g = 0. 



„_l,n — 2 n — 3 „ _ 



Or 



1. Given the logarithms of 101, 102, 104, and 105, to find 
the logarithms of 103. 

Here the number of terms is 4. 
And against 4, in the table, we have a — 4& + 6c — 41^ + 

e = : or c = — ^ — ^ = value of the unknown 

6 
quantity, or term to be found. 

. • The more terms are given, i 
accurately will the equation that i 
true resnlt, or answer required. 
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= 3.0043214 
= 2.0086002 
= 2.0170333 
e = 2.0211893 
And consequenlly, 
4 X (i + <;) = 16.1025340 
a + e = 4.0355107 

6)13.0770233 



2.0138373 = log. of 103, as 
required. 

2. Given the cube roots of 45, 46, 47, 48, and 49, to find 
the cube root of 50. Ans. 3.684031. 

3. Given the logarithms of 50, 51, 52, 54, 55, and 56, to 
find the logarithm of 53. Ans. 1.7243758695. 



1. To find the sum (sj of n terms of the series 1, 2, 3, 4, 
5, &c. 

First, 1+3 + 3 + 4 + 5, &c., . . . n=s. 
And „ + („ _ 1) + (™ _ 3} + („ - 3) + [« - 4), &c. 



Therefore, by addition, 
(n + 1) + (« + 1) + (n + 1) + (™ + 1) + (7i + 1), &o. 
+{n+l} = 2s. 

And consequently, n (ra + 1) = 2s ; or s = — -— = sum 
required. 

3. To find the sum (s) of n terms of the series 1, 3, 5, 7, 
9, 11, &c. 

First, 1 + 3 + 5 + 7 + 9, &c f3n — 1) = s. 

And {2fi ~ 1} + (2n - 3) + (2n - 5) + . . . + 1 = s. 
Therefore, by addition, 

2n + 2n + 3!* + 2n + 3re +, &c,, 2n = 2s. 

And consequently, 2n X n = 2s ; 

Or s = — = n* = sum required. 

3. Eequired the sum (s) of n terms of the series a + 
(« + li) + (a + Si/) + (a + M) + (a + id), &c. 

First, a + (a + rf) + (a + 2J} + (a + 2d), &c., + 

Ja + (n-l)^?=s. 

And a + (nd - d) + a -^ (nd -Zd) + a + M - U) + 
a + („i _ 4rf), &c., fl = s. 
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Therefore, by addition, a + (nii — rf) + 3fl -f (nd — d) +2a 
+ {nd — d], &c., . ... +2a+(nd-d] =2s. 

And consequently, (2a + nrf — rf) X « == ^s ; 

Or s = {2a + nd — d) X^~ sum required. 

Or the same may be done in a different manner, as follows ; — 
a + (a + d) + {a + 2d) + la + 3d) + {a + 4d}, &c. 
. „ |(+ 1 + 1 + 1 + 1 + 1, &c.) X « I ^ 
~|(+ + 1+3 + 3 + 4, &c.) X a 1 "" 
But ™ terms of 1 + 1 + 1 + 1 + 1, &c., = n. 

And n terms of + 1 + 3 + 3 + 4, &c., = " ^ '" ~ J 

Whence s = na + -^-^-'-^ ^ =\2a + d{n-l}i X §, 

which is the same answer as before. 

4. To find the sum (s) of n terms of the series 1 , a, or*, a^, 
a:', &c. 

Fiist, I -}- a; + aJ* 4- k' + it', &c., . . . . a;-^' = s 

And * + 3!= + V + 0^+ a^ &;c., . . . . a:" = sa;. 

Whence, by subtraction, jc" — 1 =: sj; — s. 



a proper fraction, the sum of the series, 
1, may be found in the same manner. 
Thus, putting l+x + a^ + a^ + x^ + n^, &c., = s. 
We shall have a + x'^ + v? + x* + 3^, &c., = sx. 
And consequently, — 1 = sa; — s ; or s — aa^ = 1, 

Whence s := ^ sum of an infinite number of ti 

as was to be found. 

5. Required the sum (s) of the circulating decimal .991 
&c., continued ad infinitum. 

Fi,,., .999999, fc, = ;^ + 4 + i5i5 + » *' 

9 f 1.-1. A. — 1 . +, &c.,l = s 

no 100 ^ 1000 10000 ^' '' 
^' 10 "*" Too "'" 1000 "*" 10000 ^' "■ ~ 9' 

Therefore, 1 + 1 + i-^ + ^ +, &c.. - ^^ 

. , ,, 10s 8 9s 
And consequently, 1 = — . ^ _ = s ; 
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Whence s = 1 ^= sum of th.o series. 

6. Required the sum {s) of the series a' + {a + d)" -{• 
(o + 2d)' + (a + SdY + ia + idf, &,c., continued lo n terms. 

Here, 
Piist, a^=ff' 

{a + dy = a' + 2 X lad + 1(P 
(a + 2df = 0^ + 2 X -^ad + 4d^ 
[a + 3df = if -h 2 X 3ad + Od' 
{a + 4d)^ = if + 2xiad + 16(^^ 
&c. &c. 

Whence 
I Sum of n terms of (1 + 1 + I + 1 +, &.c.)a', 
s = + . . . ditto of (0 + 1 + 3 + 3 4- 4+, &;c.) 2a< 

I + . . . ditto of (0 + 1 + 4 + 9 + 16 +, &c.) d. 
But Tt terms of 1 + 1 + 1 -f 1 +, Sic, = n. 

And of + 1 + 3 + 3 + 4, &c., =^ "^"~^^ 
1.2 

Also of + 1 + 4 + 9 +, &c., = ii( "-^)P»-l) _ 
Therefore 5 = 710" + n{n--l)ad + "("- lli^"- 1 ^^ 

tlie whole sum of the aeries to n terms. 

7. Required the sum (s) of the series a> + {a + dy + (a 
+ 2df + ,(a + 3rf)' + (a + idf, &,o., contiuued to n tenns. 

First, a'=d', 

(a + df :=za' + 3Xia'd + 3Klad^'i-lA 
(a + 2dy =i^+3x ^a'd + 3 X ^arf" + 8(2=, 
la + 3df = c^ + 3X 3a'd + 3 X Saii^ + 27if , 
,{o + 4d)' = (r* + 3 X 40=^ + 3 X I6ad' + 64^^, 
{0; + 5.^)' = a' + 3 X ^(fd + 3X 35a<P + 125(P, 
&c. &c. 

Whence 
Sum of n terms of (1 + 1 + 1 + 1, &c.) a', 
I + . . . ditto of (0 + 1 + 3 + 3 + 4, &c.) 3a=(;, 
8 = + . ■ . aitto of (0 4- i + 4 + 9 + 16, &c.) Sad", 

I + . . . ditto of (0 + 1 + 8 + 37 + 64, &c,) (P, 
But n terms of 1 + 1+1 + 1 +1, &c., = n. 
Ditto ...of 0+1+3 + 3 + 4, &c,. — ^''~- + 

Ditto . . . of + 1 + 4 + D + 16, &c., = " ■ "~|l -^ - - ^^ - 

Ditto ... of + 1 + 8 + 37 + 64, &;c., = " ■ " ■ " -. 
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Therefore, s — na' + -^ — ~— 1- ~-^^— — -- ■ h 

i Z £_ = sum of n teims, as was to be found. 

4 
. 8. Required the sum (s) of n terms of the series 1 -J- 3 + 7 
+ 15 + 31, &.C. 

The terms of this series are evidently equal to 1, (1 + 3), 
(1 + 2 + 4), (1 + 2 + 4 + 8), &c., or to the successive sums 
of the geometrical series 1, 3, 4, 8, 16, &c. 

Let, therefore, a = 1 and r = 2, and we shall liave 
a + ar + ar' ^ar" + ar\&.c.,= 1 -f 2 + 4 -f 8 + 16, &c. 

But the successive sums of 1, 2, 3, 4, &c., terms of the 



7-^1 ■= 


(r-1 


')xr 


~\ 


r — 1 


= (■'- 


-1)X; 


^^l 


,-1 


= (H>- 


1)X; 


~~l 


u^-a 


= (,•_ 


■1)X; 


_"_. 



„, , " ., I n terms of r + r= + »-' + »■*, &c. 

Therefore, ^ = j^-^ X | _ „ j^,„,, of 1 + 1 + 1 + 1, &c. 

But 1 + 1 + 1 + 1 + 1 + 1 + 1, &c., = n. 

And r + r» + /= + /+, &c., = (r» - 1) X ^~- 

Whence s = ''^'"_~^^ x -^ " X -^ = 2(3" - 1) - n = 
whole sum required. 

9. It is required to find the sum of n terms of the series 
1 , 3 , 7 , 15 31 , eS „ 
1 ^ 2 ^ 4 8 ^ 16 ^ 32' 

Here the terms of this series are the successive sams of the 



I progression - + ^ + ^ + g + ^, &c. 
Let, therefore, fl=l and r = 2; then will 
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ns of 1, 2, 3, 4, &c., terms of lie 



(r-l)Xl 
(^-l)X a 

y-i)x » 

■(r-l)x^ 
^ (■-•- 1) X a 






Therefore, 
j n terms of r + r + r + »■ + '■, &c. 



These being the two s 



i deriHed from the above ex- 



But r + r + r + r + r + r 



r-l^^' (r-1)/"-'' 2"-' 

required. 

10. Required the sum (s) of the infinite series of the recipro- 
cals of the triangular numbets r+5"l"o"^Tn")" TS' ^''' 



"rs+aj+rs-*"" 



■«-(l4)+G-5)+(5-iK(l-5).— I- 

1,1 1 1 I 1 

■- + „- + . +H + ,T + ^,. 



5 6 7' 
^2 = sum required. 
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1 1 . And if it bo required to find th.e sum of n I 
111,1 1 , 
iame series --1 A 1 . &c. 

1,1 1 I , 1 „ i 

Let.= - + ^ + 3 + -4--, &c., to-. 

1 1,1 I , 1 „ 1 



And 2- j-+- 


+ l' 


= 5 + 5 + 4 + 5' 


&c., to 


7i+r 


Tlierefore -— ■ 


1 
~3' 


+^^+s+s;"*° 


1 
■'0 — ; 


^■ 


<".-^4+ 


■1+ 

I + ; 


S+iS"^»"'% 

r+6-+5'*="'° 


1 

3 

«{« + i; 


r 


-l+l4+n- 

« terms of the series 


+n 


'■^"■"mAt)" 

vas required. 


2n 


sum of 


13. Required tlio 


■"■» 


of tho infinite serie. 3-^ + ^ 


+ 3.4.5 + 4.5.6- ^-^ 











1 1 1,1 1 , J ■ -- ■, 

1^2^34^ 5 ■' 



--' ^-+- 



1 



B«l:-i-3 = T-, tlierefa.-— + ^ 
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ad infinitum, = -, which is the sum required. 

13. And if it were required to find the sum of n terras of 

Ihe same scries — -I f- Y — , &c. 

1.2.3^ 3.3.4^ 3.4.5^ 4,5.6 

Leta= ^ J--L -u J_ ^-, &c., to L__. 



2 («+l)(n + 2) 2.3 3.4 4.5 5.9 



Therefore - ~ ' = — — + ^-= h ^, i 

3 (7i+l)(« + n) 1.3.3 2.3.4 3.4.5' 
to n terms, by sublraction. 



4 3(n+l)(?(4-2) 1.3.3 3.3.4 3.4.5' 
&c., to n terms, by division. 

And consequently, - 

1 1 



4 2(7. + l)(« + 2} 

1 



, &c., continued ad infini 



Then —— = a; (1 - a: + «=• - a^ + 1*, &e.) 

And a = (1 + *) X (^ - ^= + ^' - a:' + A &c.) 
Whence, by multiplication, 
ai — t' -\- 1^ — x" -\- 3i^, &.C. 
1+a^ 

X - x^ -^ 3? - x" -\- ■^, &.a. 
+ a* - a' 4- 3^' - a^, &c. 

?hose sum is=a+0 + O + +0. &c. 
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Therefore, s = *, aad x — k^ + a;' — k* + »', &c. - 



l+L.- 



sum of the series i.-{-? + ?4-i.+, 
3 4 8 16 ' 

1 :, ^ 

Let .X = - and s = ■:- r;. 

3 (1 - a:)' 

Then, „ ' ■ , = !B + 3a^ + 3a^ + 4*^ + 5a^, &c. 
(1 - »;)= 
Aiid^=(l — xYx (a; + 3x= + 3a;' -f- 4:t» + 5a^, &c.) 
Whence, by multiplication, 
a; -f 3x= + 3a;' + 4^;', &c. 
1 - 2^ + ^= 



jB + 2a^ + 33!= + 4a^', &o. 

- 3x" - 4a^ ~ 6^, &;c. 

+ a= + 2x'', &.C. 



Whose sum ja =j: + + + + 0, &c. 
Therefore e= x, 
Anda; + 3Lc=+3r' + 4a;'+5a^, &c., = — ^— . 
^13,34 5 6, i 

'^'■5 + i + 8 + r6 + 32+65'^'=-^(-r^|f = '=^""' 
of the infinite series required. 

16. It is required to find the sum (s) of the series - + 

* 9 16 35. „ . , , . 

9 + ^ + 81+343' ^^■' ''<"'t'«««'i '"?-»»/'"'«'"- 

Then — ^ = r + 4.^= + Gar' + 16j^ + 26^, &.C. 

And z = (1 - x)= X {fc + 4^:" + 9a^ + 16a:S &c.) = x + ^, 

as will be found by actual niultipii cation. 

Therefore k + ar* = a. 

And a + 4a^ + 9ir' + 163;*, &c., + ^j ll '" ^j . 
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Or, 
I 4 9 16 3(1 +'^)_^_ij.__ . --A 

17. Required the sum (s) of the series - -( \- 

1 .] I , &C.J. continued ad injimtvm. 

Let x= -, and 



+"J:„^ + %^V^tL',&c, 



a+{a + d)c,-\-(a + 2d)^ + {a + 3d)x'+{a + 4d)A &c. 
And 2=^ (1 ~ icf X l<i + {a + d)x+(a + 2d)s?+(a + 3d)!>?, 
&c.,J=(l ~x)a + d=c, 
as will appear by actually multiplying by {1 — ir)^. 

Therefore, s^= (l — x) a-]- dx ; and consequently, - + 

mr mr* ' ' ml (r — 1)^ ) 

infinite series required. 



1, Required the sum of 100 terras of the series 3, 5, 8, 11, 
14, &c. Ans 15050. 

3. Required the snm of 50 teiras of the aeries 1+2^ + 3" 
+ 4= + 5=, &c. Ans 43925. 

3. It is required lo find the sum of the stnes 1 + 3^ -f 
Gar*-!- 10a^+ 15a;\ continued ad infimtma &c when r is less 
than 1. ^1 

4. It is required to find the sum of the soiies 1 + -ia + 
lOo;^ + 203? -j- 35fl^^ i,L , continued cd tnfimlum, wlien k is 
less tlian 1. ,1 

5. It is required to find iho aum oi thi. lufinitp scries, 

-^-^ -t- — -I- — "!~ — . &c Ans — ^ or " 

1.3 3.5^3.t 7 9' 10' 3- 
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6. Required the sum of 40 terras of the series (1 X 3) 
i- (3 X 4) + (5 X 6) + (7 X 8), &c. Aiis. 86884. 

2a;— 1 

7. Required the sum of n terms of the series — ■ h 

!a - 3 , 3a; — 5 , 3a: - 7 , . /2x — ti'. 

-^ H -Ti h— ; — ,&c. Ans. «(— -— ), 

2x 2x 2x \ 2x I 



9. Required the sum of the Si 

&c., continued ad infinitum. Ans. -, or 1 - 

■' 2 3' 

10. It is required to find the sum of n terms of the series 
1 + Sa; + 27a;^ + 64a;^ + 135a:S &c., continued ad infinitum. 

1 + 4a; + 3^ 
Ans. 



11. Required the sum of n terms of the series - ■\ f- 

12. Required the sum of the series \- .■ 1. _ 



, &c., . - . + 



2!i(l +2«)' 
Ans. 2 = 



33+48n — 16fl-'' 

13. Required the sum of the series — -i 4. . l 

3.8 6,13 9,16 
1 1 

L2.30' *^-' • ■ ■ 3„ [4 + 4^- 

Ans. E = — , B = . 
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14. Ueqaircd tlie sum of tlie series -"- + — ^- + - 



2.7 7.13 12.17 



+ 



17.23' ■' ■ ■ ' ^(5n— 3). (57.-1- 2) 

^_3 _ 3w 
~^}>'^ ~2 + 5n 

1 1,1 

15. Required the sum of the scries _ — — -1- — - — 

I2T2 "'■' *''■' ■ ■ ■ 3n (4 4- S'O" 

1 n n 

Alls. E = 



24' 3 (3 -h Sin) 4(6+6™)- 

- ■ 3 3,4 

16. Repaired the sum of tie series _-——-[- — — 

^ „ , 1+" 

9.11 ^' "■•■■■ (l+2»).(3-i-2n)- 

1 1 1 

Ans. E = — , 



17. Required the : 



13 4(3 -I- 4n)* 
4-J-n 



■ ■ ■ ^wa + »).(3 + «)' 

3 2 3,1 
Ans. S =7,, s = --— —- h ^^-r- 



OF LOGARITHMS. 



LoQABiTHMs are a set of mimbers that have been, computed 
and formed into tables, for the purpose of facilitating many 
difficult arithmetical osculations ; being so contrived, thai tlie 
addition and subtraction of them answers to the multiplication 



Those, Hierefore, who nmy ■wish for ferther information 01 
iiut idgiHj curious subject, are referred to the Misf^Uama AnaMica o! 
of Demoivte, Sterling's Method Differ,, James BemouUli's de Seri. 
Infin,, Simpson's MoiA. Dissert., War!n|^s Medii AnaM., Clark's 
translation of Lergiis's Series, the vanous works of Euler, and 
■Lacroilt Trails da Cateai. Diff. et Int., where they will find nearly 
all the materials that hare been hitherto collected respecting this 
branch of analysis. 
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and division of natural numbers with whicli they are made to 
correspond.* 

Or, when taken ia a similar but more genera! sense, loga- 
rithms may be considered as the exponents of tho powers to 
which a given or invariable number must be raised, in order 
to produce all the common, or, natural numbers. Thus, if 

(P = y,a" = y', d"' = y", &c. 
then will the indices a, a', tc", &c., of the several powers of a, 
be the logarithms of the numbers y, y', y", &c., in the scale, 
or system, of which a is the base. 

So that from either of tltese formula it appears, that the 
logarithm of any number, taken separately, is the index of that 
power of some other number, which, when involved in tlio 
usual way, is equal to tlie given number. 

And since the base a, in the above expressions, can be 
assumed of any value, greater or less than 1, it is plain that 
there may be an endless variety of systems of logarithms, 
answering to the same natural number. 

It is likewise farther evident, from the first of those equa- 
tions, that when y == 1, a; will be = 0, whatever may be the 
value of a ; and consequently, the logarithm of 1 is always 0, 
in every system of logarithms. 

And if a: =:; 1, it is manifest from the same equation, that 
the base a wUl be = y ; which base is therefore the number 
■whose proper logarithm, in the system to which it belongs, 
is I. 



* Tbismodeof compntation, whichis cmeof Hie happiest and most 
useful discoveries of modern times, is due to Lord Napier, Baron of 
Merciiston, in Scotland, who first pnhliahed a labia of these numbers 
in the year 1614, under the title of Camon MirifiiMm LogarilA/iaerwrn, ; 
which performance mas eagerly received by me learned throughout 
Europe, whose efforts were immediately directed to the improvement 
and estensions of the new calcvilvis that had so unexpectedly presented 
itself 

Mr. Henry Biiggs, in particular, who was, at that time, professor of 
geometry in Gresham Cdlege, greatly contributed to the advancement 
of this doctrine, not only by the very advantogeoas alteration which he 
first introduced into the system of these numbers', liy making I Uie 
logarithm of 10, instead of 3.3035853, has had been done by Napier; 
but also by the publieation, in 1634 and 1633, of his two gret^ works, 
the Anikfuetica Logantkmica and the Trigimameirica BrUamica, both 
of which were formed upon ^e prineiple abovementioned ; as are, 
likewise, all our common logarithmic tahles at present in use. 

See, for farttier details on this part of the subject, the Introduction to 
tm Treatise of PUine and Splien/^ Tri^immietry, 8vo. 2d edit., 
1813 ; and for the construction and nse oi^the tables, consult those 
of Sherwin, Hutlon, Taylor, Callet, and Borda, where every ni 
information of this kind may be readily obtained. 



osted by Google 



824 LOGARITHMS. 

Also, because ffi*=y, and o^'' r= «', it followa from the 
mHltipJication of powers, ttat a" X a" , or a'' + " = yy' ; and 
conseq^uently, by the definition, of logarithms, given above, 
a; + a' = log. yy', or, 

log. yy' = log. y + log. y'. 

And, for a like reason, if any number of the equations 
a' = y, af" := y', a*" = y", &c., be multiplied together, wo 
shall have a" + *" + ""i &c., = yify", &c. ; and conse' 
quently, a; + a' -J- a^", &c., ^ log. yy'y" &c. ; or, 

^og. yyy ') "^i^- i = log- y "F i^g- y' + log. y", &c. 

From which it is evident, that the logarithm of tlie product 
of any number of factors is equal to the sum of the logarithms 
of those factors. 

Hence, if all the factors of a given, number, in any case of 

this kind, be supposed equal to each other, and the sum of 

them be denoted by w, the preceding propertywill then become 

log. y"' = m log. y. 

I^om wliich it appears, that the logarithm of the mth power 
of any number is equal to m times the logarithm of that 
number. 

In like manner, if the equation a" = y be divided by 
a"' = y, we shall have, from tiie nature of powers, as before, 

— , or a'-^' = i- ; and, by the definition of logarithms laid 
a"- y 

down in the first part of this article, x — x' = log. —„ or 
V 

log. t = log. y _ log. y'. 

Hence, the logarithm of a fraction, or of the quotient 
arising from dividing one number by another, is equal to the 
logarithm of the numerator minus the logarithm of the 
denominator. 

And if each member of the common equation a^ ^=:y be 
raised to the fractional power denoted by — , we shall have, 



And consequently, by taking the logarithms, as before, 
— m = log. y", or log. y" ^ - log. y. 

Where it appears that the logarithm of a mixed root, or 
power, of any number, is found by multiplying the logarithm 
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of the given nnmber by the numeraWir of the index of that 
power, and dividing the result by the denominator. 

And if the numerator m, of the fractional index, be iu this 
case taken equal to 1, the above formula will then become 
log. y" = - log, y. 

Prom which it follows, that the logarithm of the Bill root 
of any number is equal to the Mth part of the logarithm of that 
number. 

Hence, besides the use of logarithms, in abridging the 
operations of multiplication and division, tthey are equally 
applicable to the raising of powers and extracting of roots ; 
which are performed by simply multiplying the given loga- 
rithm by the index of the power, or dividing it by the number 
denoting the root. 

But although the properties here mentioned are common to 
every system of logarithms, it was necessary, for practical 
purposes, to select some one of them from the rest, and to 
adapt the logarithms of all the natural numbers to that par- 
ticular scale. 

And, as 10 is the b^e of our present system of arithmetic, 
the same number has accordingly been chosen for the base of 
the logarithmic system, now generally used. 

So that, according to this scale, which is that of the com- 
mon logarithmic tables, the numbers 
' . . I(H, 10-^, 10-=, 10-f, 10", 10', 10=, 10", 10', &c. 
Or, 

. . _J 1 L i_, 1, 10,100, 1000, 10000, &c., 

10000' 1000' 100' 10 

have for their logarithms ■ 
. . . . _ 4, — 3, - 2, - 1, 0, 1, 2, 3, 4, &c. 

Which are evidently a set of numbers in arithmetical pro- 
gression, answering to another set in geometrical progression; 
as is the case in ovary system of logarithms. 

And therefore, since the common or tabular logacithm of 
any number (n) is the index of that power of 10, which, 
when involved, is equal to the given number, it is plain, from 
the following equation, 

10"' = n, or 10-*=-. 
that the logarithms of all the intermediate nuiubers, in the 
above series, may be assigned by approximation, and made to 
occupy their proper places in the general scale. 

It is also evident, that the logarithms of 1, 10, 100, 1000, 
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&c., beiiigO, I, 3, 3, &c., respectively, the logarithm of any 
number, falling between. and 1, will be and some decimal 
parts; that of a number between 10 and 100, 1 and some 
decimal parts ; of a number between 100 and 1000, '2 and 
some decimal parts ; and so on, for other numbers of this 

And, for a similar reason, the logarithms of ~, — -, ■, 

&c., or of their equals .1, .01, .001, &c., in the descending 
part of the scale, being — 1, — 3, — 3, &c., tho logarithm 
of any number, falling between and 1, will be — 1, and 
some positive decimal parts ; that of a number between .1 
and .01, — 2, and some positive decimal parts ; of a number 
between .01 and .001, — 3, and some positive decimal 
parts ; &c. 

Hence, likewise, as the multipiyiog or dividing of any 
number by 10,100, 1000, &c., is performed by barely increas- 
ing or diminishing the integral part of its logarithm by 1,2, 
3, &c., it is obvious that all numbers which consist of the 
same figures, whether they be integral, fractional, or mixed, 
will have, for the decimal part of their logarithms, the same 
positive quantity. 

So that, in this system, the integral part of any logarithm, 
■which is usually called its index or characteristic, is always 
less by 1 than dte number of integers which the natural num- 
ber consists of; and for decimals, it is the number which 
denotes the distance of the first significant figure from the 
place of units. 

Thus, according to the logarithmic tables ii 



Numbers. 
1.36820 
20.0500 
335.260 
.46531 
.06154 



Logarithms. 
0.1361498 
1.3021144 
2.5353817 
L6676490 
2.7891575 
&c. 



Where the sign — is put over the index, instead of before 
it, then that part of the logarithm is negative, in order to dis- 
tinguish it from the decimal part, which is always to be 
considered as -(-, or aflnmatue 

Also, agreeably to what his been before observed, the 
logarithm of 38540 being 4 't853117, the logarithms of any 
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Other numbers, consisting of 

follows : — 

Numhers. 
3854 
385.4 
38.54 
3.854 


tlle same iigu 

Logarithms, 
3.5859117 
3.5859117 
1.5859117 
0.5859117 


es, wiU be as 


.3854 


1.5859117 




.03854 


2.5859117 




.003854 


3.5859117 




Which logarithms, in this ca 
similar kind, whether tlie nu 
differ only iu thair indices, 


nber contains 
he decimal, o 


n all others of a 
ciphers or not 
r positive part 



being the same in them all.* 

And, as the indices, or inlegraJ parts, of the logarithms of 
any numbers whatever, in this system, cah always be thus 
readily found from the simple consideration of ihe rule above- 
mentioned, they are generally omitted in the tables, being left 
to be supplied by the operator, as occasion requires. 

It may here, also, be farther added, that when tie loga- 
rithm of a given number in any particular system, is known, 
it will be easy to find the logarithm of the same number in 
any oilier system, by means of the following equations ; — 
a' = n, and e^ = n, or log. re =; a;, and l.n^ a:'. 

Where log. denotes the logarithm of n, in the system of 
which a is the base, and .i. its logarithm in the system of 
which e is the base. 

For, since a* = e^', or </' == e, and e'- = a, we shall have 

for the base a, -, = log. e, or a: = a! log. e ; 

and for the base e, - = ?. a, or a;' = ic I. a. 



I The Eteat advantages attending the cocDmon, or Eriggean system 
of loamrithms, above aJQ others, arise chiefly from the readiness with 
which we can always find the characteristic or integral ' part of any 
logarithm from ite bare inspection of the natural number to which it 
belongs i andthe circumstance, Ihatmultiplyiogordividing any number 
by 10, 100, 1000, &c., only influences the characteristic of its logarithm, 
without affecting the deeiinal part Thtw, for instance, if i be made to 
denote the index or integral part of the loKirithm of any number w, and 
d its decimal part, we stSll have log. N = t + (i; log. 10"»X N = Ci-|-!n) 

~\-d; log. rfr~ — (i — m)-]-d; where it is plain that the decimal part of 

Ihe logarithm, in each of these cs 
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Whence, by subslitution from the former equations 

log. n = 2. « X log- e ; or log. n = lnXj-^- 

Where the multiplier, log. e, or its equal — , expresses the 

constant relation which the logarithms of n have to each other 
in the systems to which thoy belong. 

But the only system of these ntiinbera deserving of notice, 
except that above described, is the one that fmnishes what 
have been usually called hyperbolic or Naperian logarithms, 
the base c of which is 2.718281828459 . . . 

Hence, in comparing these with the common or tabular 
logaxiihmSj we shall have, by putting a in the latter of the 
above formidse = 10, the expression 

]og,»==;.» X —-, orl.n = log.™ X I- 10. 

Where log. in this case denotes the common tabular loga- 
rithm of the number n, and / its hyperbolic logarithm ; the con- 
stant factor, or multiplies, , which is — — r— ;:7:^— > or its 

^, I.IO 3,3025850929 

equal .4342944819, heing what is usually called the modulus 
of the common system of logarithms.* 

Problem 1.— To compute the logarithm of any of the 
natural numbers I, 3, 3, 4, 5, &c. 

Rule 1. — 1. Take the geometrical aeries 1, 10, 100, 1000, 
10000, &c., and apply to it the arithmetical series, 0, 1, 2, 3, 
4, &;c., as logarithms. 

3. Find a geometric mean between 1 and 10, 10 and 100, 
or any other two adjacent terms of the series, betwixt which 
the number proposed lies. 

3. Also, between the mean, thus found, and the nearest 
1, find another geometrical mean in the same manner ; 



• It may here be remarked, (hat although the common logarithms 
have superseded the use of h;^pet&olic or Naperian logarithms, in all 
the ordinary operations to which these numbers are generally applied, 
yet the latter are not without some advantages peculiar to tbemselves ; 
being of frequent occurrence in the apjilication of tJie Plusionary Cal- 
culus, to many analytical and physical problems, where they are 
required for the finding of certain fluenta, which oould not be so readily 
determined without their assistance; on which aceount great pains 
have been taken to calculate tables of hyperbolic logarithms, to a con- 
siderable extent, chiefly for 'h'" purpose. Mr. Barlow, in a ColUcHon 
of Mathsmatieal Tallies latelj published, has given them for the first 
f OOOD numbers. 
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nnd so on, til! you are arrived within the proposed limit of tiie 
number whose logarithm is sought. 

4. Find, likewise, as many arithmetical means between the 
corresponding terms of the other series 0, 1, 2, 3, 4, &c^,^in 
the same order as you found the geometrical ones, and the 
last of these will be the logarithm answering to the number 
required. 



Let it be required to find the logarithm of 9. 

Here the proposed number lies between 1 and 10. 

First, then, the log. of 10 is 1, and the log, of 1 is 0. 

There ^/{lO X 1) = V 10 — 3.1622777 is the geomet- 
rical mean ; 

And ^ (1 + 0) = -J- = . 5 is tlie arithmetical mean ; 

Hence the log. of 3.1622777 is .5. 

Secondly, the log. of 10 is I , and the log. of 3.1622777 is .5. 

Therefore s/ (10 X 3.1032777) = 5.6234133 is the geo- 
metrical mean ; 

And 1^ {1 -I- . 5) = . 75 is the arithmetical mean ; 

Hence the log. of 5.6334133 is .75. 

Thirdly, the log. of 10 is 1, and the log. of 5.6234132 is 
75; 

Therefore v'[10 X 5.6234132) = 7.4989433 is the geo- 
metrical mean ; 

And ^ (1 + .75) =. 875 is the arithmetical mean ; 

Hence the log. of 7.4989423 is .875. 

Fourthly, the Jog. of 10 is 1, and the log. of 7.498432 13 
875; 

Therefore V (10 X 7.4989422) = 8.6596431 is the geo- 
metrical mean ; 

And i{l+ .875) = .9375 is the ariihmetical mean ; 

Hence the log. of 8.6596431 is .9375. 

Fifthly, the log. of 10 is 1, and the log. of 8.6596431 is 
.9375. 

Therefore V (10 X 8.6596431) = 9.3057204 is the geo- 
metrical mean. 

And ^ (1 -I- .9375) = .96875 is the arithmetical mean ; 
Hence the log. of 9.3057204 is .96875. 
Sixthly, the log. of 8.6596431 is .9375, and the log. of 
9.3057304 is .96875 ; 

Therefore v'(8.6596431 X 9.3057304) = 8.9768713 is the 
geometrical mean. 

,. . , . ^g j^ jj^^ arithmetical 
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Hence the Jog. of 8.9768713 is .953135. 

And, by proceeding in tliis manner, it will he found, after 
35 extractions, that the logarithm of 8.9999998 is .9543435, 
which may be taken for the logarithm of 9, as it differs from 
it BO little that it may he considered as sufficiently exact for 
all practical purposes. 

And in this manner were ihe logarithms of all the prime 
numbers at first computed. 

Rule 3. — When the logarithm of any number (n) is 
known, the logarithm of the next greater number may be 
readily found from the following series, by calculating a 
sufficient immber of its terms, and then adding the given 
logarithm to their sum. 

hog. (n + 1) = log- n + u'\—\ 



}2n+l ^3(2» + l)^^5(2« + l)= 



I^g. ()i + l) = log.)i + ?— U ■ — -I - + 

b y ^ I f, ^^3n + 1^3[2«+l)=^5(2rt-fl)= 

5c! 7d 9e ) 

7(2n+lY + 9(3«+lf ^ U{2n + lf' "' \ 

Where a, b, c, &c., represent the terms immediately pre- 
ceding those in which they are first used, and m' = twice the 
modulus = 



1, Let it be required to find the common logaiitlim of the 
number 3. 

Here, because n + 5 := 2, and consequently n=\ ajid 
2n + 1 = 3, we shall have 



„ = .289539654 (a) 

2«+l ■■ ^ ' 



3(2/1-1-1)'. 3.3' 



* It may here be remarked, Ihat the difference between the logarillmis 
of any two consecutive numbers is so much the lesaasthenumlwra are 
greater : and consequentljr, the series which comprises the latter part 
of the ahoye expression wiil in. that case converge so much the feiter. 
Thus, log. « and log. (11+ 1), or its equal, log. m-|-]og. (1-f -), will 
obviously dilTer but little from each other when re is a larger number. 
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3 X .010723321 



5(2»+lf 5.3=' 



.000714888 (c) 



7 X .000056737 , , 

= ■ ■ q -^ = .000004903 (e) 



SI2n + iy'- 



9 X .000004903 



11(2)1+1)^ 11.3^ 

llF 11 X .000000446 

13(2n+l)^ ^ 13".3^ " 

^ 13e _ 13 X .000000043 _ 

\ 5 (271 + if "^ ISiS^""^ ' 

Sum of 8 terms . . 
Add log. of I , . 

Log. of 3 . , , 



.000000446 (f) 
.000000043 (g) 
.000000004 {h) 



.301039995 
.000000000 



Which logarithm ia true to the last figure inclusively. 

2. Let it be required to compute the logarithm of the num- 
ber 3. 

Here, since n + 1 = 3, and consequently, » = 3, and 
2» + 1 = 6, we shall have 



= . . = .173717793 (a) 

3« + 1 5 

.173717703 _,„„,3„,23,,.) 



3(3n + lf 3.6^ 

5(3« + l)' a.5' 

__5i^ = S^.OOO0£5590 ^ ^„„^j^^^ 

7 (2. + 1)' 



9(2n+l)' 9.5' 

"■^ _ 9 X. 000000 050 ^ „„„„„3 ,,, 

ll(3n + l)" 11.5> 

Sum of 6 terms . . .176091360 
Log. of 3 ... .301039995 

Log. of 3 . . . .477131355 
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Which logaiithm is also correct to the nearest unit in the 
last figure. 

And in same way we may proceed to iind the logarithrn of 
taiy prime number. 

Also, because the sum of the logarithms of any two numbers 
gives (he logarithm of their product, and tlie diiference of the 
logarithms the logarithm of their quotient, &c. ; we may 
readily compute, from the above two logarithms, and the loga- 
rithm of 10, which is 1, a great number of other logarithms, 
as in the following examples : — 

e 3X3 =4, therefore* 30^029993 
log. 3 S 
Muh. by 2 2 





gives log. 4 .602059990 


4. 


Becanse 2X3^6, therefore ^ ^go.oggggg 
add log. 3 .477131255 




gives log. 6 .778151250 


5. 


Because 2' - 8, therefore log. 2 .301029995 
Mult, by 3 3 

gives log. 8 .903089985 


6. 
7. 


Because 3" = 9, therefore log. 3 .477121255 
Mult, by 3 2 

gives log,- 9 .954242510 

B.o„..«==.___.Wo,= J ,„„„„„ 

take log. 3 .301029995 




gives log. 5 .698970005 


8. 


Because 3x4 = 12 tliere- i ,,,131255 
fore to log. 3 J 

add log. 4 .602059991 




gives log. 12 1.079181246 
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the logarithms of the next succeeding prime numbers 7, II, 
13, 17, 19, 23, &.C., we can find, by means of tlie simple 
lilies before laid down for multiplication, division, and the 
raising of powers, as many other logarithms as we please, or 
may speedily examine any logarithm in the table. 

MULTPILICATION BY LOGARITHMS. 

Take out the logarithms of the factors from the table, and 
add them together , then the natural number, answering to 
the sum, will be the product required 

Observing, in the addition, that what is 1o be carried from 
the decimal part of the logarithms is aho affiimatlye, and 
must, thereftKe, be added to the indices, or mtogral parts, 
after the manner of positue and negatiie quantities in 

Which method will be found much more convenient, to 
those who possess a ilight knowledge of this science, than 
that of using the arithmetical complements 



1. Multiply 37.153 by 4.086, by logarithms. 

Nos. Logs. 

37.153 .... 1.5699939 
4,086 .... 0.6112984 

Prod. 151.8071 . 2.1812933 

2. Multiply 112.246 by 13.958, by logarithms. 

Nos. Logs. 

112.246 3,0491709 

13.958 .... 1,1448233 

Prod. 1563.128 . 3.1939941 

3. Multiply 46.7512 by .3375, by logarithms. 

Nos. Logs. 

46.7512 .... I_.6697928 
.3375 .... 1.5153U3 

Prod._ 15.31102 . 1.1850041 

Here, the + 1, that is to be carried from the decimals, 
cancel the — 1, and consequently there remains 1 in the 
upper line to be set down. 
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4. Multiply, .37816 by ,04782, by logaiithms. 

Nos. Logs. 

.37816 . 1.5776756 

-.04782 . . 2.6796096 

Prod. .0180836 . 2.2573852 

Here the +1, that is to be carried from the decimals, 
destroys the — 1, in the upper line, as before, and there 
remains the — 2 to be set down. 

5. Multiply 3.768, 2.053, and .007693, together. 

Nos. Logs. 

7.768 .... 0.5761109 

.3.053 .... 0.3123889 

.007693 . . . 3.8860997 

Prod. .059511 . 2.7745995 

Here the + 1, that is to be carried from the decimals, when 
added to — 3, makes — 3 to be set down. 

6 Multiply 3.586,2.1046, 8372, and 0294, together. 
Nos. Logs. 

3.S86 ..... 0.554610 

3.1046 .... 0.333170 
.8372 .... 1.933839 

.0394 .... 3.468347 

Prod. .185761'8 . 1.308956 

Here the 4- 3, that is to be carried, cancels the — 3, and 
there remains the — 1 to he set down. 
7. Multiply 33.14 by 5.062 by logaxithms. 

Ans. 117.1347. 
S. .Multiply 4.0763 by 9.8432, by logarithms. 

Ans. 40.13383. 

9. Multiply 498.S56 by 41.3467, by logarithms. 

Ans. 20551.41. 

10. Multiply 4.036747 by .012345, by logaviihms. 

Ans. 0497103. 

11. Multiply 3.13567, .02868, and .12379, together, by 
logarithms. Ans. .01109705. 

12. Multiply 2876.9, .10674 .098763, and .0031598, by 
logarithros. Ans. .0968299. 
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DIVISION BY LOGARITHMS. 

FjtoM the logarithin of the dividend, as found in the tables, 
subtract the logarithm of the divisor, and the natural number 
answering to the remainder, will be the quotient req-iired. 

Observing, if the siibtraciion cannot be made in the usual 
way, to add, as in the fonner rule, the I that is to be carried 
from the decimal part, when, it occurs, to tile index of the 
logarithm of the divisor, and then this result, with its sign 
changed, to the remaining index, for t!ie index of the loga- 
rithm of the quotient. 



1. Divide 4768.S by 36.954, by logaritlims. 
Nos. Logs. 

4768.2 .... 3.6783545 
36.954 .... 1.5676615 



2. Divide 21.754 by 2.4678, by logarithms. 

Nos. Logs. 

21.754 .... 1.3375391 
2.4678 .... 0.3933100 

Quot 8.1518 . . 0,9453291 

3. Divide 4.6257 by .17608, by logarithms. 

Nos. Logs. 

4,6357 .... 0.6651725 
.17608 .... T.3457100 

Quot. 36.2741 . . 1.4194635 

Here — 1, in the lower index, is changed inti 
is then taken for the index of the result. 

4. Divide .37684 by 5.1576, by logarithms. 

Nos. Logs. 



Quot. .0536761 1.7397811 

Here the 1 that is to be carried from the decimals, is taken 
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as — 1, anil then added to — 1, in the upper index, which 
gives — 3 for the index of the result. 

5. Divide 6.9875 by .075789, by logarithms. 

jVos. Logs. 

6.9875 ■ . . . ' . 0.8443218 
.075789 .... 2.8796063 

Quot. 93.1967 . 1.9647156 

Here the 1, that is to be carried from the decimals, is added 
to — 3, which makes — 1, and this put down, with its sign 
changed, is + 1. 

6. Divide .19876 by .0012345, by logarithms. 

Nos. Logs. 

.19786 .... 1.2983290 
.001.3345 . . . 3.0914911 

Quot. 161.0051 . 2.3068379 

Here — 3, in th« lower index, is changed into + 3, and 
fhia added to — 1, the other index, gives -|- 3 — 1 or 3. 

7. Divide 125 by 1738, by logarithms. Ans. 0723379. 

8. Divide 1728.95 by 1.10678, by logarithms. 

Ans. 1062.144. 

9. Divide 10.33674 by 4.96523, by logarithms. 

AnB.-2.061685. 

10. Divide 19956.7 by .048335, by logarithms 

Ans. .413739. 
1-1. Divide .067859 by 1234.59, by Sogarithms. 

Ans. .0000549648. 



THE RULE OF THREE, OR PROPORTION, 
BY LOGARITHMS. 

For any single proportion, add the logarithms of the second 
and third terms together, and subtract the logarithm of the 
first from their sum, according to the foregoing rules ; then 
the natural number atiswering to the result will be the fourth 
term required. 

Bi« if the proportion be compound, add together the loga- 
rithms of all the terms that are to be multiplied, and from the 
result talce the sum of the logarithms of the other terms, and 
the remainder will be the logarithm of the term sought. 
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RULE OF THREE BY LOGARITHJHS. 237 

Or, tliG same may be performed most conveniently thus ; — 
Find the complement of tile logarilhrn of the first term of 
iko proportion, or what it wants of 10, by beginning at the 
lefthand, and taking each of its figures from 9, except the laSt 
significant figure on the right, whicli must be taken from 10; 
then add this result and the logarithms of the other two terms 
together, and the sum, abating 10 in the index, will be the 
logarithm of the fourth term, ag before. 

And if two or more logarithms are to be subtracted, as in 
the latter part of the above rule, add their complements and 
the logarithms of the terms to be multiplied together, and the 
reauit, abating as many 10s in the index as there are loga- 
rithms to be s«btracled,-will be the logarithm of the term 
required ; observing when the index of the logarithm, whose 
complement is to be taken, is negative, to add it, as if it were 
affirmative, to 9 ; and then take the rest of the figures from 
9, as before. 



1. Find a fourth proportion to 37.125, 14.768, and 135,379, 
by logarithms. 

Log. of 37.i35 .... 1.569fi665 

Compleraem ' 8.4303335 

Log. of 14.768 .... 1.1693217 
Log. of 135.379 .... 2.1312304 



Ans. 53.81099 . . . 

2. Find a fourth proportional to .05764, .7186, and .34721, 
W logarithms. 

Log. of .05764 .... 3.7607340 

Complement .- . . . 11.2392760 
Log. of .7186 .... 1.8564873 
Log. of .34731 .... 1.5405993 

Ans. 4.338681 . . . 0.6363554 

3. Find a third proportional to 12.796, and 3.34718, by 
logarithms. 

Log. of 12,796 .... 1.1070743 

Complement 8.8939258 

Log, of 3.34718 .... 0.5115064 
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Log. of 3.34718 .... 0.5115064 

Ana. .8240216 . . . 1.9159386 

4. Find the interest of 2791. 5s. for 274 days, a 
cetit. per ammiQ, by logarit!\ms. 

Comp. log. of 100 ... 8.0000000 

Comp. log. of 365 . . . 7.4377071 

Log. of 279.25 .... 2.4469932 

Log. of 274 2.4377506 

Log. of 4.5 . . . . ■ 0.6532125 



5- Find a fourth proportional to 13.678, 14.065, and 
100.979, hy logarithms. Ans. 112.0363. 

6. Find a fourth proportional lo 1.9864, .4678, and 50.4567, 
by logarithms. Ans. 11.88262. 

7. Find a fourth proportional to .09658, .34958, and 
.005967, by logarithms. Ana. .02317334. 

8. Find a third proportional to .498631, and 2,9587, and a 
third proportional to 13.796, and 3.24718, by logarithms. 

Ans. 17.55633, and .8240316. 



INVOLUTION, OR THE RAISING OF POWERS 
BY LOGARITHMS. 

Take ont the logarithm of the given number from tte tables, 
and multiply it by the index of the proposed power ; then the 
natural number answering to the result, will be the power 
required. 

Observing, if the index of the logarithm be negative, that 
this part of the product 'will be negative ; hut as what is to be 
carried from the decimal pai-t will be aifirmative, the index of 
the result must be taken accordingly. 



Square 7.599946 



2, Find the cube of 7.0851, by logarithms. 

Hosted by Google 



INVOLUTION BY LOGARITHMS. EM 

Log, of 7.0851 , . . . 0.8503399 
3 

Cube 355.6475 .... 3.5510197 

3 Find tlie fifth power of .87451, by logarithms. 
Log. of .87451 .... 1.9417648 

Fifth power .5114695 . 1.7088240 

Where 5 times the negative index — I, being — 5, and 
-(- 4 to cairy, the index of the power is 1. 

4. Find the 365.th power of 1.0045, by logarithms. 

Log. 1.0045* ..... 0.0019499 
365 

97495 
116994 
58497 

Power 5.148888 . . 07117135 

5. Required the square of 6.05987, by logarithms. 

Ans. 36.73603. 

6. Required the cube of .176546, by logarithms. 

Ans. 005502674. 

7. Required the 4th power of .076543, by logarithms. 

Ans. 0000343259. 

8. Required the 5th power of 2.97643, by logarithms. 

Ans. 233.6031. 

9. Required the 6th power of 31.0576, by logarithms. 

Ans. 87187340. 
LO. Required the 7i:h power of i.09684, by logarilhms. 

Ans. 1.909864. 



* The answer, 5.148888, though found strictly accnrding fo the 
general rule, is not correct in the last four figures, 88SS ; nor can the 
answers to snch questions, relating to verybigh powers, be generally 
found true to 6 places of fignres by the tables of Log. commonly 
used; if any power above the hundred thousandth were required, tiol 
one figure of the aijswer here given could be depended on. The Log. 
of 1.0045 is 0019499410S true to eleven places, which, multiplied by 
365, gives .7117235 true to 7 places, and the corresponding number 
true to 7 places is 5.149067. See Doctor Adrain's ed^ion of Hut, 
Math. Vol I. p, 169. 
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EVOLUTION, OR THE EXTRACTION OF ROOTS, 
BY LOGARITHMS. 

Take out the logaritlim of the given numbei' from the table, 
and divido it by 2 for the square root, 3 for tlie cube root, 
&c., and the natural number, answering to the result, will be 
the root required. 

But if it be a compound root, or one that consists of both a 
root and a power, multiply the logarithm of the given number 
by the numerator of the index, and divide the product by the 
denominator, for the logarithm of the root sought. 

Observing, in either case, when the index of the logarithm 
is negative, and cannot be divided without a remainder, to 
increase it by such a number as will render it exactly divisi- 
ble ; and then carry the units borrowed, as so many tens, 
to the first figure of the decimal part, and divide the whole 
accordingly. 



1. Find the square root of 37.405, by logarithms. 
Log. of 27,465 . . , 2)1.4387796 



Root 5.2407 7193898 



2. Find the cube root of 35.6415, by logarillims. 
Log. of 35,0415 . . . 3)1.5519500 



Root 3.29093 5173186 



3. Find the 5th root of 7.0835, by logarithms. 
Log. of 7.0825 . . .■5)0.8501866 

Root 1.479235 1700373 



4. Find the 305th root of 1.045, by logarithms. 
Log, of 1.045 . . . 365)0.0019116 

Root 1.000121 0.0000534 



5. Find the value of (.001234)>, by logarithms. 
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atJESTIONS IN LOGARITHMS. 
;, of .001234 .... 3.0913152 



3)6.1826304 

Ans. .00115047 . . . 2.0608768. 
Here, tlie divisor 3 being contained exactly tv/ice in the 
negative index — 6, the index of the quotient, to be put down, 
will be — 3. 

6. Kind the vsluo of (.024554)', by logarithms. 
Log. of .024554 .... 3.3901223 



2)5.1703669 



Ane. .00384754 . . . 3.5851834. 
Here 3 not being contained exactly in — 5, 1 is added to 
it, which gives — 3 for the quotient ; and the 1 that is bor- 
rowed, being carried to the next figure, makes II, wliicli, 
divided by 3, gives .58, Sic 

7. Required the square root of 365.5674, by logarithmB. 

Ans. 19.11981. 

8. Reqmred the cube root of 3.987635, by logarithms. 

Ans. 1.440365. 

9. Required the 4lh root of .967845, by logaritlims. 

Ans. .9918634. 

10. Required the 7th root of .098674, by logarithms. 

Ans. .7183146. 

11. Requited the value of f la, by logarithms. 



12, Required the value of ( V, by logarithms. 

Ans. .1937115- 



I. Required the square root of , by logarithms. 

Ans. .1375153. 



Ans. .6827843. 
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MISCELLANEOUS QUESTIONS. 
1. Required the .07 power of .00563, by logarithm! 



4. Required the value of ili— — iii- , by logarithms. 

Ana. .04379835. 

0. Required the value of - v'^ X .013 ^yT' ^^ ^°' 
rithms. Ans. .001105713. 

6. Required the value of '^'' ^''^^'' ^J^, by loga- 

7ie/12i-X.19V17t 
rithms. Ans. .000915863S, 

7, Required the value of — | '^ - — ~ 1, by lo- 

^ 4 Vi4.^ff-yV Vaev 

garithms. Ans. 49.38712. 

MISCELLANEOUS QUESTIONS. 

1. A person being asked what o'clock it was, replied that 
it was between eight and nine, and that the hour and minute 
hands n ere evacilj together , wliat was the time ' 

\ns 8h 43 nun SSt'-,- sec. 

2 A certain number, consisting of two placps of figures, 
]s equal to the difference of tlie squares ot it«; digits, and if 
36 be added to it, the digits will be mveiled what is tho 
number' Ans. 48, 

3 "What two numbers we ihosje, whoso difference, sum, 
and product, are to each other as the numbeis 3, 3, and 5, 
respectively' Ans 2 and 10. 

4 A person, in a party at cards, bet three shillings to two 
■upon every deal, and after twenty d^als found he had gained 
five shillings ; how many deals did he win? Ans. 13. 

5. A person wishing to enclose a piece of ground with 
palisades, found, if he set them a foot asunder, that he should 
have too few by 150, but if he set ihem a yard asunder he 
should have too many by 70 ; how many had he ! Ans. 180. 

6. A cistern will be filled by two cocks, a and B, running 
together, in twelve hours, and by the cock a alone in twenty 
hours ; in what time will it be filled by the cock B alone ? 

Ans. 30 hours. 

7. If throe agents, a, b, c, can produce the effects, a, h, c, 
in the times e, f, g, respectively ; in what time would they 
jointly produce the effect d. 

Ans. rf4- (- + ^+-). 
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MISCELLANEOUS QUESTIONS. 243 

8. What number is that, which, hoing severally added 
to 3; 19, and 51, shall maJte the results in geonietrical pro- 
gression? Ans. 13. 

9. It is required to find two geometrical meaji proportioQals 
between 3 and 34, and four geometrical means between 3 
and 96. Ans. 6 and 13 ; and 6, 13, 34, and 48. 

10. It is required to find six numbers in geometrical pro- 
gression such, that their sum shall be 315, and the sum of the 
two extremes 165. Ans. 5, 10, 30, 40, 80, and 160. 

11. The sum of two numbers is a, and the sum of their 
reciprocals is 6, required the numbers. 






4 ^l^"- ■''>{■ 



13. After a certain number of men had been employed on 
a piece of work for 34 days, and had half finished it, 16 
men more were set on, by which the remaining half was com- 
pleted in 16 days ; how many men were employed at first ; 
and what was the whole expense, at Is. 6d. a day per man 1 
Ana. 33 the number of men ; and the whole 
expense 115/. ■!«, 

13. It is required to find two numbers such, that if the 
squares of the first be added to the second, the sum shall be 
63, and if the square of the second be added to the first, it 
shall be 176. Ans. 7 and 13. 

14. The fore wheel of a carriage makes six revolutions 
more than the hind wheel, in going 130 yards; but if the cir- 
cumference of each wheel was increased by three feet, it 
would make only four revolutions more than the hind wheel 
in the same space ; what is the circumference of each wheel ? 

Ans 13 and 15 feet, 

15. It is required to divide a given number a into two such 
parts, X and y, that the sum of mx and «y shall be equal to 
some other given number b. 

b~<m , am-b 

Ans. X = '■ and y = — — . 

16. Out of a pipe of wine, containing 84 gallons, 10 gallons 
were drawn ofi, and the vessel replenished with 10 gallons 
of water ; after which 10 gallons of the mixture were again 
drawn off, and then 10 gallons more of water poured in ; and 
BO on for a third and fourth time ; which being done, it is 
required to find how much pure wine remained in the vessel, 
supposing the two fluids to have been thoroughly mised each 
time? Ans. 48*- gallons. 

17. A aani of money is to be divided equally among a 
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cciiain number of persons ; now, if there had been 3 claimania 
less, each would have had 150i. more, and if there had been 6 
more, each would have had 120?. less ; required the number 
of persons and the sum divided. Ans. 9persons; sni!i3700i. 

18. BVom each of 16 pieces of gold, a person filed the 
■worth of half a crown, and tton offered them in payment for 
their original value, but the fraud being detected, and the 
pieces weighed, they were found to be worth in the whole, 
no more than eight guineas ; what was the ori^nal value of 
each piece? Ans, 13* 

19. A composition of tin and copper, containing 100 cubic 
inches, was found to weigh 605 ounces ; how many ounces 
of each did it contain, supposing the weight of a cubic inch of 
copper to be 5J ounces, and tliat of a cubic inch of tin 4^ 
ounces ? Ans, 420 oz. of copper, and 85 oz. of tin, 

30. A privateer, running at the rate of 10 miles aa hoar, 
discovers a vessel 18 miles ahead of her, making way at the 
rate of 8 miles an hour ; how many miles will the latter run 
before she is overtalien? Aaa. 73 miles. 

31. In how many different ways is it possible to pay lOOZ. 
with seven shilling pieces, and dollars of 4*. 6d. eacht 

Aas. 31 different ways. 

33. Givea the sum of two numbers =3, and the sum of 

their ninth powers = 33, to find the numbers by a quadratic 

equation. Ans. 1 ih i V (6 v' 34 - 33). 

33. Given y' — xy = 666, and ^ + aiy = 406, to find cc 
and y. Ans. a: = 7, and y ^ 9. 

34. The arithmetical mean of two numbers exceeds the 
geometrical mean by 13, and tlie geometrical mean exceeds 
the harmonical mean by 13 ; what are the numbers ? 

Ans. 334 and 104. 

35. Given ce'y + yH = 3, and a^y» + j/^a;^ = 7, to find the 
values of iK and y. Ans. a; = ^{A/5 + l), y = ^{-J5 — 1). 

26. Given a: + y + s = 33, !By + a;3 + yz = 167, and 3^3- = 
385, to finda;, )/, and a. Ans. a; = 5, ji = 7, b= 11. 

37. To find four numbers, x, y, z, and ui, having the pro- 
duct of every three of them given ; viz. xyz =; 331, xyw == 
420, yzw = 1540, and icsiu = 660. 

Ans, a= 3, y= 17, z= II, and w t= 30. 
28. Given x + 3/2 — 384, y + a^s = 337, and z + a:y ^ 192, 
to find the values of a;, y, ani z. 

Ans. le = 10, y = 7, and s = 23. 
39. Given a^-[-3iy= 108, y^-|-!/2 = 69, and*' 4-0^ = 530, 
to find the values of x, y, and z. 

Aas, M = 9, !/ = 3, and ^ = 30 
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30. Given x" + ay •}- y^ = 5, and x." + (e'f + y" =-- 11, to 
find tlie values of a and y by a quadratic. 

Avis. iC=: p\/10 + ^v'5, !/=-^/10 — - V5. 

31. Given the equation a* — Gli^ 4- 13lc^ — 12a: = 5, to find 

the value of a; by a quadratic, A.ns. - ± — V 13, 

33. It is required to find by what part of the population a 
people must increase annually, so that they may be double at 
the end of every century. Ans. By 144th part nearly, 

33. Required the least number of weights, and the weigat 
of each, that will weigh any number of pounds from one pound 
to a hundred weight. Ans. 1, 3, 9, 97, 81. 

34. It is required to find four whole numbers such, that tlie 
squares of the greatest may be equal to the sum of the squares 
of the other three. Ana. 3, 4, 12, and 13. 

35. It is required to find the least number, which, being 
divided by 6, 5, 4, 3, and 3, shall leave tie remainders, 5, 4, 
3, 3, and 1, respectively. Ans. 59. 

36. Given the cycle of the son 18, the golden number 8, 
and the Roman inc&ction 10, to find the year. Ans. 1717. 

37. Given 356w — 87y = 1 , to find the least possible values 
of X and yin whole numbers. Ans. a; = 52, and y = 153. 

38. It is required to fiad two difierent isosceles triangles 
such, that their perimeters aad areas shall be both expressed 
by the same numbers. 

Ans. Sidesoftheone29,39,40; and of the other 37, 37, 34. 

39. It is required to find the sides of three right-angled 
triangles, in whole numbers, sucli, that their areas shall be all 
equal to each other. 

Ans. 58, 40, 43; 74, 24, 70; 113, 15, 113. 

40. Given x^ := 1.3655, to find a near approximate value 
oix. Ahs. 3.82013. 

41. Given xy = 5000, and y' ~ 3000, to find the values of 
x and y. Ans. a: = 4.691445, and y = 5.510133, 

42. Given *'^ + y!' = 285, and f — afJ = 14, to find the 
ralues of n: and y. Ans. x = 4.016698, and y = 3.835716. 

43. To find two whole numbers such, that if wnity be added 
io each of them, and also to their halves, the sums, in both 
cases, shall be squares, Ans. 48 and 1680. 

44. Required the two least nonquadrate numbers a; and y 
such, that ar* + j/^ and a^ + y' shall be both squares. 

Ans. X = 364, and y = 273. 

45. It is required to find two whole numbers such, that 

21* 
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their sum sliall be a cube, and their product and quotient 
squares. Ans. 35 and 100, or 100 and 900, Sic. 

46. It is required to find three biquadratic numbers such, 
that their sum &hall be a square Ans 12', 16*, and 30', 

^7 It IS required to hnd three numbers la continued geo- 
metiical progiession auch, that ihen three differeaces shall 
be al! sqnares Ans 5b7, 1008, and 1793. 

48 It 1' lequired to find three whole numbers such, tiiat 
the sum of difleience o! iny two of them shall be square 
numbers An* 434657, 420968, and 150568. 

49. It la reqmred Eo find two whole numbers such, tliat theit 
sum shall be a square, and the sum of their squares a biquad- 
rate. Ans. 4565486027761, and 1001653393530. 

50. It is required to find four whole numbers such, that the 
difference of every two of them shall be a square number. 

Ans. 1873432, 2288168, 3399057, and 6560657. 
1 3 

51. It is required to find the sum of the series -4 — _ 

4- ■ — -4- — , i&c., continued to infinity. Ans. - 

^37^81 4- 

52. It is required to find the sum of the infinite series -- — 

9 , 27 81 , 343 . ,3 

+ __ &o. Ans. - 

16 64 356 1034 7' 

53. Required the sum of the series 5 + 6 + 7 + S-f9+, 

&c., continued to n terms Ans. ^ {« + 9). 

54. It is required to find how many figures it would take to 
express the 25th terra of the series 2' + Z' -ir 2^ + 2" + 3'«, 
&c. Ans. 6050446 figures. 

55. It is required to find the sum of 100 terms of the series 
(1 X 2} + (3, X 4) -f {5 X 6) + (7 X 8) -1- (9 X 10), &c. 

Ans. 1343300. 

56. Required tho sum of 1^ + 3= + 3' + 4' + 5^, &c., 

■\- 50, which gives the number of shot in a square pile, the side 
of which is 50. Ans. 43935. 

57. Required the sum of 35 terms of the series 35 + 36 
X 3 + 37 X 3 + 38 X 4 + 39 X 5, &c., which gives the 
number of shot in a complete oblong pile, consisting of 36 
tiers, the number of shot in the uppermost row being 35. 

Ans. 16575. 
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APPENDIX. 



OF THE APPLICATION OF ALGEBRA TO 
GEOMETRY. 

In the preceding part of the ptesonl performance, I have 
considered Algebra as an independent science, and confined 
myself chiefly to the treating on such of its moat useful rules 
and operations as could be hrought within a moderate com- 
pass ; but 03 the numerous applications, of which it ia sus- 
ceptible, ought not to he wholly overlooked, I shall here show, 
in compliance with the wishes of many respectable teadhers, 
its use in the resolution of geometrical problems, referring the 
reader to my larger work on this subject for what relates 
more immediately to the general doctrine of curves.* 

For this purpose it may be obserrecl, that when any prop- 
osition of the kind here mentioned is required to be resolved 
algebraically, it will be necessary, ia the first place, to draw 
a figure that shall represent the several parts, or conditions, of 
the problem under consideration, and regard it as the true one. 

Then, having properly considered the natmre of the ques- 
tion, the figure so formed, must, if necessary, be still farther 
prepared for solution, by producing, or di'awing, such lines in 
it as may appear, by their connexion or relations to each 
other, to be moat conducive to the end proposed. 

This being done, let the unknown line, or lines, which it is 
judged will be the easiest lo find, together with those that are 
known, bo denoted by the common algebraical symbols, or 
letters ; then, by means of the proper geometrical theorems, 
make out as many independent equations as there are unknown 

* The learner, before he can obtain a competent knowledge of the 
method of application abovementioned, must first make himself master 
of the principal propositions of Euclid, or of those contained in my 
Elements of Geometry ; in which work he will find all the essential 
principles of the science comprised within a much shorter compass than 

And in such cases where it may be requisite to extend this mode of 
application to trigonometry, mechanics, or any other brancli of mathe- 
matics, a previous knowledge of the nainre and principles of these snb- 
jecls will be equally necessary. 
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quantities employed ; and the resolution of these, in flie usuil 
manner, will give the solution of the problem. 

But as no general rules can be laid down for drawing the 
lines here mentioned, and selecting ihe properest quantities to 
substitute for, so as to bring out the moat simple conclusions, 
Ike best means of obtaining experience in these matters will 
be to try tbe solution of the same problem in different ways ; 
and then to apply that which succeeds the best to other cases 
of the same kind, when they afterwards occur. 

The following directions, Lowayer, which are extracted, 
with some alterations, from Newlon'a Universal Arithmetic 
and Simpson's Algebra and Select Exercises, will often be 
foimd of considerable use to the learner, by showing him how 
to proceed in many cases of this kind, where he would other- 
wise be left lo his own judgment ; — 

lat. In preparing the iigure in the manner abovementioned, 
by producing or drawing certain lines, let them be either 
parallel or perpendicular to some other lines in it, or be so 
drawn as to form similar triangles; and, if an angle be given, 
let the perpendicular be drawn opposite to it, and so as to fall, 
if possible, from one end of a g^ven line, 

2d, In selecting the proper quantities to substitute for, let 
fliose be chosen, whether required or not, that are nearest to 
-the known or given parK of the figure, and by means of which 
the next adjacent parts may be obtained by addition or sub- 
traction only, without using surds. 

3d. When in any problem there are two lines, or quantities, 
alike related to other parts of the figme, or problem, the best 
way is not to make use of either of them separately, but to 
substitute for their sum, difference, or rectangle, or the sum 
of their alternate quotients ; or for some other line or line in 
the figure, to which they have both the same relation. 

4th. When the area, or the perimeter, of a figure is given, 
or such parts of it as have only a remote relation to the parts 
that are to be found, it will sometimes be of use to assume 
another figure similar to the proposed one, that shall have one 
of its sides equal to unity, or to some other known quantity ; 
as the other parts of the figure, in such cases, may then be 
determined by the known proportions of their like sides, or 
parts, and ihence the resulting equation required. 

These being the most general obsen'ations that have 
hitherto been collected upon this subject, I shall now proceed 
to eludicate Ihem by proper examples ; leaving such farther 
remarks as may arise out of the mode of proceeding here 
used, to be applied by tho learner, as occasion requires, to the 
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given, at the end of 



solutions of the miscoUaneous prohli 
the preseat article. 

Problem 1. — The base, and the <. 
and perpendicular of a right-angled ti 
required to determine the triangle. 




I of the hypothenust 
gle being given, it it 



t c, be the proposed triangle ; and 
put BO =: b, and ac =: x. 

Then, if the sum of ab and ac be represented by s, the 
hypothcnuse ab will be expressed by s — ^a^. 

But, by the well-known property of right-angled triangles 
(Euc.r,47,) 

x' -\- b^ — ^ — 2sx: + x'. 
Whence, omitting aP, which is common to both sides of 
the equation, and transposing the other terms, we shall have 
%sx = ^ — 6', or 



which is the value of the perpendicular ao ; where s and b 
may be any numbers whatever, provided s be greater than &, 
In lilte manner, if the base and the difference between the 
hypothenrise and perpendicular be given, we shall have, , 
by putting « for the perpendicular and d -{- x iot the hypofh- 



2d ' 

Where the base (i) and the given difference {d) may be 
any numbers as before, provided b be greater than d. 

Problem 2. — The difference between the diagonal of a 
square and one of its sides being ^ven, to determine the 
square. 
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Let Ao be the proposed square, ctnd put the side bc, or cii. 

Then, if the difference of bb and BC be put = d, the hypo- 
thenuse bd will be -— x-'r d. 

But since, as in the former problem, bo' + cd^, or 
2bc* = BD^ we shall have 

2a^ = a:' + 2da! + d", or 
ar" — 2dx ^ d" ; 
Which equation, being resolved according to the rule laid 
down for quadratics in the preceding part of the work, gives 

!B = d+d^/2, 

Which is the value of the side Be, as was required. 

PaoBLBM 3. — The diagonal of a rectangle abcd, and the 
perimeter, or sum of all its four sides, being given, to find 



Let the diagonal ac = d, half the perimeter ab + bc = 
and the base bc = a ; then will the altitude ab ■= a — a:. 

Anii since, as in the former problem, aji' + bc' = ac", 
shall have 

cr' ~ 2ax + x" + x' = d^, or 



Which last equation, being resolved, as in tlie farmer 
111. .me, gives ^^j^j_^^j2^,___,j 

Where mmust be taken greater than rf and less than J v'2. 

Pkobleh 4. — The base and perpendicular of any plane 
iTiangle abc being given to find the side of its inscribed 
square. 
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I,et EG be the inscribed square ; and put i 
and the side of the square eh or ef = x. 
Then, because the triangles abc, aeh, are s 



p:b::{p — x):x. 
Whence, taking the products of the means ; 
there will arise 

^3! =: bp — bx. 

Which, by transposition and division, gives 

Where b and p may be any numbers wliatever, either 
whole or fractional. 

Phoblem 5. — Having the lengths of three perpendiculars, 
BP, EG, EH, drawn from a certain point e, within an equilateral 
triangle abc, .to its three sides, to determine the sides. 




>, and having joined ea, eb, ai 
- c, and BD (which is -a-Bc) = 
are each = 2x, we shall bai 



Draw the perpendicular 

Then, since AE, bc, or ( 
by Euc. I, 47, 

AD = v* (ab' - BD=) = V (4*^ - !E=} = V 3a!^ := a V 3. 

And because the area of any plane triangle is equal to half 
the rectangle of its base and perpendicular, it follows that 
Aabc =^BC X AD = a:Xa'\^3 = a^v'3, 
A UEC = i^ BC X EF = a^ X o —aa:, 
AAEO^-^ACX EG = a;X* =*3;, 



But the last three triangles bec, aec, ae 
lo the whole triangle abc ; whence 

(f'^3 = aa: + ba! + c: 



e together equal 
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And consequenlly. if each side of this equation l)o divided 
by X, we shall have 

a:V3 = a + b + c,or 

V3 

Which is, therefore, half the length of eitlier of the three 
equal sides of the triangle. 

Cor. — Since, from what is ahove shown, a 
follows, that the sum of ali the perpendiculars 
point in an equilateral triangle to each of its i 
the whole perpendicular of the triangle. 

PuoBLBM 6, — Through a given point p, ii 
ACBD, to draw a chord cd, of a given length. 



>i. =.,/3, it 
drawn from any 
ides, is equal to 

a given circle 



<T) 



Draw the diameter ape ; and put cd = a, av = b, i'b = i 
and cp ^ a; ; then will pd = a — ^. 

But, by the property of the circle (Euc. iii. 35,) cp X pd = 
AP X PS ; whence 

3? — ate = — be. 
Which equation, being resolved in the usual way, gives 

a^ = i o i V (J -^ - Sc) ; 
Where a: has two values, both of which are positive. 
Pjioblbh 7. — Through a given point p, without a give 
circle abdc, to draw a right line so that the jiart cd, intercepte 
by the circumference, shall be of a given lengtli. 




Draw PAB through the centre o ; and put cd = 
PB = c, and PC = ^ ; then wiO pd = x + «■ 

But, by the property of the circle, (Euc. iii, 
ccXPD-PAXPB,w^^eBce^^^^^^^^ 
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Which equation being resolved, as in the former problem, 
jivea 



Where one value of x ii 



e and the other negative 



Problem 8.— The base of bc, of any plane triangle ABa 
the Slim of the sides ab, ac, and the line ab, drawn from the 
vertex to the middle of the base, being gi^en, to determine 
the triangle. 




Put BD or DC = a, AD = h, ab + ac = s, and ab = x; then 
will AC ^ * - a-. 

But, by my Geometry, B, ii. Prop. 19, ae= + ac^ = 3dd= 
-|- 2ai)^ ; whence 

a3 + (s ~a:f = 3a' + 2P, or 

Which last equation, being resolved as in the former 
instances, gives 

for the values of Ihe two sides >b and ac of the triangle ; 
taking the sign + for one of them, and — for the other, and 
observing that a* + ^ must bo greater than ^^. 

Problem 9. — The two sides ab, ac, and the line ad, 
bisecting the vertical angle of any plane triangle abc, being 
given, to find the base bo. 




last problems, with a few slight alterations, may be 
(red for finding tlie roots of quadratie equBtions by con- 
this, as "Well as Iha methods frequentljr given for con- 
structing cubic and some of the higher order of equation 

of little importance in the present slate of mati " 

analysis, in these cases, being' generally thought a 
instrument than geometry. 



e conunodionE 
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= X ; then, by Euc. 



Put AB =: a, AC = &, AD = 

VI., 3, we shall have 

ABH:Ac(fi)::BD:DC. 
And consequently, by the compositions of ratios, (Ei 





a-T,:a.-.,.,T. = ^^, 




But, by 


EUC. VI., 13, BD X DC + AD= 


re, also, 






abx' 




, — rrrs ■\-(? = ah, or 




(a +6)' 




ah^={a^VfX{<ih-'? 




From -which last equation, w 









Which is the value of the base Be, as required. 

Problem 10. — Having ^ven the lengths of two lines ad, 
BE, drawn from the acute angles of a right-angled triangle 
ABC,- to tlie middle of the opposite sides, it is required to 
determine the triangle. 



A = y; 




Put AD = a, BE = h, c] 
then, since (Euc. i, 47) c 
be', we siiall have 

Whence, talcing the second of these equations frotn four 
times the first, there will arise 

15f~4a' — b'',0T 
40" ~ S= 

And, in like manner, taking the first of the same equations 
from four times the second, there will arise 
15ar' = 46=-a=, or 
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"Which values of x and y are half the lengths of the bas 
and perpendicular of the triajigle ; observing that b must h 
less than 2a and greater than i a. 

Problem 11. — Having given the ratio of the two sides i 
a plane triangle abc, and the segments of the base, made b 
a perpendicular falling from the vertical angle, to determir 
ihe triangle. 




Then, since by the question, ab : ac : : 
n. Prop. 16, of my Elements of Geometry, 



y, and the ratio of the 
and by B. 



e sliall have 



■.y::n 



i, by the first of these expressions, nx = my, or y = — ; 
ce, if this be substituted for y in the second, there will 



(»i«-«=)3r' = »^{a».-i=). 



which are the values of the v 
as was required. 



Lc, of the triangle, 



Problem 12.— Given the hypothenuse of a right-angled 
triangle abc, and the sides of its inscribed square dc, to find 
ihe other two sides of the triangle. 
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Put AB = h, DB or DF = *, AC ^= X, and. CE ^= y ; tlien, by 
similai triangles, we shall liave 

And consequently, by multiplying the means and extremes. 



- (1). 



Whence 
there will i 



!, by Euc 1, 47, ac^ -|- cb- = ab', i 

a.'4-3'= = A' ■- (2). 

if twice equation (1) be added to 



B shall like- 
squation (2), 



ar= + 2a:y + y" = S* + %s {x + y), or 

Which equation, being resolved after the manner of a 
quadratic, gives 

^ + y:=:5±v'(A> + ^),or 

Hence, if this value be substituted for y in equation(l), 
there will arise 

And consequently, by resolving- this last equation, we shall have 

and 

Which are the values of the perpendicular AC and base bc, 
as was required. 

Pkoblkm 13. — Having given the perimeter of a right- 
angled triangle ABO, and the perpendicular cd, falling from the 
right angle on ilie hypotheause, to determine the triangle. 
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Put p = perimeter, cv = a, ao ^ x, and bc =; y ; then 

But, by tight-angled triangles (Euc. i. 47,) ac^ + bc° ^= 
AB* J whence a,-^ + y" ^ p* — 2p(x +y) + ic^ + ^^y + y^' 
Or, by transposing the terms and dividing by 2, 

p{x^y)-^p^ = a:y (1). 

And since, hy similar triangles, ab : BC : : ac : cr, we shall 
also have, by multiplying the means and extremes, 

op - (a: + y) = ay (3). 

Whence, hy comparing equation (1) with equation {3), 
there will arise {a-^ p)x{x + y) = ap + ^p^. 
Whence, 

a; + y =P±JLlIl, or 
a+p 

a-\-p 

And if these values bo now substituted for jc + y and y in 

equation (3), the result, when simplified and reduced, will give 

{a+p^x' —p{a-\-ip)a:= — I ap". 

From which last equation, and the value of y above found, 

■we shall have 

And if the sum of these two sides be taken from p, tho 
result will give 

„=,-(.+,) = ^l-|. 

Which expressions are, therefore, respectively equal to tho 
values of the three sides of the triangle. 

Problbk 14. — Given the perpendicular, base, and sum ot 
the sides of an obttise angled plane triangle aec, to determine 
tile two sides of the triangle. 
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Let the perpendicular ad = p, the base bc =^ 6, the sum of 
AB and AC = s, and their difference = a;. 

Then, since half the difference of any two quantities added 
to half their sum, gives the greater, and, when subtracted, the 
less, we shall have 

B = J(*-f-»), and Ac='^(* — ib}. 



But, by Euc. r, 47, en' -- ac^ — a 
-jH ; and, by B. n, 13, ab^ = 



■ AC= + 2bc X c 



H* + -)^^ 



And if ea 
there will a 






I of the sides of this last equation b 

;e, by transposition, and sunplifying the result, 

'■~b^-):^ = b^ (*' - ^) - 4iy, or 



Whence, by addition and subtraction, v 

.--1 ? ,„ V 

Which are (he sid t h gl 

PnoBLEM 15.— It 5 d o d 

one of the angles b of n q 

intercepted by de anl h II 1 




required, 
ht line cfe from 
hat the part fe, 



Bisect FE in e, and put ab or uc = a, fo or gk 
sa := x^ then will be ^^ a; + ^ an^ bf = a? — i>. 

But since, by right-angled triangles, ae^ ^ be* - 
shall have 

And because the triangles bop, eab, are similar, 
■Bf : bc : ; be : ae, or 
«fa7+ S) = C^ - J)y 'C^ + iy-t^l- 



ah", we 
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Whence, by aquaring each side of this oqualion, and 
arranging the tBrms in order, there will arise 

a* _ 3 (o= + b^)^= y (3o= — S'). 

Which equation, being resolved after the manner of a 
quadratic, will give 

And consequently, by adding h to, or suhtiacting it from, 
this last expression, we shall have 

BF = ^/ ) o= + 6' ± o V (a- + 4&') \ ~ b. 

Which values, by determining the point e, or f, will satisfy 
the problem. 

Where it may be observed, that the point o lies in the cir- 
cumferonce of a circle, described from the centre d, with the 
radius fg, or half the given line. 

Problem 16.— The perimeter of a right-angled triangle 
ABC, and the radius of its inscribed circle being given, to 
determine the triangle. 




Let the perimeter of the triangle = p, the radius on, or oe, 
of the inscribed circle = r, ae ^ x, and bd =; y. 

equal to of, and o* is common, af will also be equal ab, or a^. 
And in like manner it may be shown, that bf is equal to 
BO, or y. 

But by the question, and Euc. i, 47, we have 
{x + r) + (y + r) + (a. -f- y] =p, and 
{^^■rf + {y + rf = {!c + yf. 
Or, by adding the terms of the first, and squarmg those of 
the second, 

^ + y = *i'-'-,and 
r{x+y)=zy — 7''. 
Hence, since, in the first of these equations, y = {i-p — r) 
— X, if this value be substituted for y in the second, there 
will arise 

x^~{ip~ r)a = ~ipT, 
Which equation, being resolved in the usual manner, gives 
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• -Hir-r)±~/\i{il.~rY- 



and 



iwh 



y-Hif-r-,^V\ilip-rr-iV'[- 
And consequently, if r lio added to each of tlieso lasi 
egressions, we shall have 

•o_i(i, + 0=F^Hftl'-'-)'-*i"i. 
for the values of die perpendicular and base of the triangle, 
as was required. 

Problem 17. — From one of the extremities a, of the 
diameter of a given semicircle adb, to draw a right line ae, 
so that the part jie, intercepted by ihe circuinfei'eiice and a 
perpendicular drawn from the other extremity, shall be of a 
given length. 




Let the diameter ab = (7, db = a, and ae >= ir ; and join bi>. 
Then, because the angle adb is a right angle, (Euc. iir, 
31,} the triangles ABE, add, are similar. 

And consequently, by comparing their lilio sides, we shall 

AE : AB : : AB : ad, or 

Whence, multiplying the means and extremes of these 
proportionals, there will arise 

Which equation, being resolved after the usual manner, 

Problem 18. — To describe the circle througli two given 
points a, b, that shall touch a rightlino on given ii 
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Join AB ; and through o, the assumed centre of the required 
circle, diaw rs perpendicular to ae ; which will bisect it in 
E, (Euc. HI, 3.) 

Also, join OB ; and draw eh, og, perpendicular lo cd ; the 
latter of which will fall on the point of contact a, (Euc. iii. 18.) 

EF — 4, EH = c, and EO = a; ; which will give ov = h — x. 

Then, because the triangle oeb is right-angled at e, we 
shall have 

0B= = E0= + EE=, or 

But, by similar triangles, fb : eh : : fo ; og or ob ; or 
b : c;:h — x-.ob; whence, also, 

o._l(i-.), 

values of ob bo put equal to 



Or, by squaring each side of this equation, and simplifying 
the result, 

(S' - c") it" + 3ie»« = S= (c" - a^). 
Which last equation, when resolved in the usual maaaer, 

^' ^' bo" 5 c' (^-d'l 

^ — W^-^ + ^^l-^^-ef^W^A' 

for the distaace of the centre o from the chord ab ; where 6 
must evidently be greater than c, and c greater than a. 

PaoBi,EM 19. — The three lines ao, bo, co, drawn from the 
angular points of a plane triangle abc, to the centre of its 
inscribed circle, being given, to find the radius of the circle 
and the sides of the t] " 




Let o be the centre of the circle, and, on ao produced, let 
fall the perpendiculars cd ; and draw oe, of, oo, to the points 
of contact, e, f, e. 

Then, because the three angles of the triangle abc are, 
together, equal to two right angles, (Euc. i, 33,) the sum of 
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their halves oac + oca + obe will be equal to one right 

But the sum of the two former of these, oac + oca, is equal 
to the external angle doc ; whence the sum of doc -1- obe, 
as also of doc + ocu, is equal to a right angle : and con- 
sequently, OBE =ocr. 

Let, therefore, ao =0, bo ^6, co ^c, and the radius oe. 

Then, since the triangles boe, cod, are smiilar, no : oe 
: : CO : on, 01 b : n : : c : od ; which gives 

CD=y, aikdcD=V('^— -^),or^V(S=— x'). 

Also, because the triangle aoc is obtuse angled at o, we 
shall have (Euc. ri, 12,) 

AC= = A0= -1- CO* 4- 2ao X od ; or 

But the triangles acd, aof, being likewise similar, 
AC : CD : ; AO : of, or 
6 la' + «') + 2acs c 



d extremes, and 



squanng 



Or, by collecting the terms together, and dividing by the 
coefficient of the highest power of a, 

(ah ac he \ ahc 

From which last equation icmay be determined, and thence 
the side of the triangle.* 

Problem 20. — Given the three sides ab, bc, cd, of a 
trapezium abcd, inscribed in a semicircle, to find the diameter 
or remaining side ad. 



* This, and the following problem, cannot be constructed georaelri- 
caUy, or by means only of light lines niid a circle, being' what the 
ancients usually denominated solid problems, from the circamstancc of 
Iheir involving an equation of more than two dimensions ; in which 
cases Ihey generally employed the conic sections, or some of the higher 
orders of curves. 
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Let AB = «, EC := J, CD ^= c, and ad ^ k; thon,by Euc. vi, 

Prop. D, AC X BD := AD X EC +AB X CD ^ Sk + flC. 

But ABD, ACD, being rigM angles, (Euc. ni, 31,1 wo shall 
have 

AC = V{AD=-Dc'),or ^/{^^-c=), and 

BD = v'(AD=-AB^),Or ^l^^-a"). 

Whence, by substituting these two values ia the former 
expressions, there will arise 

^{^~-^)XV(^-'^) = !'x + ac. 
Or, by squaring each side, and reducing the result, 

a^ _ («= + 6= + c=) K =r 2aic. 
From which last equalion the value of a may be found, ag 
in the last problem.* 

MISCELLANEOUS PROBLEMS. 



To find the side of a square, inscribed in a given seraicircie, 

vhose diameter is J. . 1 7 , = 

Ans. -=d'/o. 



Having given the hypothenuse (13) of a right-anglod tri- 
itngle, and the difference between the other two sides (7), Vi 
find these aides.f Ans. 5 and 12. 



To find the side of an equilateral triangle, inscribed in a 
circle whose diameter is d ; and that of another circumscribed 
about the same 'circle. Ans. ^di/3, and d V 3, 



To find the side of a regular pentagon, inscribed in a circle, 
whose diameter is rf. Ans. ^d V(10 — 3V5). 



To find the sides of a rectangle, the perimeter of which 
shall be equal to that of a square, whose side is a, and its 
area half that of a square. Ans. a + -^q V2 and a — iaV2. 

* Newton, in his Universal Arithmetic, English edition, 179S, has 
resolved this problem in a variety of different ways, in order to show 
tlial some methods of proceeding', in cases of this kind, treqnentlv lead 
tomore elegant solutions than others; andthat a ready knowledge of 
these can only be obtained by practice. 

i Such of these equations as are proposed in numhers, should first 
ba resolved generally, by means ofihensual symbols, and then reduced 
to the answers ahove given, by substituting the numeral values of the 
letters in the results thus obtained. 
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Having given the side (10) of an equilateral triangle, to 
find the ra£i of its inscribed and circumscribing circles. 

Ans. 2.8868 and 5.7736. 



Having given the perimeter (12) of a rhombus, and the sum 
(8) of its two diagonals, to find the diagonals. 

Ans. 4 + V2 and 4 ~ V2. 



Required tlie area of a right-angled triangle, whose hypotli- 
!nus6 is ■jp", and the base and perpendicular s^" and irP. 

Ans. 1.02908.': 



Having given two contiguous sides (a, 6) of a parallelo- 
gram, and one of its diagonals {d), to find the other diagonal. 
Ans. v"2a" + 36^- "' 



Having given the perpendicular (300) of a plane triangle, 
;he sum of the two aides (1150), and the difference of the 
segments of jhe base (495), to find the base and the sides. 

Ans. 945, 375, and 780. 



The length of three lines drawn from the three angles of a 
plane triangle, to the middie of the opposite sides, being 18, 
24, and 30. respectivelv : it is required to find the sides. 

Ans. 20, 28.844, and 34.176. 



In a plane triangle, thoro is given the base (50), the area 
(796) and the difference of the sides (10), to find the sides 
and the perpendicular. Ans. 36, 46, and 33.261. 



Given tlie base (194) of a plane triangle, the line that 
bisects the vertical angle (66), and the diameter (200) of the 
cribing circle, to find the other two sides. 

Ans. 81.36587 and 157.43865. 



The lengths of two linos that bisect th« acute angles of a 
right-angled plane triangle being 40 and 50 respectively, it is 
required to determine the three sides of the triangle. 

Ans. 35.80737, 47.40728, and 59.41143 
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PHOBLEM XV. 

Given the altitude (4), the base (3), apd the suit 
sides (13), of a plane triangle to find the sides. 

Ans. 6 + -V5 aod 6 - 



Having given the base ol a plsne triangle (15), its area 
(45), and (he ratio of it's other two sides as 2 ip 3, it is 
required to determine the lengths of these sides. 

Ans. 7.7915 and 11.6872. 

PROBLEM XVII. 

Given the perpendicular (34), the line bisecting the base 
(40), and the line bisecting the vertical angle (25), to deter- 
mine tiio trianslii. , ^, , 250 , „ 
^ Ans. The base — V 7. 
7 
From vdiicli ilie other two sides may be readily found. 

PROBLEM xvin. 

Given the hypothenuse (10) of a right-angled triangle, and 
the difference of two iinea drawn from its extremities to the 
centre of the inscribed circle (2), to determine the base and 
pcrpendiculai-. Ans. 8.08004 and 5.87447. 



Having given the lengths {a, b) of t«ro chords, cutting each 
other at right angles, in a circle, and the distance (c) of ilieir 
point of intersection from the centre, to determine the diameter 
of a circle. Ans. V \ Ha" + 6=) + 2c= | . 



Two trees, standing on a horizontal plane, are ISO feet 
asnnder ; the height of the highest of which is 100 feet, and 
that of the shortest 80 ; whereabouts in the plane must a 
person place himself so that his distance from the top of each 
tree, and the distance of the tops themselves, shall be all 
equal to each other. 

Ans. 20 V 21 feet from the bottom of the shortest, 
and 40 V 3 feet from the bottom of the other. 



Having given the sides of a trapezium, inscribed in a circle, 
equal to 6, 4, 5, and 3, respectively, to determine the diameter 
of the circle. , 1 

Ans. — v{130 X 153) or 7.051595. 
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msCELLANEOUS PROBLEMS. 



Supposing the town a to be 30 milea from b, b 25 miles 

from c, and c 20 miles from a ; whereabouts must a house be 

erected that it sliall be at an equal distance from each of them ? 

An? 15 118556 miles from each. 

Given the area (100) of an eq la ral tr a ^le ab whose 
base EC falls on the d an e e ad ertex \ 1 e middle of 
the arc of a semic rcle eq u ed led ame er ot he semi- 
circle. A 3 30 V 3- 



In a plane triaigle hav g c en he perpenl c ilar (^), 
and the radii (?■, k) of s scnbeda Icucu sc g circles, 
to determine the triangle 



Having given the base of a plane triangle equal to 2a, the 
perpendicular equal to a, and the sum of the cubes of'ils 
other two sides equal to three times the cube of the base ; 
to determine the sides. 

Ams. a{2 + ^V6)and<i(2— ^ V 6>. 
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ADDITIONAL PROBLEMS FOR PRACTICE. 



I. Simple Equations involmng only one uninouai (pianUty 

1. Find that number to which 75 being added, the sum 
shall be quadruple tho reqviired number. Ans. 25. 

3. A person has 1341 pieces of money, among which are 
3J times as many of silver as of copper. How many hag he 
of each ? Ans. 298 copper, and 1043 silver. 

3. A man pays his four labourers $40, giving the second 
twice, the third 3 times, and the fourth 4 times as much as 
the first. What did each receive ? Ans. 4, 8, 12, and,16. 

4. A legacy of 1080 dollars is to be divided between two 
persons, so that one is' to receive $7 as often as the other $1. 
What are the shares 1. Ans. 135 and 945. 

5. Divide 40 marbles between two boys in the proportion 
of 5 to 3. Ans. 35 and 15. 

6. Two travellers, being 360 miles apart, set out at the 
same time towards each other, one travelling 8 miles an hour, 
the other 10. How far does each travel before they meet ? 

Ans. 160 and 200 miles. 

7. What two numbers are those whose difference is 36, 
and which are lo each other as 7 to 4 ? Ans. 84 and 48. 

8. Four persons gain $3040, of which B takes twice as 
much as A, C twice as much as A and B, and D as much as 
B and C. What are their shares ? 

Ans. 120,340, 720, and 960. 

9. A man sells oxen, cows, and sheep, of each an equal 
number, for $700. He received for each ox 150, for each 
cow $17, and for each sheep $3. How many were there of 
each sort? Ans. 10, 

10. A person buys 2 oranges, 4 lemons, and 10 apples, for 
64 cents. He gives thrice as much for a lemon as for an 
apple, and as much for an orange as for a lemon and two ap- 
ples. What did each cost ? 

Ans. An apple 3, a lemon 6, and an orange 10 cts. 

11. Find that number whose ^ part exceeds its ^ part by 
12. Ans. 144. 

13. What sum of money is that whose third, fourth, and 
Mh parts amount to $94 ' Ans. 120. 
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13. Wbat Dumber is that which being divided by 15, the 
dividend, divisor, and quotient shall amount to 79 ? Ans, 60. 

14. A man lost ^ of his estate, and had $4500 left. What 
hadheatfirst? Ans.8100. 

15. A person bestowed on two beggars Is. 8d., giving the 
fiisi ^ and the second y'g of what he had. How much had 
he ? Ana. 8 shillings. 

16. A and B talking of their ages, A says to B, your age 
is thrice and a third of my age, and the sum of both is 53. 
What are theif ages ? Ans. A's 12 and B'a 40 years. 

17. A mail driving his geese to market, was met by ano- 
ther, who said. Good-morrow, master, with your hundred 
geese ; said he, I have not a hundred, but if I had as laany 
more, and half as many tnore, and two geese and a half, I 
sliould have a hundred. How many had he ! Ans. 39. 

18. What number ia ihat whose third part, less 4, is equal 
to its, fourth, plus 35 1 Ans. 348. 

19. A father, at his dteatb, left £1000 to be divided be- 
tween his son and daughter, in such a manner that ^ part of 
his share should exceed ^ part of hers by £10. How must 
the money be divided ? 

Ans. The son, £577g-. The daughter, £422|.. 

20. A gentleman would procure ilSlO in qnartaTS and dimes, 
and have just 64 pieces. How many of each kind must he 
get i Ans. 34 qrs. and 40 dimes, 

21. The sum of two numbers is 40 ; if the greater be mul- 
tiplied by 2, and the leas by 3, the difference of the products 
will be 15. Required the numbers. Ans. 27 and 13, 

33. A cask' which held 146 gallons, was filled with a mix- 
ture of brandy, wine, and water. In it there were 15 gallons 
of wine more than there were of brandy, and as much water 
as both wine and brandy. What quantity was there of each t 

Ans. 29, 44, and 73 gallons respectively. 

23. A man hired a labourer on condition that for every day 

he wrought he should have I2d., and for every day he was 

idle he should forfeit Bd. After 390 days, neither was in 

debt. How many working days were there ? Ans. 156. 

34. A son asking his father how old he was, received the 
following reply : My age, says the father, 7 years ago was 4 
times as great as yours at that time ; but 7 years hence, if we 
live, my age will be oiJy double of yours : it is required to 
find the age of each. Ans. 14 and 35. 

35. A mercer having ctit 19 yards from each of three equal 
pieces of silk, and 17 from another of the same length, fouud 
that the remnants together were 143 yards. What was the 
length of each piece ^ Ans. 54 yards. 
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36. A cistern can. be emptied by three apectares ; by the 
first in an hour, by the second in an hour and a half, and by the 
third in two hours. In what time will all three running together 
empty it ? Ans. In 37j\ minutes. 

37. A grocer has a quantity of tea, by which at 80 cents a 
pound, ho will gain $2,50, but at 60 cents a pound, he will 
lose i7,50. Whatistlie quantity and prime cost? 

Ans. 501b.at75cts. 

28. How old is he, to the number of whose months, if you 
add its half and its eightli, and subtract a unit, there will be 
left the square of 21 ! Ans. 32 yrs. 8 mo. 

29. Said A to B, double my money for me, and I will give 
you 6d out of the stock ; with the remainder he applied to C, 
to double it and gave him also sixpence. He repeated the of- 
fer to D and then 6d was all he had left. What had he to 
begin with ? Ans. 6d. 

30. Find a number, which being added to itself, and the sum 
multiplied by the same, and from the product the same subtract- 
ed, and lastly, the remainder divided by the same, the quotient 
shall be 13. Ans. 7. 

31. A draper bought three pieces of cloth, which together 
measured 159 yards. The second piece was 16 yards longer 
riian the first, and the third 24 yaids loogsr than the secoad. 
What was the length of each. 

Ans. 35, 50 and 74 yards respectively. 

33. A said he was 4 years older than C ; B told them that 

his age exceeded the sum of theirs by 9 years ; upon which 

D observed that his age was 45 and equal to the sum of the 

three. Required the several ages. 

Ans.A, 11; B,27; C,7; D, 45. 

33. A boy with a basket of peaches met three companions, 
and gave half his poaches to the first, who returned him 10 ; 
to the second he gave half of what remained, and received 
bach 4. He then halved the remainder with the third, who 
returned one, and eighteen only remained in his basket. How 
many were there at first 1 Ans- 100. 

34. One being asked his age, answered that if -^ of the 
years he had lived were multiplied byf of tJiat number it would 
give his age. How old was he ? Ans. 96. 

35. A General having lost a batttle, found that he had only 
half his army plus 3600 men left, fit for action ; one-eighth of 
his men plus 600 being wounded, and the rest, which were 
one-fifth ofthe whole army, either slain, taken prisoners, or 
missing. Of how many men did his army consist ? 

Ans, 24000. 

36. If George lives till the quadruple off ofhis years, added 
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to half of them +50 ainounts to as much above 100, as his 
years will actually be below 100, what will be his age? 

Acs. 36. 

37. A and D being at play, severally cut packs of cards, so 
as to tahe off more than they left. Now it happened that A 
cut off twice as many as B left, and B cut off seven times as 
many as A left. How were the cards cut by each ? 

Ans. A cut off 48, and B cut off 28 cards. 

38. A courier, who travels 60 miles a day, had been dis- 
patched five days, when a second is sent to overtake him, in 
order to do which he must travel 75 miles a day. In whas 
time will he overtake the former 1 

Ans. 20 days. 

39. What are those two numbers whose sum is 150 and 
their difference 38 ? Ans. 56 and 94. 

40. A person being asked the time of day answered that 
the lime past from noon was erjual to ^ of the time to midnight. 
What wad the hour ? Ans. 20 min. past 5, 

41. Required two numbers in the proportion of 3 to 4 whose 
slim is J, of their product. Ans. 21 and 38. 

42. WhatDumber is that to which if I add 12 and from ^^ 
of the sum Subtract 12, the remainder shall be 13 1 

Ans. 276. 

43. In a certain school there are 306 scholars of which ^ 
study Algebra, and the numbers in the Latin, French, Writ- 
ing and Reading classes are as 1, 3, 6, and 7. How many 
students in each ? 

AUs. 15 in Latin, 45 in French, 90 Read., and 105 Write. 

44. There are three caalis of wine whose contents are in 
proportion of 2, 3 and 5 ; from each of which if 10 gallons be 
drawn the whole quantity will be diminished in the proportioa 
of 4 to 3. Required their contents severally. 

Ans. 34, 36 and 60. 

45. Four places are situated in the order of the four letters 
A, B, C, D. The distance from A to D is 34 miles, the dis- 
tance from A to B : distance from C fo D : : 2 ; 3, and one- 
fOurthof the distanue from A to B added to half the distance 
from C to D, is three times the distance from B to C. What 
are the respective distances t 

Ans. AB = 13, BC^4,andCD=18 miles. 

46. A trader maintained himself for 3 yeai-s at the expense 
of £50 a year ; and in each of those years augmented that 
part of his slock which was not so expended by A thereof. 
At the end of the third year his original stock was doubled. 
What was that stoclt t Ans. £740. 

47. It is requii^ed to divide the number 104 into four such 
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parts, that the first being increased by 6, the second diminish- 
ed by 5, the third muliiplied by 4, and the fourth divided by 3, 
may al! be equal. Acs. 14, 25, 5 and 60. 

48. Find a number which being increased by 4, and the 
sum multiplied by 3, produces the same result as half the said 
number multiplied by 8, and the product diminished by 8. 

Ans. 20. 

49. Two persons received equal sums of money ; the first 
paid away £2o, and the second £60, and then it appeared that 
the former had twice as much as the latter. What money did 
each receive 1 Ans. ;£95. 

50. One being ashed the time said it was between 10 and 
11 and the hour and minute hands were together. Required 
the time. Ans. 54A- minutes past 10, 

51. A courier sets out from a certain place and travels at 
the rate of 15 males in 4 hours ; and 12 hours after, another 
seta out from the same place, and travels the same road at the 
rate of 9 miles in 2 hours. I demand how long and how far 
the first must travel before he is overtaken by the second? 

Ans. 72 hours and 370 miles. 

52. It is required to divide the number 99 into five such 
parts, that the first may exceed the second by 3 ; be less than 
the third by 10 ; greater than the fomth by 9 ; and Jess than 
the fifth by 16. Ans. 17, 14, 37, 8, and 33. 

53. A and B began to trado with equal sums of money. 
In the first year A gained 40 dollars, and B lost 40 ; but in 
the second A lost one-third of what he then had, and B gain- 
ed a sum less by 40 dollars, than twice the sum that A had 
lost ; when it appeared that B had twice as riiuch money as 
A. What money did each begm with ? Ans. 330 dollars. 

54. A boy being caught stealing apples, was told by the 
owner that he should escape punishment if ho would take a 
certain number of apples, and lay down at the first gate, half 
he had and half an apple over, and repeat this process with 
the remainder at the second gate, and aiso at the third, without 
dividing an apple at either, and then have one left. If he ac- 
complished ihe task, how many apples did he take 1 Ans. 15. 

55. Find two numbers in tile proportion of 3 to 4, so that if 
9 be added to each, the sums will be as 6 to 7. 

Ans. 9 and 12. 

5S. Upon measuring the corn produced in a field, being 105 

bushels, it appearsthat it had yielded only one fourth part more 

than was sown. How much was sown ? Ans. 84 bushels. 

57. Given the sum of two numbers 12, and the difference of 
their sqnares 72, to find the numbers. Ans. 9 and 3. 

58. If A can build 40 feet of wall in two days, B 13 feet in 
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one day, and 50 feet in 3 days, how many days will all 
three be employed in building 596 feet ? Ans. 12 days. 

59. What number is that whose fourth part squared, is equal 
to its eighth part cubed ? Ana, 32. 

60. Three years ago A's age was half of B's, and 9 years 
hence it will be |- of it. Required the age of each. 

Ans. 21, and 39.- 

61. A woman can get 25 apples for a penny, and twenty-five 
peara for three pence, if she lays out Is. 8 J. for 300 apples 
and pears together. How many of each will she have ? 

Ans. 50 apples, and 150 pears. 

62. Find three numbers, such that the sum of the first and 
second shall be 15, of the first and third 16, and of the second 
and third 17. Ans. 7, 8, and 9. 

63. A fanner would mix wheat at 4 shillings a bushel with 
rye at 2s. 6d. the bushel, so that the mixture may consist of 1 00 
bushels at 3s. 2d. a bushel. How many bushels of each sort 
must be taken T Ans. 44^ and 55^. 

64. A steamboat whose rate in still water is 10 miles per 
hour, descends a river whose Telocity is 4 miles an hour, and 
returns in 1 hours. How far did she proceed ? Ans. 42. 

65. A gardener and his servant each dug a square piece of 
ground, whose side is as many feet long, as the labourer is 
years old. The gardener dug four times as much as hia servant, 
and the sum of their ages is 45. What is the age of each ? 

Ans. 30 and 15 years. 

66. A and B make a joint stock of ^£500, by which they 
gain £160, whereof A had for his share £33 more than B. 
What was each person's slock 1 Ans. A's 300, and B's 200. 

67. Find two numbers in the proportion of 9 to 7, so that 
the square of their sum and the cube of their difference may 
be equal. Ans. 288, and 224. 

6B. I)ivide 100 into two parts, so that the difference of their 
squares may be 1000. Ans. 55, and 45. 

69. A certain sum of money being put out at simple in- 
terest, amounts to £297 12s. in 8 months ; and in 15 months 
to £306. What is the sum, and what the rate of interest? 

Ans. £288 at 6 per cent. 

70. A waterman can row down stream, on a certain river, 
keeping in the middle, 5 miles in 3 quarters of an hour ; but 
it tijtes him a full hour and a half to return, though he keeps 
near shore, where the current is but half as strong as in the 
middle. What is the velocity of the river per hour? 

Ans. 2|- miles. 

71. In aright angled triangle, given one leg 30, and the dif- 
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ference between the other leg and the hypothenuse 10; to 
find the two latter. 

Alls. The hypothenuse 50, the other leg 40. 
73. Given the base 12 and perpendicular 8, of any tri- 
angle, to find the side of the inscribed square. Ans, 4^, 

73. It is proposed to divide the number 10 into two parts, 
such that the greater multiplied by the less, may be to the 
greater, aS 3 to 1. Ans. 7 and 3. 

74. Find two numbeta, such that if half the less be taken 
from the greater, 14 may remain ; and if 1 be added to four 
times the less, the sura wjll be double the greater. 

Ans. 9, and 18^. 

75. A person has two sorts of wine, one worth 20 pence a 
quart, and the other 13 pence ; from which he would mix a 
quart to bo worth 14 pence. How much of each must he take! 

Ans. ^ of the first, and ^ of the second, 

76. A labourer reaps 40 acres of barley and oata, and re- 
ceives 4 shillings an acre for the oats. If the price per acre 
for the barley had been one shilling more, it would have been 
to the price per acre of the oats, as 3 to 2 ; and he receives 
in all £9 5a'. How many acres were there of each sort ! 

Ans. 15 of oats, and 25 of barley, 

77. Before noon, a clock which is too fast and points to af- 
ternoon time, is pat back five hours and forty minutes ; and it 
is observed diat the time before shown, is to the true time, as 
29 to 105. Required the true time. 

Ans. 15 mia. before 9 A. M. 

78. A and B began to pay their debts. A's money was at 
first two-thirds of B's ; but after A had paid £l less than 
two-thirds of his money, aiid B £1 more than seven-eighths 
of his, it was found that B had only half as much as A had 
left. What sum had each at first? 

Ans, A had £72, and B iGlOS. 

79. A regimentof 594menis to be xaised from three towns, 
A, B, and C. The contingents of A and B are in the propor- 
tion of three to five ; and of B and C, in the proportion of eight 
to seven, Eequiretl the number raised by each. 

Ana. 144 by A, 240 by E, and 210 by C. 

80. A besieged ganison had such a quantity of bread, as 
wouid, if distributed (o each man-at 10 ounces a day, last 6 
weefcs ; but having lost 1300 men in a sally, the governor 
was enabled to increase the allowance to 33 ounces per day, 
for 8 weeks. Required the number of men at first in the garri- 
son? Ans, 320O. 

81. A man gives the first beggar he meets ^ of the pence 
he had and \d more ; to the second, \ of the remainder and 
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8d. more ; and so on, increasing id. every time, till he liad no- 
thingleft; and then all the beggars had equal shares. Re- 
quired the number of beggars, and of pence at first. 

Ans. 120d. and 5 beggars. 
83. A gentleman gave in charily £46 ; a part in equal por- 
tions to 6 poor men, and the reat in equal portions to 7 poor 
women. Now a 'man and a woman had between theni ^8. 
"What was given to the men, and what to the women ? 

Ans. The men received £25, the women £21. 



1. Find two numbers, such, that if iho first be m\dtiplied by 
4 and the second by 8, the sum of the products will be 184 ; 
but if the fiirsl be multiplied by 8 and the second by 4, the 
difference of the products will be 8, Ans. 10 and 18. 

*2, What two numbers are those of which if the first be in- 
creased by 6 it will be three times the greater, and if the sec- 
cond be diminished by 4, it will be ^ of the first 1 

Ans. 15 and 7. 

*3. A and B together own 1330 acres of land, A sells i of 
his share, and B J of his, and the same number of acres re- 
main to each. What were their shares 1 Ans. 730 and 600. 

4. What fraction is that which, by subtracting 4 from both 
its terms, becomes -J, and by adding 9 to both, becomes | ? 

Ans. ■^. 

5. A parly wero to divide their expenses equally. Had 
there been 3 persons more and each paid 5 cents more, the 
bill would have been S3. 75 more : but if there had been 10 
less, and each had paid 7 cenls less, it would have been $9.56 
less. How many persons were there, and how much did each 
pay 1 Ans. 18 persons, paying 90 cts. each. 

*6. Coffee and sugar were cheaper before the war than at 
present ; coffee by 3 cts. and sugar by 4 cts. a pound, and yet 
the price of the former was double that of the latter. Now 
the prices are as 3 to 2. At what rate are they sold T 

Ans. Coffee IS and sugar 13 cla. 

*7. What are those numbers, whose sum is 30, and the 
quotient obtained by dividing the greater by the less is |- ? 

Ans. 13 and 8. 

8 Wha f ac on s at, whose numerator being doubled, 
and denon ato n eased by 7, the value becomes J ; but 
the denon ato be g doubled, and the numerator increased 
by "^ h al e b nes | ? Ans. ^. 
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9. There are two numbers, such, that J the greater added 
to J the less is 13 ; and if ^ the less be taken from ^ the 
greater, the remainder is nothing. What are the numbers ? 
Ans. ]8and 12. 

10. There is a number expressed by two digits, which is 
double the sum of its digits, and 9 added to four times the 
number will invert the digits. What is the number? Ans. 18. 

"11 . A number consists of two places of figures, and their 
sum is 4 times the units figure ; moreover, if 8 be added to ^ 
of the number, the digits wilt be inverted. Required the num- 
ber ? Ana. 93. 

13. Thefe is a cistern into which water is admitted by three 
cocks, two of wMch are exactly of the same dimensions. 
When they are all open, five-twelfths of the cistern is filled 
jn 4 hours : and if one of the equal cocks be stopped, aeven- 
ninths of the cistern is filled in 10 hours and 40 minutes. In 
how many hours would each cock fill the cistern? 

Ans. Each of the equal ones in 3S hours, and the other in 
34. 

*I3. A and B speculate with difierent sums ; A gains 150^, 
E loses 50/, and now A's stock is to B's as 3 to 3. But had 
A lost 501. and B gained 100?, then A's stock wouldhave been 
to B's as 5 to 9. What was the stock of each ? 

Ans. A's was 300^. and B's 3501. 

*14. Two persons can perform a piece of work together in 
21 days. After working in company 9 days, one leaves the 
other to complete the work alono, which he does in 30 days 
more. How many days would it take each to perform the 
whole alone ? Ans. 53^ and 35. 

*15. Six persona comparing their gains found that A's and 
B's amounted together to $30 ; C'a and D'sto $140 ; E's and 
F's to 75 ; also that A had half as much as C, D four times as 
much as jE, and F five times as much as B. What was the gaia 
of each 1 Ana. A $20, B 10, C 40, D 100, E 35, and F 50. 

IS. Two persons, A and B, had a mind to purchase a house 
rated at 1200 dollars ; -says A to B, if you. give me J of yotir 
money, I can purchase the house alone ; but says B to A, if 
you will give months of yours, I shall be able to purchase the 
house. How much money had each of them ? 

Ans. A had 800 and B 600. 

17. A Vintner bought 6 dozen of port wine and 3 dozen 
of white, for 13/. 13 shillings ; but the price of each after- 
wards falling a shilling per bottle, he had 30 bottles of port, 
and 3 dozen and 8 bottles of white more, for the same sum 
What was the price of each at first ? 

Ans. the price of port was 2*. and of white 3j. per bollle. 
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18. It is required to find two numbers, such that | of one 
added to ^ of the other shall make 10 : and if the first be 
mnltiplied by 3, and the second by 4, ^-'j of the sum shall be 
6. Ans. 10 and 9. 

*19. A may-pole was broken by the wind in such a manner 
that 4 times the upper or broken part, added to 6 times the re- 
maining part, was equal to 6 times the whole and 38 over : and 
the proportion of the former to the latter part was 9 to 16. 
Required the height at &tst. Ans. 100 ft. 

20. The contents of two casks diifer by 8 gallons. Each 
is worth as many shillings per gallon, as there are gallons in 
the other: and both together are wortt ^£128. How many gal- 
lons in each ! Ans. 40 and 33. 

31. A iot of land was sold at the rate of $3.25 per foot, and 
came to S5400. Had it been 10 feet shorter, its value would 
have been $4725. What was its length and bteadtli ? 

Ans. 80 by 30 ft. 

33, Find a number consisting of three digits, such that the 
middle digit shall be double the lirat, or left-hand digit, the sum 
of the digits 12, and if 793 be added to the number, the digits 
will be reversed. Ans. 139. 

23. Find three numbers, such that the first with half the 
others, the second with one third of the others, and the third 
with one fourth of the others, shall always make 34. 

Ans. 10, S3, and 36. 

*24. A person having mixed a certain quantity of brandy 
and water, found that if he had mixed 6 gallons more of each, 
there would have been 7 gallons of brandy for every 6 of water ; 
but if he had mixed 6 less of each there would have been 6 
gallons of brandy for every 5 of water. How many gallons 
of each were mixed 1 Ans. 78 of brandy and 66 of water. 

35. A person had two casks, the larger of which he filled 
with ale, and the smaller with cider. Ale being half a crown 
and cider 1 Is. per gallon, he paid £8 6s. ; but had he filled the 
larger with cider, and the smaller with ale, he would have 
paid £11 5s. Rd. How many gallons .did each hold ? 

Ans. The larger contained 18, and the smaller 11 gallons. 

36. D and E each cut a separate pack of cards, in such a 
manner that the cards cut off by D, added to those left by E 
made 47 ; also the number left by both exceeded the number 
cut by both, by 50. How many cards did each cut ? 

Ans. 11 and 16, 

37. What are the dimensions of a rectangidar court, which 
if lengthened 7 feet, and made 4 feet broader, would contain 
363 feet more ; but if made 4 feet shorter and 3 feet narrower, 
would be diminished 308 feel 1 Ans, 40 long and 35 wide. 
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38. A Merokant finds that if he mixes she j anil b andy 
in quantities which are in the proportion of 3 o he can 
sell the mixture at 78^. per dozen ; but if the p opo on be as 
7 to 3, he must sell it at 79 ahillinga a dozen Reqiu ed ho 
price of each liquor 

Ana. The price of h ry was 81s., and of brandy 73j.^er 
dozen. 

•39, Two person d co g of their money — said A to B, 
give mo 35 dollar and I h 11 1 e as much as you ; said B 
to A, gire me 33 d !la and I shall have as much again aa 
you. What had e ! Alls. A 116, B 166. 

*30. Two pieces of muslin were bought, of equal fineness, 
but of unequal lengths ; one for £4 10s., the other for 5 
guineas. Now if each had been 3 yards longer, they would 
have been to one another as 7 to 8. What was the length of 
each, and the price per yard l Ans. 18 and 31, at 5s. 

*31. A farm, consisting of two kinds of land, is let at an an- 
nual rent of £390, the pasture being valued at 30s. per acre, 
and the arable at £3. Now the number of acres of arable is 
lo half the excess of the arable above the pasture, aa 5 to 1, 
Required tlie quantity of each. 

Ans. 60 acres pasture, and 100 acres arable, 

33. A sets out express frora C towards D, and three hours 
afterwards B sets out from D towards C, travelling 3 miles 
an hour more than A. When they meet, it appears that the 
distances they have travelled are in the proportion of 13 to 
15 ; but had A travelled five hours less, and B had gone 2 
miles an hour more, they would have been in the proportion 
of 3 : 5. HovY many miles did each go per hour, anJ how 
many hours did they travel before they met 1 

Ans. A went 4, and B 6 miles an hour, and they travelled 
10 hours after B set out. 

33. A grocer bought a cask of wine and another of gin for 
S310, the wine at $1.50 a gallon, and the gin at $0.50 agal- 
lon. He afterwards sold f of his wine and ^ of his gin for 
$15.0, by which he gained $15. How many gallons were 
there of each ? Ans, 126 of wine, and 43 of gin. 

*34. A vintner has two casks of wine, from each of which 
he draws 6 gallons, and finds the remainders in the propor- 
tion of 4 to 7. He then puts into the less 3 gallons, and into 
the greater 4 gallons, and the proportion ia that of 7 to 13, 
How many gallons were there in each at first 1 

Ana. 38 and 63, 

35. When wheat was 8 shillings a bnshel, and rye 5 shil- 
lings, a man wished to fill his sack with a mixture of the two 
for the money he liad with him. He found that if he bought 
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10 bushels of wheat, aad laid out the rest of his money in 
rye, he would not fill his sack by two bushels ; and if he took 
10 bushels of rye, and then filled his sack with wbeat, he 
would have 5 shillings remaining. How many bushels would 
the sack hold, and how much money had he 1 

Ans. 16 bushels, and 95 shillings. 

*36. The weight of the first of two loaded wagons was to 
that of the second as 3 to 5. A. portion of the load of the 
weightier wagon, however, having been taken out, and as 
much again being removed from the other, the weight of the 
first was to that of the second as 1 to 3, and both together 
weighed 21 tons. How much did each weigh at first, and 
how much was taken from each ? 

Ana. One 9 tons, the other 15, and 1 ton taken from the 
latter, and 2 from the former. 

37. A and B play at backgammon, and A bets three shil- 
lings to two on every game. After a certain number of 
games, it appears that A has won 3 shillings ; but had he bet 
5s. to 3, and lost one game more out of the same number, he 
would have lost 30 shillings. How many games did they play ? 

Ans. 34. 

38. Some smugglers discovered a cave which would ex- 
actly hold their cargo, which consisted of 13 bales of cotton 
and 33 casks of wine. While they were unloading, a reve- 
nue cutte* hove in sight, and they sailed away with 9 casks 
and 5 bales, leaving the cave two thirds f«ll. How many 
bales or casks would it hold ? Ans. 34 bales, or 73 casks. 

39. Find two numbers, the greater of wh 1 1 11 be o 
the less as their sum to 43, and as their diffe n 6 

A 3 nd 34 

40. In one of the corners of a reclangula g 1 n 1 

a fish-pond, whose area is one ninth of th wbol d 

the periphery of the garden exceeding that of h pond by 00 
yards. Also, if the greater side be increased by 3 ya d nd 
the other by 5 yards, the garden will be enlarged by 645 
square yards. The pond is a rectangle, about the same dia- 
meter as the garden, What is the length of each side ? 

Ans. 90 and 60 yards. 

41. A and B engage together in play ; in the first game 
A wins as much as he had and four shillings more, and finds 
he has twice as much as B. In the second game B wins 
half as much as he had at first and one shilling more, and it 
appears that he has then three times as much as A. What 
sum had each at first ? Ans. A had 6s. and B 8*. 

43. A farmer parting with his stock, sells to one person 
9 horses and 7 cows for 300 dollars : and to another, at the 
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same prices, 6 torses and 13 cows for ihe same sura. What 
was the price of each ? 

Ans. The price of a cow was 13 dollars, and of a horse 24 
dollars. 

"43. A bill of £26 5s. was paid wiih half guineas and 

crowns, and twice the number of half guineas exceed 3 times 

the number of crowns by 17. How many were there of each? 

Ans. 40 half guineas and 21 crowns. 

44". Two labourers, A and B, received £5 17s. for their 
wages, A having been employed 15, and B 14 days ; and A 
received for working four days, 11 shillings more than B did 
for three days. WEat were their daily wages ? 

Ans. A had 5s. and B 3s. a day. 

'45. A boat has two sets of sails, the second worth .^ths of 
the boat,. and both sets together valued at £45. Now the 
worth of the boat with the second set, is to its worth with the 
first, as 11 to 12. Required the respective values. 

Ans. The boat .£35 : the 1st set £35, and tho 3d set i;20. 

"46. A garden, of which the annual rent is £50, is occa- 
sionaily lot with one of two houses. Now the rent of the 
garden and first house is to the rent of the second house, as 5 
to 3, and the rent of the second house is to that of the first, as 
3 to 4. At what yearly rent are the houses let 1 

Ans. The first at £200, and the other at £150. 

47. There are 3 vessels which together hold 127 gallons ; 
now 3 times the first with 4 times the second will fill the third ; 
and four times the first with twice the second make 70 gal- 
lons. Required the content of each. 

Ans. 8, 19, and 100 gaUons respectively. 

48. Find three numbers, such that ^ of the first, ^ of tho 
second, and \- of the third shall malte 62 ; ^ of the first, J of 
the second, and J of the third, 47 ; and ^ of the first, \ of the 
second, with ^ of the third, 38. Aas. 24, 60, and 120. 

49. Required those three numbers, whereof any one, added 
to half the other two, will make 51, 

Ans. Impossible with unequal numbers. Each must be 
251. 

50. A, B, and C can together finish a piece of work in 9 
days ; A, B, and D, in 10 days ; A, C, and D, in 11 days ; 
and B, C, and D, in 12 days. In how long time can all four 
together finish it 1 Ans. 7 ^^||^ days. 

The problems tohich are thus marked (*),mny he neatly solved 
vath ordy one unknown quantity ; and it will be a useful exercise 
for the learner to attempt their solution by both methods. 
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III. Questions producing Pure Emotions of the second and 
higher degrees. 

I. What two numbers multiplied together give the product 
345 ; and if the greater bo divided by the less, the quotient 
is 5 ? Ana. 35 and 7. 

3. Find two numbers whose sum is to the less, as 10 to 3, 
and the difference of whose squares is 640 1 Ans. 28 and 13. 

3. There is a rectangular field containing 19^ square rods, 
and the sum oi the length and breadth is seven limea their 
diiference Required its dimensioua 

Ans 16 long, and 12 wide. 

4. What are the contents and value of that field whose 
sides are t. 10 to 3 —which is worth as many dollar? per 
acre as there are rods in the length, and will amount, at that 
rate, to 40 times as many dollars as theie ire rods in the 
width? . (U acres. 

^"^ > f qGO value. 

5. A person has a quantity of sugar for sale. If ho sells it 
for three times as many cents as there are pounds, he will 
get as much above $7, as he will get less than $7 by selling 
it for half as many cents as there are pounds. How much 
has he 1 Ans. 20 lbs. 

6. Take a certain number and multiply it hy 7, add 15 to 
the product, and multiply this sum by twice the number. Then 
divide by 90, and subtract from the quotient ^ of the number, 
and 140 will remain. Required the number. Ans. 30. 

7. What two numbers are as 2 to 3, the difference of whose 
cubes is 152 1 Ans. 4 and 6. 

8. Two pieces of cloth which together amount to 20 yards 
were sold, each for as many dollars ^er yard, as it contained 
yards ; . and the sums received for the two were to each other 
as 9 to 4. How many yards were there in each piece ? 

Ans. 12 and 8 yds. 

9. There is a wall containing 5400 cubic feet. The 
height is 5 times the thickness, and the length 8 times'^its 
height. What are the dimensions 1 

Ans. 3ft. thick, J 5ft. high, and 120ft. long. 

10. It is required to find that number to which 20 being 
added, and from which 10 being subtracted, the square of the 
sum added to twice the square of the remainder shall be 17475. 

Ans. 75. 

II. Divide 100 into two parts, so that their product maybe 
2100. Ans. 70 and 30. 

Note. Let a;= the excess of the greater part above 50. 
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!2. Find two numbers, one of which is triple the other, and 
the sum of their fourth powers is 1313. Ans. 2 and 6. 

13. A parallelogram contains 1396 square yards; and if 
the length be divided by the breadth the quotient will be nine. 
Required the dimensions. Ans. 108 and 13. 

14. A farmer sells a meadow at such a rate that the price 
of an acre was to the number of acres as 3 to 3. If he had 
received 270 dollars more for it, the price per acre would 
have been to the number of acres as 3 to 3. Required the 
number and price. Ans. 18 acres at tl3. 

13. Find those tvifo numbers whose diflerence multiplied by 

the greater gives 160, but multiplied by the less, gives only 96. 

Ans. 30 and 13. 

If). A number of boys set out to rob an orchard, each car- 
rying as many bags as there were boys, and each bag capa- 
ble of holding 6 times as many apples as thero were bags. 
After filling their bags, they found the whole number of apples 
was 1536. How many boys were there ' Ans 4. 

17. A departs from London toward Lincoln at the same 
time that B leaves Lincoln for London. When they met, A 
had travelled 20 miles more than B, having gone as far in 6| 
days as B had in all ; and it appeared that B would not reach 
London under 15 days. What is the distance hetw een those 
cities, and how far had each travelled ? 

Ans. 100 miles distance : A having gone 60, and B 40. 
Note. Let x^^ A's miles per day, 

yii= the number of days for each, 
and z=r B's miles per day. 

18. It is required to find three numbers, such that the sum 
of the lirst and second multiplied by the third may be 63 ; the 
sum of the second and third multiplied by the first may be 38 ; 
and the sum of the first and third nmltiplied by the second may 
he 55. Ans. 3, 5, and 9, 

19. Required those two numbers whose sum is 18, and the 
sum of their squares 170. Ans. 7 and 11, 

Note. A neat solution may be had by substituting m+n for 
a;, and m— n for y. 

20. Find a number, such that twice its cube may exceed 106 
as much as one fifth of the square root of its sixth power falls 
short of 70. Ans. 3 V 10. 

31. It is required to find two numbers, whose sum, product, 
and the sum of whose squares shall be equal. 

Let a+y and x — y be the two numbers, 

Ans. It is impossible. 

22. It is required to divide the number 18 into two such 
parts that their squares may be as 25 to 16, Ans. 10 and 8. 
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23. Two workman, A and B, were engaged to work for a 
certain number of days, at different rates. At the end of the 
time. A, who had pJayed 4 of those days, received 75 shillings ; 
but B, who had played 7 days,, received only 48 shillings. 
Now had B played only 4 days, and A had played 7, they 
would have received exactly alike. For how many days were 
they engaged, and how many did each work ? 

Ans. Engaged for 19 days. A worked 15, and B 13, A at 
5 shillings, and B at 4, per day. 

24. What two numbers are those whose difference multi- 
plied by the less produces 43, and by their sum 133 ? 

Ans, 13 and 6. 

25. In a mixture of rum and brandy, the difference between 
(heir quantities, is to the brandy, as 100 is to the number of 
gallons of rum j and the same difference is to the rum, as 4 to 
the number of gallons of brandy. How many gallons were 
there of each ? Ans. 25 of mm, and 5 of brandy. 

36. A Farmer has 3 cubical stacks of hay ; the side of one 
is 3 yards longer than the side of the other, and the difference 
of their contents is 117 solid yards. Required the side of each. 

Ans. 5 and 3 yards. 

37. The captain of a privateer descrying a trading vessel 7 
miles ahead, sailed 30 miles in direct pursuit of her, and then 
observing that the tiader steered at right angles to her former 
course, changed his own course so as to overtake her without 
making another tack ; the privateer running 10 knots, and the 
trader 8 knots per hour. How long did the chase continue ] 

Ans. 3^ hours. 

28. Given the product of tivo numbers, 13, and the sum of 
their cubes, 334, to find the numbers. Ana. 6 and 2 

39. Find two numbers, so that the fifth power of one shall 
be to the cube of the other as 973 tn 135. Ans. 6 and 10. 

30. What three numbers are as ^, ^, and ^, the sum of 
whose squares is 549. Ans IS, 12, and 9. 

31. Given ~+?l=18) ^ a .u t f a 

y a: > to find the values of x and y. 

and 35 4- y =13 J 

Note. Put z-\-v=^x, and z — v=^y, *=8, or 4 and y =4 or 8. 

33. Required those three numbers whose product divided 
by the first and second gives 300 ; by the first and third, 150, 
and by the second and third, 130. Ans. 10, 30, and 30. 

33. What two nunibers are those whoso product is 320, and 
the difference of their cubes is to the cube of their difference 
as 61 to unity? Ans. 20 and 16. 

34. Required four numbers in aiithmetical progression, 
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which being increased by 2, 4, 8 and 15 respectively, the 
sums shall be in geometrical progression. 

Acs. 6, 8, 10 and 12. 

35. In a tight angled triangle given the hypothennse 60, and 
the radius of the inscribed circle 13 ; to find the other sides. 

Ans. 39 and 48. 

36. Of four numbers in geometrical progressioQ there are 
given the sum of the two least —20, and the sum of the two 
greatest ^45, to find the numbers. Ans. 8, 13, 18 and 37, 

37. The sum of :e700 was divided among four persons, 
whose shares were in geometrical progression ; and the dif- 
ference between the greatest and least, was to the difference 
between the two means, as 37 to 12, What were the several 
shares? Ans. 108, U4, 192, and 256 pounds. 

38. Find a number consisting of two digits, such that if it 
be multiplied by the right hand digit, the product will be 159, 
the sura of the squares of the digits being 34 ; and if the sum 
of the digits be multiplied by the right hand digit, the praduct 
wiU be 24. Ans. 53. 

39. Required two numbers whose sum is five-sixths of their 
product, and if the second be multiplied by the square of the 
first, and the first by the square of the second, the sum of those 
products shall be 30. Ans. 3 and 2. 

Note. — ^The negative roots will also answer the conditions. 

IV. Affected Quadratic Equations involving one Unknown 
Quantity. 

1. The expenses of a party amount to $10 ; and if each pays 
30 cents more than there are persons, the bill will be settled. 
How many are there ? Ans. 30. 

2. A person toolt $6 with him to distribute equally among 
the paupers of his parish ; but as 5 of them were absent, the 
remainder received 10 cents apiece more than they otherwise 
would. How many paupers were there ? Ans, 20. 

3. Divide 36 into three such parts, that the second may ex- 
ceed the first by 4, and the sum of all their squares may be 
464. Ans. S, 13 and 16. 

4. Divide 100 into two parts, so that the sum of theit 
square roots shall be 14. Ans, 64 and 36. 

5. Find two numbers whose difference is 10, and if 600 be 
divided by each, the difierence of the quotients shall also be 
10. Ans. 30 and 30. 

6. Two droves of oxen diflering 6 in number were each 
purchased for £673, those in one drove being valued at £3 
a head more than those in the other. Of how many did 
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geometrical progression ; the first had £90 more tlian tlse last 
How much had each? Ana. 130, 60, and 30 pounds. 

19. There are thiee numbers in geometrioaJ progression, 
the greatest of which exceeds the least by 15. Also the dif- 
ference of the squares of the greatest an3 least, is to the Sum 
of the squares of all three, as 5 to 7. Required the numbers. 

Ans. 5, 10, and 20. 

20. There is a number consisting of three digits, the first of 
which is to the second as the second to the third ; the number 
itself is to the sum of its digits, as 134 to 7; and if 594 be add- 
ed to it, the digits will be inverted. What is the number ? 

Ans. 248. 

31 . There are three numbers in arithmetical progression, 

and the square of the first added to the product of the other 

[wo is 16 ; the square of the second added to the product of 

the other two is 14. What are the numbers ! 

Ans. 1, 3, and 5. 

22. The sum of three numbers in geometrical prqgre 
3, and the product of the mean and the sum of the e; 

IS 30. Required the numbers. Ans. 1, 3, 9. 

23. Given ^^+^^-12 i ^ fi^j ^he values of x and y 

and xy—2y^=l ) ■' 

Ans. K=3, and y=l. 
Bote. Put vy^x. The other root produces a surd. 

24. Find two numbers whose product is 300 ; and if 10 be 
added to the less, and 8 subtracted from the greater, the pro- 
duct of the sum and remainder shall still be 300. 

Ans, 15 and 20. 
35. Of four numbers in arithmetical progression, the sum 
ot the squares of the means is 400 ; and the sum of the squares 
of the extremes, 464. Required the numbers. 

Ans. 8, 13, 16, and 20. 

26. The sum of two numbers added to the square root of 
their sum, equals 12, and the sum of their cubes is 189. What 
are the numbers ? Ans. 5 and 4. 

27. Given V^+Vy^5 J to find the values 

of a; and y. Ans. x—^, and y=4. 

28. Given x—-y=A \ . c ■> „j 

i t A nncn J- to find X and y. 
and a^— yi^2330 J ^ 

Ans. 3)—t and, y=3. 
Note. Put m+n for ic, anAm—n for y, 

39. Given ^+y='' J to find ^ and y, the former being 

and a;'*+y=3157 S ■" 



Note. Substitute as before. 



Ans. a=3, and y=5. 
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